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Abstract 
This work proposes a way of modelling two-dimensional complex meshes 
using elliptic equations, which the computational grid coincides with the 
problem geometry, making computational processing more suitable. A mul-
tiblock technique was used in order to achieve a better representation of the 
problem domain. In this way, numerical simulations of the movement and 
dispersion of pollutant emissions in the atmosphere are presented in the gen-
erated domains, using the Navier-Stokes pollutant transport equations. The 
curvilinear coordinates and the finite difference method are used for the dis-
cretization. The model was verified in two tests. In the first test, three cases 
were proposed, with geometries containing a chimney followed by an ob-
stacle, using different chimney heights, and the obstacle height was fixed. The 
test aims to verify the vortices appearance, in the blocks, to obtain agreement 
with as presented in the literature. In the second test, the geometry is de-
scribed by a chimney and an obstacle that represents one of the mountains in 
the valley. The performed tests made possible to verify that the height of the 
chimney can be considered a determining factor to describe the dispersion of 
pollutants, as well as their concentration in the proximity of industrial areas. 
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1. Introduction 

The emission of pollutants into the atmosphere interferes with air chemical 
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composition and can cause both environmental and human health damage [1] [2] 
[3]. Several sources are responsible for emitting such pollutants and can be clas-
sified as natural, such as natural fires and volcanic emissions, or anthropogenic 
like burning fossil fuels in factories [4] [5] [6]. Understanding how emissions 
from these sources occur, especially anthropogenic ones, we try to minimize 
these damages [7] [8] [9]. Therefore, many researchers have been developing 
their studies using mathematical modeling [7] [10] [11] [12]. Still, several me-
thods have been used to evaluate pollutant dispersion, considering geometries 
with point sources like chimney or obstacles [13] [14] [15].  

In this context, this work will be conducted in simulations that describe the 
movement and dispersion of pollutants using mathematical modeling. The nu-
merical solution is designated only for a passive scalar transport, the concentra-
tion is solved for a given stationary velocity field, and it can deal with only the 
constant diffusion coefficient, so that it cannot take into account the turbulent 
diffusion caused by turbulent flows [15].  

The computational mesh that represents the physical domain in the tests 
was modeled, followed by the numerical model described by the Navier-Stokes 
equations [16] [17] [18] [19] [20] and the pollutant transport equation [21] [22] 
[23]. 

The solutions precision obtained by the simulations of fluid dispersion relies 
on how well computational mesh represents the studied geometry. For problems 
with complex geometries, it is convenient to use the curvilinear coordinate sys-
tem instead of cartesian coordinates, due to the fact that cartesian coordinates 
lead to a poor boundary fit, since the physical domain doesn’t always coincide 
with the mesh domain [18] [24] [25] [26]. Another reason that leads to the use 
of the curvilinear coordinate system, in the discretization of the computational 
mesh, refers to less difficulty in programming computational codes to solve complex 
problems and the facility in developing generic methodologies [27]. 

Despite the advantages of using the curvilinear coordinates for the construc-
tion of meshes, it is still possible to obtain low-quality elements. A way to cir-
cumvent the quality of the mesh elements, without necessarily improving the re-
finement, because it would increase the number of nodes in the mesh and, con-
sequently, the computational costs with memory and execution time, refers to 
the use of the multiblock technique [18] [26] [27] [28] [29]. Applying this tech-
nique, the domain is divided into parts, called block or sub-grids, and the equa-
tions are solved in each block. 

With independent block separation, it is possible to increase mesh refinement 
at important areas or decrease it in less relevant areas, allowing the generation of 
structured grids to keep simulations costs balanced. Illustrating a comparison 
between meshes generated by curvilinear coordinates, consider a single block, 
Figure 1(a), and multiblocks (5 blocks), Figure 1(b). 

For the geometry, Figure 1, the meshes were generated with the same number 
of partitions. Due to the rectangular form of the geometry and the block division 
structure, the mesh in curvilinear coordinates resulted in square elements.  
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(a)                                                               (b) 

Figure 1. Comparison between meshes generated with a single block and multiblock techniques, both with the same number of 
partitions. (a) Mesh generated with single block (b) Mesh generated with multiblock technique. 

 
Therefore, through the multi-block technique, the quality of the mesh elements 
can be improved. 

