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Abstract 
The Lagrange-Jacobi equation is one of the significant tools for the qualitative 
analysis of the n-body problem. In this paper, we present the modified La-
grange-Jacobi equation by introducing a new formal parameter of n-body 
problem and propose its application to the dynamical study of clusters of ga-
laxies which are large-scale structures of Universe. We put forward and study 
a new dynamical problem which is related to the stage of relaxation of ob-
served stationary clusters of galaxies which are considered as a non-equili- 
brium systems of point masses. We also received the analytical form of the 
potential energy of such galaxy clusters. One of the applications of this ana-
lytical form is the analytical relation between the time τ  of setting up the 
virial equilibrium in relaxing clusters of galaxies and the cosmological epoch 
T. 
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1. Modification of the Lagrange-Jacobi Equation 

One of the fundamental equation of Celestial Mechanics which may have a plenty 
of applications is the Lagrange-Jacobi equation (LJE). 

Let us consider a non-stationary system of gravitationally bound system ( 0h < ) 
of n gravitating bodies with constant masses im  and the barycentric radii-vectors 
( )1,2, ,i i n=r � . Along with the energy integral  

2d1
2 d

i
i

i
m U const h

t
  + = ≡ 
 

∑ r                   (1) 

we have the LJE [1] 
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of such gravitationally bound system ( 0h < ), where I—is the barycentric mo-
mentum of inertia of the system and U—is the potential energy of the system: 

2
i i

i
I m r=∑ ,                           (3) 

i j

i j i j

m m
U G

>

= −
−

∑ r r
,                        (4) 

where G is the gravitational constant. 
Let 0ir  and 0ir�  denotes the values of variables ir  and d di tr  in some ini-

tial epoch 0t , for which we have 

0 2 0U h− + ≠ .                          (5) 

Now we introduce a new formal parameter of n body problem instead of mo-
mentum of inertia I in Equation (2) to obtain the modification of the LJE.  

The most large-scale structures of Universe whose density is by a few orders 
higher than density Mδ  of the gravitating background matter are clusters of 
galaxies [2].  

Let assume the clusters of galaxies as subsystems of already formed n gravi-
tating bodies [3] which are non-equilibrium initially. The time of setting up of 
the virial equilibrium is of order of ( ) 1 2

1Gδ − , where G—is the gravitational con-
stant and 1δ —the density of cluster of galaxies and the relaxation of such systems 
occurs at their non-stationary state [4]. Therefore one may expect that at given 
view at the density Mδ  as a function of the cosmological time t the following 
condition can play a constructive role for non-stationary dynamics of relaxing 
clusters of galaxies: 

1 Mδ δ�                             (6) 

where in case of a flat, matter-dominated universe (Einstein-de Sitter universe) 
[5] [6]  

( ) 2
1

6M t
Gt

δ =
π

.                        (7) 

The complex dynamics of n galaxies with many degrees of freedom is usually 
considered from the epoch of the virial equilibrium state [7]. 

We can expect that the analytical consequences of the generalized equations of 
motion of n body problem inside gravitating background of density  

( ) 21 6M t Gtδ = π  are convenient for taking directly into consideration the dy-
namical condition ( ) 21 6t Gtδ π�  where δ  is the mean density of the system 
of bodies with their individual masses ( )1,2, ,im i n= � . At the same time, an ap-
propriate extreme formulas of such generalized problem shall reflect enough good 
the analytical properties of the ordinary n body problem for which the relation 
( ) 21 6t Gtδ π�  is valid under the same initial conditions.  
Let take into consideration the auxiliary system of n bodies inside of a gravi-
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tating matter of density ( ) 26t Gtδ α= π , where α  is a constant. Denoting the 
corresponding radii-vectors by iρ , we prescribe to the system the initial condi-
tions 0 0i i= rρ , 0 0i i= r� �ρ  under 0t t=  ( )1,2, ,i n= � . Then the analogs of For-
mulas (1) and (2) will take the form:  

0

2

2

d1 2 1 d d
2 d 9 d

t
i

i
i t

Jm t
t tt

α  = Φ + 
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∑ ∫
ρ

,                  (8) 
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J JJ t h
tt t t
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where 

2
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i j i j

m m
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>

Φ = −
−

∑
ρ ρ

.                 (10) 

The differentiation of the formula (9) gives the following equation: 
3

3 2 3
d 8 d 8 d2

d dd 9 9
J J J

t tt t t
α α Φ

+ − = − .                  (11) 

If in the right side of Equation (12) constΦ = , the left side  
3

3 2 3
d 8 d 8 0

dd 9 9
J J J

tt t t
α α

+ − =                      (12) 

has a particular solution J t= .  
Accordingly, it is easy to integrate the formal inhomogeneous Equation (11). 