Hence, this work proposes a way of modeling two-dimensional meshes using 
elliptic equations, generating meshes in the curvilinear coordinate system coin-
ciding with the problem geometry. Still, for a better representation of the prob-
lem domain, was used the multiblock technique [26] [27] [28] [29]. The velocity 
field was obtained by simulating the Navier-Stokes equations and then the 
transport equation is solved, modeling the pollutant dispersion in the mesh. The 
discretizations are obtained by applying the finite difference method and using 
curvilinear coordinates. In the Navier-Stokes equations, it is applied the first or-
der upwind scheme in the convective term [17] [26], central differences in the 
second order terms and progressive differences for the temporal term [18]. In 
the pollutant transport equation, it uses central differences in terms of first and 
second order and progressive differences for the temporal term. 

2. Methodology 

To generate the meshes, the blocks were represented using the notation involv-
ing the cardinal points, where the W side represents the west direction, E, east, N, 
north and S, south direction. Then, to generate the blocks, parameter with the 
number of elements in ξ and η directions and their coordinates points to each 
side were passed. 

The boundary conditions are important for a fluid dispersion numerical solu-
tion, since they define the simulation limits and help to guarantee the method 
stability and convergence [18]. Besides, correctly define the boundaries of the 
block is extremely important. The implemented algorithm recognizes the boun-
dary conditions type of the four sides of each mesh block. 

To solve the Navier-Stokes equations were used these boundary conditions: 
• CNEI: no-slip and impermeability condition of the fluid, indicates the wall 

fluid’s velocity is null and there isn’t flow through the wall as well; 
• CIPR: prescript input condition, indicates that at the domain border it has 

non-zero velocity; 
• CECO: continuous fluid flow condition, indicates the domain fluid output;  
• ADJA: adjacency blocks condition, indicates the data transferring between 

adjacent blocks. 
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The boundary condition to solve the transport equation can be: 
• CIPRCONC: prescript concentrations condition, used at the domain border, 

indicates the concentration that enters into the domain across the border;  
• CCONCCONC: continuous concentration condition, indicates the domain 

concentration output;  
• ADJACONC: used to indicate adjacency between blocks. 

A concern while using multiblocks technique is to maintain simulation con-
sistency, for this purpose, a treatment occurs in the boundaries that indicate ad-
jacency between blocks [18] [26] [27] [28] [29]. 

The two bands of previous/posterior elements of neighboring blocks serve as 
transfer area, with no solution calculation in them. To guarantee simulation 
continuity, it is required that the adjacent boundaries points have the same 
coordinate in both neighboring blocks. Figure 2 shows an example of adjacency 
boundary, illustrating how was accomplished the data transfer between two 
blocks. 

3. Governing Equations 

Assuming by hypothesis a laminar flow, newtonian, isothermal and incompressi-
ble, in two-dimensional, without the existence of the source terms, then the Navi-
er-Stokes equations described in the curvilinear coordinate system are written by: 

( ) ( )
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Figure 2. Adjacency treatment between blocks. 

Block 1                                Block 2
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where the dynamic viscosity μ and the specific mass ρ are constant. For further 
details of how to describe these equations in this coordinate system see Maliska 
[18] and Cirilo et al. [26]. 

The terms U and V, in Equations (1) and (2), are named contravariant com-
ponents of the velocity vector, these are normal to ξ and η lines respectively, and  

defined as 1U u v
J x y

ξ ξ ∂ ∂
= + ∂ ∂ 

 and 1V u v
J x y

η η ∂ ∂
= + ∂ ∂ 

. 

As the incompressibility hypothesis was assumed, the continuity equation is 
such that: 

pressure term

0U V
ξ η

∂ ∂
+ =

∂ ∂


                         (3) 

therefore, the governing equations of our computational model, in curvilinear 
coordinates, are given by Equations (1)-(3).  

From the velocity field, obtained by the Equations (1)-(3) and the pollutant 
transport model provided by: 

( ) ( )



temporal term convective term

reactive term
diffusive term

C UC VC
J

C C C C KCD J J
J

τ ξ η
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    (4) 

where the trajectory of the pollutant concentration in the generated meshes is 
determined, using the curvilinear coordinate system, described in all blocks. 

In the Equation (4), ( ), ,C C ξ η τ=  is the pollutant concentration in time t, 
where t τ=  because we are not admitting mesh movement [26], D is the diffu-
sion coefficient and K is the decay coefficient [21] [30]. 

4. Numerical Procedure 

The numerical code used in the present work refers to the same code used in Ci-
rilo et al. [26] and Saita et al. [30]. Numerical tests on problems involving a sin-
gle block [26], were presented in the following cases: of parallel plates, of a cavity, 
and of the arteriosclerosis. 

At [30], the mesh used was of the multiblock type, and the velocity field was 
calculated numerically in accordance with data taken from the literature [31] 
[32]. 

Emphasizing that the generalization of the computational code, with its con-
vergence guarantee requirements, from a single block to multiblock is natural. 
Once the converged velocity is obtained for each block in agreement with adja-
cent blocks, for reasons of numerical analysis, the multiblock solution is as-
sumed.  

Still, the numerical results presented in [26] [30] [33] showed agreement with 
the literature for several Reynolds numbers [33] [34] [35] [36] [37] by the vortex 
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center location. Finally, the article of [30] validates the code that is used in the 
present work. 

In particular, the parallel plates problem is presented to evaluate the code. 
Consider a rectangular geometry with eight meters length and a meter height [26] 
[34] where the flow is predominantly laminar and practically without vortex 
formation. 

The fluid with Re = 100 is injected into the mesh, with velocity u = 1.0 m∙s−1 
and initial conditions for velocity and pressure are considered null. Boundary 
conditions CIPR, CECO and CNEI are applied to the left, right, top and bottom 
sides of the geometry, respectively. For the analysis, was considered the mesh re-
finements [26] as described at Table 1. 

The simulations were performed until reaching a steady state, with a tolerance 
error equivalent to 10−3. In solving the linear system, the Gauss-Seidel method 
was used. For there to be convergence, it was considered 210t −∆ =  for the 
meshes P1 - P3 and 3Δ 5 10t −= ×  for P4 and P5. Considering the mesh P5, was 
observed that the speed reaches values close to 1.5 m∙s−1 at the beginning of the 
simulations [26], but with the progress of the process, this value remains only in 
the central region of the geometry, as expected. Cirilo et al. [26] present a con-
vergence analysis, in the center of the domain, where for y = 0.5 the maximum 
analytical velocity is 1.5 m∙s−1 [34]. For mesh refinements, Table 1, the results 
are presented in Table 2, where 0.5 0.5Error 1.5y yu= == − , 0.5yu =  represents the 
values obtained numerically in y = 0.5, in each mesh. 

5. Results and Discussion 

To evaluate the two-dimensional meshes obtained in the curvilinear coordinate 
system, besides the velocity field when solving the Navier-Stokes equations and 
the dispersion of the pollutant concentration by solving the transport equation, 
two tests were performed. Observe that the model considers that the problem is 
infinitely extended in the third dimension. 
 
Table 1. Meshes for simulations to parallel plates problem. 

Mesh P1 P2 P3 P4 P5 

Partitions in ξ 9 17 33 65 129 

Partitions in η 5 9 17 33 65 

 
Table 2. Convergence speed of the numerical code [26]. 

Mesh 0.5yu =
 Δξ Δη 0.5Errory=  

P1 1.1999 1.0000E+00 2.5000E−01 3.0010E−01 

P2 1.3380 5.0000E−01 1.2500E−01 1.6200E−01 

P3 1.4158 2.5000E−01 6.2500E−02 8.4200E−02 

P4 1.4498 1.2500E−01 3.1250E−02 5.0200E−02 

P5 1.5068 6.2500E−02 1.5625E−02 6.8000E−03 
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In the first test, three cases have been proposed, with meshes containing a 
chimney followed by an obstacle, using different chimneys heights and the ob-
stacle height was fixed. The test aims to verify the vortices appearance, in the 
blocks, in order to obtain agreement with as proved in the literature [14]. The 
second test describes a geometry that represents a valley, which portrays a test of 
environmental interest. Particularly, in this test, the movement and dispersion of 
pollutant emissions into the atmosphere of an industry located in the Peruvian 
city of La Oroya were verified. 

5.1. Meshes Containing a Chimney Followed by an Obstacle 

The region of interest considers a rectangular geometry composed of a chimney 
and an obstacle, in which the chimney represents the outflow of pollutants from 
an industry. This test intends to verify how the trajectory of the pollutants dis-
persion is affected when considering different heights for the chimney, keeping 
the obstacle fixed. The generated mesh, referring to the region of interest, has a 3 
meters height, a width of 17.05 meters, contains an obstacle height of 1.15 me-
ters and a width of 1.7 meters. As for the chimney, it has a width of 0.4 meters 
and heights of 0.75, 1.15 and 1.55 meters. 

In this work, the mesh was divided into 8 blocks where, Figure 3 represents 
the geometry where the chimney height is 0.75 meters and illustrates the distri-
bution of the blocks. The geometries of the cases where the chimney height is 
1.55 and 1.15 meters, hold the blocks positions. The partitions number in ξ and 
η directions, for each block, is presented in Table 3. 