Doing so we can put here 8 9 1α = . Moreover, under 9 8α =  the density of 
gravitating background ( )tδ  and the cosmological density ( ) 21 6M t Gtδ = π  
are the values of the same order. In this case we find  

( ) ( )
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2
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t t t

t t t
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+ Φ − Φ + Φ∫ ∫ ∫

�
�� �

     (13) 

where 0J , 0J� , 0J��  and 0Φ  are the values of J, d dJ t , 2 2d dJ t  and Φ  
under 0t t= . From the initial conditions 0 0i i= rρ , 0 0i i= r� �ρ  follows 

0 0J I= , 0 0J I=� � , 0 0UΦ =                     (14) 

where the values 0I , 0I�  and 0U  refers to the classical n body problem. From 
Equation (9) under 9 8α =  we have: 

0
0 0 2

0

14 2
2

JJ h
t

= − Φ −�� .                      (15) 

If in the introduced generalized n body problem the impact of gravitating 
background is rather weak, then in formula (13) we may put J I≈  and UΦ ≈ . 
Correspondingly, we will have the following approximate expression for the mo-
ment of inertia of the ordinary classical n-body problem, satisfying the condition 
( ) 21 6t Gtδ π� : 

https://doi.org/10.4236/wjm.2023.136007


C. Omarov, G. Omarova 
 

 

DOI: 10.4236/wjm.2023.136007 130 World Journal of Mechanics 
 

( ) ( )
0 0 0

2
0 0 0

0 0 02
0 0 0 0 00

2 2

1 14 ln ln
2 2

ln ln d 2 ln ln d ln d .
t t t

t t t

I I It t tI t h t I t I
t t t t tt

t U t e t t t t U et t t t U t

     
≈ − + + − +     

    

+ − +∫ ∫ ∫

�
�

       (16) 

On the other hand, integration of the LJE (2) gives us 

( ) ( )
0 0

2
0 0 0 02 2 d d

t t

t t

I I I t t h t t U t t= + − + − − ∫ ∫� .             (17) 

Let us ϕ  denotes a semi-difference of the right parts of Relations (16) and 
(17): 
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An inverse differential relation can be found for Formula (18). Let us put 

0

d
t

t

V U t= ∫ , ( )
0 0 0

d d d
t t t

t t t
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Using the equalities  
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Formula (18) can be rewritten in the form of the following integral equation: 
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Twice differentiation over t gives 
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hence we obtain  
3 2

2
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d d2 2
d d

V ht A t t
t t
ϕ ϕ
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so that under any constants A and B in Formula (18) we have the equation 
4 3 2

2
4 3 2

d d d2 3
d d d

U h t t
t t t
ϕ ϕ ϕ

− + = + + .                 (25) 

Taking into account now in Formula (18) the LJE (2) and the values (19) of 
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constants A and B, we find 

0 0
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∫ ∫ .          (26) 

From Formulas (25) and (26) we have the following modification of the LJE 
equation for the n-body problem: 

2
2

2
d d2 3

dd
U h t t

tt
ψ ψ ψ− + = + +                   (27) 

where  

0

2
0 0

2 2 2
0 0 0

d 1 1 1 1 1 1ln d
4 4 2 2d

t

t

I It I I t
t t t t t tt t t

ϕψ = = − − + + ∫ .         (28) 

In such equation it is no longer difficult to take into account the dynamical 
condition of the form 21 6 Gtδ π�  for the relaxing gravitating system of den-
sity δ , what is useful in case of clusters of galaxies.  