The boundaries conditions, in the three cases, were kept the same to allow a 
comparative analysis of the results. Table 4 exhibits the boundary conditions to 
solve the Navier-Stokes equations, resulting in the velocity field. Table 5 exhibits 
the boundary conditions to solve the transport equation, describing a concentra-
tion of pollutants in the evaluated region. 

According to Table 4 and Table 5, velocity input was made on the left boun-
dary of the geometry and at the chimney output, trying to simulate possible en-
vironmental impacts caused to the atmosphere by the industry operation. 

The required parameters to solve the Navier-Stokes equations are shown in 
Table 6 and were maintained the same for the three cases, where u and v are the 
velocity components in ξ and η directions, respectively. 

Air specific mass ρ value was based on the normal conditions of temperature 
and pressure, equivalent to 0˚C and 101,325 Pa, respectively [38]. 

 

 
Figure 3. Blocks positions where the chimney height is smaller than the obstacle height. 
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Table 3. Parameters for generating the mesh of the first test. 

Block 1 2 3 4 5 6 7 8 

 Chimney height, 0.75 meters 

Partitions in ξ 67 67 8 40 40 38 219 219 

Partitions in η 15 45 45 15 45 45 15 45 

 Chimney height, 1.55 meters 

Partitions in ξ 67 67 8 40 40 38 219 219 

Partitions in η 27 27 27 27 27 27 27 27 

 Chimney height, 1.15 meters 

Partitions in ξ 67 67 8 40 40 38 219 219 

Partitions in η 27 45 45 27 45 45 27 45 

 
Table 4. Boundary conditions to solve Navier-Stokes equations. 

Block Boundary 

 W E N S 

1 CIPR CNEI ADJA CNEI 

2 CIPR ADJA CNEI ADJA 

3 ADJA ADJA CNEI CIPR 

4 CNEI CNEI ADJA CNEI 

5 ADJA ADJA CNEI ADJA 

6 ADJA ADJA CNEI CNEI 

7 CNEI CECO ADJA CNEI 

8 ADJA CECO CNEI ADJA 

 
Table 5. Boundary conditions to solve transport equations. 

Block Boundary 

 W E N S 

1 CCONCONC CCONCONC ADJA CCONCONC 

2 CCONCONC ADJACONC CCONCONC ADJACONC 

3 ADJACONC ADJACONC CCONCONC CIPRCONC 

4 CCONCONC CCONCONC ADJACONC CCONCONC 

5 ADJACONC ADJACONC CCONCONC CCONCONC 

6 ADJACONC ADJACONC CCONCONC CCONCONC 

7 CCONCONC CCONCONC ADJACONC CCONCONC 

8 ADJACONC CCONCONC CCONCONC ADJACONC 

 
Table 6. Parameters to solve Navier-Stokes equations. 

Parameters Values 

final time 200 s 
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Continued 

time-step, (Δt) 0.001 s 

specific mass, ρ 1.293 kg∙m−3 

dynamic viscosity, μ 0.07758 N∙s∙m−2 

velocity input—boundary  

u 1.2 s∙m−1 

v 0.0 s∙m−1 

velocity input—chimney output  

u 0.0 s∙m−1 

v 0.1 s∙m−1 

 
The dynamic viscosity μ value was calculated by i eLv Rµ ρ= , where vi are 

the velocity components in ξ and η directions and Re corresponds to Reynolds 
number and L, to the mesh height [39]. Was consider L = 3 in the presented 
cases and, in order to reach a laminar flow, the Reynolds number equal to Re = 
10 was used. The resolution of the linear system and the convergence criterion 
are similar to that presented in the section that describes the numerical proce-
dure. 

Table 7 shows the parameters used in the transport equation. The parameters 
were also kept the same for all three cases, and the concentration input border 
occurs only at the chimney output, as shown in Table 5. 

5.1.1. First Case: Chimney Height Smaller than the Obstacle Height 
The mesh and the division of the blocks used for the first case are shown in Figure 3, 
where it can notice that the chimney height, 0.75 meters, is smaller than the ob-
stacle height, 1.15 meters. The parameters required for its generation, the num-
ber of partitions in ξ and η directions, are reported in Table 3. 

The simulations of the Navier-Stokes equations were executed, until reaching 
the steady state, with a tolerance error equivalent to 10−3 and Δt = 10−2. From the 
simulations, the results of the maximum velocity vmax, obtained in each block, 
can be seen at Table 8. It is verified that the maximum velocity approaches a 
reference value in each block, vref, in time t = 200 s, reaching values close to 
4.6723 m∙s−1, 6.6272 m∙s−1, 7.3562 m∙s−1, 0.1734 m∙s−1, 9.4283 m∙s−1, 9.2369 m∙s−1, 
2.6330 m∙s−1 and 9.0891 m∙s−1, respectively. 

The errors in the temporal evolution of each block, which is defined by 

block ref maxError v v= − , are illustrated in Table 9, in which approach zero, thus 
guaranteeing the convergence process. 

The velocity field for t = 200 is shown in Figure 4. It is noticed that higher 
velocities, represented by the red color, are located in blocks 5, 6 and 8, where 
the highest velocities were obtained in block 8, as shown in Table 8. Also, due to 
the geometry configuration, the highest velocities do not approach the soil. No-
tice that the boundary conditions, in the numerical interfaces, adequately trans-
fer the information between the blocks, demonstrating the applicability of the 
used method. 
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Table 7. Parameters to solve transport equations. 

Parameters Values 

final time 200 s 

time-step (Δt) 0.001 s 

specific mass, ρ 1.293 kg∙m−3 

decay coefficient 0.1 s−1 

concentration—chimney output 1 kg∙m−3 

 
Table 8. Maximum velocity obtained in each of the blocks, for several simulation times. 

 Block 

Times (s) 1 2 3 4 5 6 7 8 

10 4.0000E+00 4.0000E+00 2.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 0.0000E+00 

50 4.6480E+00 6.6173E+00 7.4925E+00 1.5097E−01 9.7578E+00 9.4330E+00 2.1530E+00 8.6067E+00 

100 4.8745E+00 7.1321E+00 7.5992E+00 3.4547E−01 1.0143E+00 1.0177E+00 3.4669E+00 1.1377E+00 

110 4.4502E+00 7.0423E+00 7.5495E+00 3.2615E−01 1.0126E+00 1.0132E+00 3.3617E+00 1.1109E+00 

120 4.8305E+00 6.6752E+00 7.6822E+00 3.2582E−01 1.0191E+00 1.0209E+00 3.3339E+00 1.1065E+00 

130 4.6920E+00 6.7133E+00 7.5793E+00 3.0058E−01 1.0077E+00 1.0085E+00 3.2091E+00 1.0743E+00 

140 4.7881E+00 6.5149E+00 7.5562E+00 2.9035E−01 1.0009E+00 9.9562E+00 3.0444E+00 1.0482E+00 

150 4.8220E+00 6.6043E+00 7.6154E+00 2.7913E−01 1.0033E+00 9.9725E+00 3.0336E+00 1.0413E+00 

160 4.8666E+00 6.5623E+00 7.6168E+00 2.6021E−01 9.9437E+00 9.8682E+00 2.9548E+00 1.0199E+00 

170 4.7519E+00 6.6443E+00 7.5695E+00 2.3961E−01 9.9145E+00 9.8263E+00 2.8873E+00 1.0049E+00 

180 4.6682E+00 6.6819E+00 7.3427E+00 1.7374E−01 9.4243E+00 9.2363E+00 2.7164E+00 9.2387E+00 

190 4.6623E+00 6.6411E+00 7.3655E+00 1.7263E−01 9.4341E+00 9.2312E+00 2.6706E+00 9.1554E+00 

200 4.6723E+00 6.6272E+00 7.3562E+00 1.7340E−01 9.4283E+00 9.2369E+00 2.6330E+00 9.0891E+00 

 
Table 9. Temporal evolution errors of each block, block ref maxError v v= − . 

 Block (error) 