2. The Analytical Form of the Potential Energy and Its  
Application to the Relaxing Clusters of Galaxies 

We assume now in Equation (27) time 0t  is the epoch of formation T of a 
large-scale structure of Universe as a non-equilibrium system of gravitating bo-
dies. Let us expand the corresponding Function (28) into Tailor series over de-
grees of time 0t T− >  taking only that first terms which coefficients are com-
pletely determined by the initial conditions for gravitating system: 

( ) ( ) ( )
2 3
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d 1 d 1 d
d 2 6d d

t T t T t T
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where  
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Then the modified LJE (27) gives us 
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Correspondingly, we have  

( ) ( )
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if we can put 

0
02 2I U h

T
− +� , 0

02
1

10
I

U
T

�
�� .                  (33) 

Let us now make the following estimations regarding condition (33). Potential 
energy of the gravitating system with mean density δ  is proportional to 2δ  
under given characteristic radius R of the system: 

2
3 2 5 23 4 48

5 3 45
GU R G R
R

δ δ ≈ − = − π


π 


.               (34) 

The value 2I t  is proportional to product of densities δ  and 21 6M Gtδ = π : 
2

3 2 5
2 2

3 4 24
5 3 5 M

I RR G R
t t

δ δ δ ≈ ⋅ π= ⋅ 
 

π .              (35) 

When 25 10Mδ δ ∝ ×  it is possible to neglect the function 2I t  and its  

derivative 
( )2d

d

I t

t
 in comparison with U and d dU t  while searching ( )U t . 

Relation (22) we may also simplify in the following way. If an effective me-
chanism of relaxation exists in a non-equilibrium gravitating system then the 
module of mean velocity of variation of the value 2U h− +  over the time  

( )
1
2Gτ δ −∝  that stands for time of setting up a virial equilibrium as a result of 

relaxation process, much exceeds the module of the initial value of its derivative: 

0 02U h U τ− + �� .                      (36) 

Excluding from consideration the case Tτ � , let us replace τ  by T: 

0 02U h U T− + �� .                      (37) 

Under condition (37) relation (32) can be given the form 

( )
2 3

0
4 402 2 14 27
3 3

t t tU h U h
T T T

    − + ≈ − + − + −    
     

.      (38) 

For the root 1t
T
>  of equation 

2 34 4014 27 0
3 3

t t t
T T T

   − + − =   
   

               (39) 

we find 1.24 1.25t
T

< < .  

Thus, for the non-equilibrium system of gravitating bodies reaching the virial 
equilibrium over the time τ  as a result of relaxation process, we have: either 

Tτ � , or under condition of applicability of Formula (32) the relation 

1
4

Tτ ≈ ,                         (40) 

where T is the epoch of formation of such system. 
Assuming the variation of the density 1δ  is approximately by one order over 

the time of existing the galaxies as a systems of gravitating bodies and decreasing 
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of the cosmological density Mδ  also is approximately by one order for the same 
time, we obtain the ratio 1 Mδ δ  ranging from 103 to 105. To the orders of these 
magnitudes the order of extreme ratio (from the left) 35 10Mδ δ ≈ ×  of the 
large scale gravitating subsystem’s density to the cosmological density itself is 
very close, when the use of the formula (32) is still possible. Accordingly, there is 
a reason to refer the relations (38) and (40) to the relaxing clusters of galaxies. 

Thus, the above considered approach to the clusters of galaxies gives us an 
analytical form of their potential energy at the stage of relaxation as the function 
of time and two constants—the energy integral h and the epoch T of formation 
of these objects as a non-equilibrium systems of gravitating bodies: 

( )
2 3

0
4 402 2 14 27
3 3

t t tU h h U
T T T

    ≈ − − − + −    
     

.          (41) 

3. Conclusions and Discussion 

Summarizing results of the present paper, we conclude that: 
We have introduced a new formal parameter of n-body problem instead of 

momentum of inertia I in Equation (2) to obtain the modification of the LJE;  
We received the analytical form of the potential energy of clusters of galaxies 

at the stage of relaxation as the function of time and two constants—the energy 
integral h and the epoch T of formation of these objects as a non-equilibrium 
systems of gravitating bodies. 

One of the applications of the Formula (41) is the analytical Relation (40) be-
tween the time τ  of setting up the virial equilibrium in relaxing clusters of ga-
laxies and the cosmological epoch T. 

We would like to highlight that while deducing the Equation (40) we did not 
used the analytical Property (7) of the Einstein-de Sitter cosmological model, but 
the corresponding Relation (6) for the clusters of galaxies as a large-scale struc-
ture of Universe.  

It can be anticipated that the relation of order 21 6 Gtδ π�  admits some dev-
iations in properties of the real Universe from the Einstein-de Sitter model. 
Therefore, we can consider Formulas (40) and (41) as the results written in the 
real cosmological time scale. 
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