Times (s) 1 2 3 4 5 6 7 8 

10 6.720E−01 2.627E+00 5.356E+00 1.7300E−01 9.428E+00 9.237E+00 2.633E+00 9.089E+00 

50 2.400E−02 9.700E−03 1.365E−01 2.2030E−02 3.298E−01 1.960E−01 4.800E−01 4.823E−01 

100 2.025E−01 5.051E−01 2.432E−01 1.7247E−01 7.150E−01 9.400E−01 8.339E−01 2.288E+00 

110 2.218E−01 4.153E−01 1.935E−01 1.5315E−01 6.980E−01 8.950E−01 7.287E−01 2.020E+00 

120 1.585E−01 4.820E−02 3.262E−01 1.5282E−01 7.630E−01 9.720E−01 7.009E−01 1.976E+00 

130 2.000E−02 8.630E−02 2.233E−01 1.2758E−01 6.490E−01 8.480E−01 5.761E−01 1.654E+00 

140 1.161E−01 1.121E−01 2.002E−01 1.1735E−01 5.810E−01 7.192E−01 4.114E−01 1.393E+00 

150 1.500E−01 2.270E−02 2.594E−01 1.0613E−01 6.050E−01 7.355E−01 4.006E−01 1.324E+00 

160 1.946E−01 6.470E−02 2.608E−01 8.7210E−02 5.157E−01 6.312E−01 3.218E−01 1.110E+00 

170 7.990E−02 1.730E−02 2.135E−01 6.6610E−02 4.865E−01 5.893E−01 2.543E−01 9.600E−01 

180 3.800E−03 5.490E−02 1.330E−02 7.4000E−04 3.700E−03 7.000E−04 8.340E−02 1.497E−01 

190 9.700E−03 1.410E−02 9.500E−03 3.7000E−04 6.100E−03 5.800E−03 3.760E−02 6.640E−02 

200 3.000E−04 2.000E−04 2.000E−04 4.0000E−04 3.000E−04 1.000E−04 0.000E+00 1.000E−04 
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Figure 4. Velocity field, in the final time 200 s, for the first case. 
 

Still, in Figure 4, the contour lines, which describe the velocity field, is shown 
over the entire mesh extension. Notice vortexes formation between the chimney 
and the obstacle, at block 4, at the left of the chimney, at block 5, and at the right 
of the obstacle, at block 7. The appearance of vortexes, in these blocks of geome-
try, is in agreement with the locations obtained in the literature [14]. 

The final velocity field, at 200 s shown at Figure 4, result from the Navi-
er-Strokes equations, Equations (1)-(3), and it is used to solve the transport equ-
ation, Equation (4). The outcome is shown in Figure 5.  

It is possible to notice an accumulation of pollutants in the vortex located be-
tween the chimney and the obstacle, at block 4, represented in Figure 5, ap-
proximately 30% of the pollution emitted from the chimney. Also, due to the 
flow pattern, the counter-clockwise recirculation causes the concentration of 
pollutants to be higher and pollutant removal is very prejudiced. These results 
are in agreement with the results obtained in the literature [14]. As the pollution 
trajectory moves away from the chimney the concentration contour approaches 
the soil, just after the obstacle, becoming smaller as it approximates the right 
side of the geometry. 

5.1.2. Second Case: Chimney Height Bigger than the Obstacle Height 
The second case mesh differs from the mesh shown in Figure 3 just by the 
chimney height, which in this case is 1.55 meters, and the obstacle height is 1.15 
meters. The partitions number in ξ and η directions, for each block, is presented 
in Table 3. 

The velocity field for this test, obtained as a simulation result of the Navi-
er-Stokes equations, Equations (1)-(3), is shown in Figure 6. Higher velocities, 
represented by the red color, are concentrated above the obstacle and decrease as 
the dispersion area increases. 

In this mesh configuration, also can be seen the formation of vortices between 
the chimney and the obstacle, at block 4, and after the obstacle, at block 7. Simi-
larly, to the first case, the final velocity field, given at 200 s from the Navi-
er-Stokes equations, is used to solve the transport equation, Equation (4). The 
result is shown in Figure 7. 

Due to the chimney height being bigger than the obstacle height, the disper-
sion of pollutants spreads more rapidly, towards the velocity field. Besides that, a 
large part of the pollutant concentration is above the obstacle, decreasing quickly 
as it approaches the right side of the geometry, Figure 7. Also, the pollutant 
concentration accumulated between the chimney and the obstacle, at block 4,  
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Figure 5. Concentration of pollutants, in the final time 200 s, for the first case. 
 

 
Figure 6. Velocity field, in the final time 200 s, for the second case. 
 

 
Figure 7. Concentration of pollutants, in the final time 200 s, for the second case. 
 
and the pollutant concentration that approaches the soil, after the obstacle, at 
block 7, are small, varying between 5% and 15% of the pollution emitted by the 
chimney, with lower values when approaching the soil. These results are ob-
tained due to the flow pattern obtained in this case, in which the height of the 
chimney, bigger than the height of the obstacle, did not allow the concentration 
of pollutants to enter the recirculation of the vortex in block 4, but in the flow of 
the velocity field. 

5.1.3. Third Case: Chimney and Obstacle with the Same Heights 
Dimensions and blocks identification of the third mesh maintains the same pat-
tern of the first and the second case, only difference is that now the chimney and 
the obstacle are the same height, 1.15 meters. 

Parameters to generate this mesh, partitions in ξ and η directions, for each 
block, is presented in Table 3. In this test, the velocity field, is presented in Figure 8. 
Higher velocities, represented by the red color, are concentrated above the ob-
stacle, but unlike the previous cases, the higher velocities, in this configuration, 
are also observed close to the soil. 

Figure 8 shows the contours of the velocity vector across the mesh, in which it 
is possible to notice the formation of several vortexes. 

The formation of vortexes is highlighted, two small vortexes between the 
chimney and the obstacle with recirculations in counterclockwise and clockwise 
directions, at block 4. One in the 6th and 7th blocks, above and to the right of 
the obstacle, and other at the top right of the 8th block, in addition to other  
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Figure 8. Velocity field, in the final time 200 s, for the third case. 
 
smaller vortexes, which cannot be completely seen due to limitations in the 
geometry size. The appearance of vortexes in these blocks of the geometry is in 
agreement with the locations obtained in the literature [14]. The vortex that is 
top right of the 8th block makes that the velocity field stays more close to the soil. 
The pollutant concentration trajectory, obtained at the end of the transport equ-
ation simulation, presents that, because the chimney and the obstacle are the 
same height, an accumulation of pollutants between them is observed, as shown 
in Figure 9. 

As in case one, due to the configuration of the geometry, the pollution accu-
mulation in the vortexes located between the chimney and the obstacle causes 
the concentration of pollutants to be higher and the renovation becomes im-
paired, varying by 15% and 35% of the pollution emitted by the chimney. 

Also, due to the vortex at 7th and 8th blocks, a large part of the concentration 
of the pollutants remained to the right side of the obstacle, next to the soil, until 
reaching the limit right of the geometry. 

5.2. Mesh of a Geometry Representing a Valley—La Oroya Case 

The region of interest, in this test, describes part of a La Oroya city located in a 
valley of the Peruvian Andes. Numerous studies detect the presence of various 
types of contaminants in the environment and in the body of its inhabitants [40] 
[41] [42] [43]. One of the main causes of this pollution is the chimney of the La 
Oroya metallurgical complex, illustrated in Figure 10, exposing the population 
to critical levels of air quality, through toxic smoke emitted by its vapor. 

With this test, the movement and dispersion of pollutants emitted by the La 
Oroya chimney are simulated, in order to verify the behavior of the pollution 
trajectory in the valley. 

The generated mesh, which represents the La Oroya valley, has 280 meters 
height, a width of 760 meters wide at the top and 280 meters at the bottom. As 
for the chimney, it has 160 meters high and 35 meters wide, and can be seen at 
Figure 11. The mesh was divided into 8 blocks, the 4th and 5th blocks represent 
the chimney output. Unlike the other blocks, they are more refined, guarantee-
ing more accurate results by simulating the movement and dispersion of pollu-
tants. The parameters to generate this mesh, partitions in ξ and η directions for 
each block, are reported in Table 10. 

Table 11 and Table 12 show the boundary conditions to solve the Navi-
er-Stokes equations and transport equations, Equations (1)-(4) respectively. 

According to the boundary conditions CIPR, CECO and CNEI, Table 11, the  
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Figure 9. Concentration of pollutants, in the final time 200 s, for the third case. 
 

 
Figure 10. Chimney of the La Oroya metallurgical complex (Photo credit: International 
Federation for Human Rights—FIDH). 
 

 
Figure 11. Mesh simulating the conditions of La Oroya city, located in a valley and site of 
a lead smelter. 
 
Table 10. Parameters for generating the mesh of La Oroya case. 

Block 1 2 3 4 5 6 7 8 

Partitions in ξ 39 39 39 8 8 39 39 39 

Partitions in η 33 10 22 10 22 33 10 22 
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left sides of the 1st, 2nd and 3rd blocks in the west direction, receives flow input, 
while at the east side of 6th and 7th blocks, there is no flow, representing the ob-
stacle. Only the right side of the 8th block, allows the flow output, the east direc-
tion. These boundary conditions permit the model to represent a valley. With 
this test, it intends to evaluate whether the model describes pollutant dispersion 
characteristics, Equation (4) considering the obtained velocity field, Equations 
(1)-(3), and whether the transfer of information between the blocks was realized. 
For the simulations, the existence of houses was despised, because the two-di- 
mensional model describes a vertical section of the region. 

The parameters used to solve the Navier-Stokes and transport equations, Equ-
ations (1)-(4), respectively, are shown in Table 13 and Table 14. 

The velocity field obtained for this case is present in Figure 12. Due to the  
 
Table 11. Boundary conditions to solve Navier-Stokes equations of La Oroya case. 

Block Boundary 

 W E N S 

1 CIPR CNEI ADJA CNEI 

2 CIPR ADJA ADJA ADJA 

3 CIPR ADJA CNEI ADJA 

4 ADJA ADJA ADJA CIPR 

5 ADJA ADJA CNEI ADJA 

6 CNEI CNEI ADJA CNEI 

7 ADJA CNEI ADJA ADJA 

8 ADJA CECO CNEI ADJA 

 
Table 12. Boundary conditions to solve transport equations of La Oroya case. 

Block Boundary 

 W E N S 

1 CCONCONC CCONCONC ADJACONC CCONCONC 

2 CCONCONC ADJACONC ADJACONC ADJACONC 

3 CCONCONC ADJACONC CCONCONC ADJACONC 

4 ADJACONC ADJACONC ADJACONC CIPRCONC 

5 ADJACONC ADJACONC CCONCONC ADJACONC 

6 CCONCONC CCONCONC ADJACONC CCONCONC 

7 ADJACONC CCONCONC ADJACONC ADJACONC 

8 ADJACONC CCONCONC CCONCONC ADJACONC 

 
Table 13. Parameters to solve Navier-Stokes equations of La Oroya case. 

Parameters Values 

final time 10,000 s 

time-step, (Δt) 0.0005 s 
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Continued 

specific mass, ρ 1.293 kg∙m−3 

dynamic viscosity, μ 1.8102 N∙s∙m−2 

velocity input—boundary  

u 1.0 s∙m−1 

v 0.0 s∙m−1 

velocity input—chimney output  

u 0.0 s∙m−1 

v 1.3 s∙m−1 

 
Table 14. Parameters to solve transport equations of La Oroya case. 

Parameters Values 

final time 10,000 s 

time-step (Δt) 0.0005 s 

specific mass, ρ 0.001 m−2∙s−1 

decay coefficient 0.00001 s−1 

concentration—chimney output 1 kg∙m−3 

 

 
Figure 12. Velocity field, in the final time 10,000 s, for Oroya case. 
 
geometry, the recirculation of the velocity field in block 1 has a flow characteris-
tic similar as lid-driven flow in a square cavity [26]. Still, it is possible to observe 
higher velocities, represented by the red color, at the chimney output towards 
the 8th block. The contours identify the formations of vortices which it is possi-
ble to observe a large vortex formed between the 6th and 7th blocks. 

The results and its contour for the transport equation, Equation (4), are 
shown in Figure 13. It is observed that the chimney height is smaller than the 
obstacle, borders to the right of blocks 6 and 7. Thus, this test presents characte-
ristics similar to the first case, in which the vortex formed by the velocity field in 
blocks 6 and 7, causes the pollution emitted by the chimney to accumulate, with 
maximum values close to 20% and 50% in the respective blocks, with smaller 
values close to the soil. As expected, there is a high pollutant concentration at 
right of the chimney, following the velocity field and vortex formation. 

It is observed that there is a high pollutant concentration at the right of the  
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Figure 13. Concentration of pollutants, in the final time 10,000 s, for Oroya case. 
 
chimney, following the velocity field and the vortices formation. These pollutant 
concentrations are restricted on this side, due to the geometry characteristic, in 
which the right border, blocks 6th and 7th, represents the obstacle. Despite the 
chimney height being smaller than the obstacle height, there is a large concen-
tration of pollutants circulating in this region, because of the large vortex formed, 
Figure 13. It is observed through the first test, in the first case, that the forma-
tion of this vortex was expected. 

6. Conclusions 

In this work, it is proposed the use of a curvilinear coordinate system and the 
multiblock technique, generating meshes that coincide with the physical domain, 
with good quality elements and with no increase of computational cost. The 
consistency of the fluid dispersion simulation in the meshes divided into blocks 
was guaranteed by treating the limits that indicate adjacency between the blocks.  

In this way, numerical simulations of the movement and dispersion of the 
pollutant emissions into the atmosphere were presented in the generated do-
mains. For the discretization of the Navier-Stokes and transport equations were 
considered the curvilinear coordinates and the finite difference method. 

The suggested method was verified in two tests. In the first test, three cases 
were proposed, with geometries containing a chimney followed by an obstacle, 
using different chimney heights and the obstacle height was fixed. Qualitatively, 
the results obtained showed an expected behavior, resulting in the formation of 
vortexes in the predicted locations of the velocity field, and higher concentration 
of pollutants accompanying the velocity vectors. Also, in this test, were main-
tained the same boundary conditions, which allowed us to conclude that the tra-
jectory of the pollutants is affected by the height of the source in relation to the 
obstacle. 

Through the performed tests, were verified that the height of the chimney can 
be considered a determining factor to describe the dispersion of pollutants, as 
well as their concentration in the proximity of industrial areas. 
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