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Abstract

Technically, a group of more than two wheeled mobile robots working collec-
tively towards a common goal are known as a multi-robot system. An in-
creasing number of industries have implemented multi-robot systems to
eliminate the risk of human injuries while working on hazardous tasks, and to
improve productivity. Globally, engineers are continuously researching bet-
ter, simple, and faster cooperative Control algorithms to provide a Control
strategy where each agent in the robot formation can communicate effectively
and achieve a consensus in their position, orientation and speed. This paper
explores a novel Formation Building Algorithm and its global stability around
a configuration vector. A simulation in MATLAB® was carried out to ex-
amine the performance of the Algorithm for two geometric formations and a
fixed number of robots. In addition, an obstacle avoidance technique was
presented assuming that all robots are equipped with range sensors. In par-
ticular, a uniform rounded obstacle is used to analyze the performance of the
technique with the use of detailed geometric calculations.

Keywords

Consensus Variables, Adjacency Matrix, Decentralized Control, Formation
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1. Introduction

Multiple studies show that novel and better multi-agent formation algorithms
have been proposed in recent years. The idea behind developing control laws for
large-scale systems is to provide an alternative for the control of a group of au-

tonomous vehicles dynamically decoupled [1] [2], moving along a path, and
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preserving a geometric shape. The first step in understanding these algorithms is
to know how to implement the basic motion dynamics found in previous re-
search in biology [3].

The use of studies on basic motion dynamics in biology let us generate po-
werful algorithms to recreate geometric formations for groups of wheeled mo-
bile vehicles [4]. Some animal species have shown that the analysis of the indi-
vidual and group motion kinematics provides an initial idea on how to control
large-scale systems [4] [5]. In robotics, that means that a number of robots col-
laborate to form geometric patterns, with a common orientation and speed. Al-
though the journal paper under review provides a powerful insight of a distri-
buted control law, many other approaches have been explored throughout the
history, such as the leader-follower or neural network approach.

The goal of the research behind Formation Building Algorithms is to reduce
the risk of hazardous tasks currently done by humans [6] [7]. In [1], particularly,
the implementation of consensus variables, updates the position, linear velocity,
and angular velocity with the information available from the adjacent robots or
by the data transmitted from a robot neighbor at a time instant. In the end, the
consensus variables algorithm, is designed to find a common speed and orienta-
tion to maintain a desired spatial formation. The angular and linear velocity
value control input is calculated, with hard constraints applied on them. These
constraints are introduced to improve the stability of nonlinear systems [1].

Different algorithms have been formulated for multi-agent systems exploring
a vast number of control laws for a first and a second order approach. The first
visible example of some of the control algorithms can be found in [8] or perhaps
in [9] where the orientation of the robot changes in relation to the average
heading of its adjacent robots in the system. In [9] the speed of each robot
changes as in [10]; however, in this case, we use the average speed accordingly.
Algorithms such as in [11] study the Lyapunov method in detail to understand
the system stability, here the non-holonomic motion model and energy equa-
tions are used to formulate the control dynamics of the system. Some of them lie
in the lack of analysis in real scenarios as in practice many physical and envi-
ronmental constraints must be considered. Therefore, the best approach ex-
amines the use of distributed control laws with hard constraints in the system
parameters.

The aim is to model a Formation Building Algorithm presented in the journal
article [1]. Additionally, the document focuses on the system components iden-
tification, and the performance measures to be analyzed. The rationale behind
the study and simulation of the Control Law is to provide a graphical represen-
tation of the geometrical formation, and to present an alternative to the Lead-
er-Follower approach. A fictitious target defines the direction of the collective,
where a linear and triangular formation can be used in the supply chain or min-
ing industry, or in search and rescue activities. In addition to the Control Law,
this document presents an obstacle avoidance technique that seeks to evade a

rounded obstacle while maintaining the formation.
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2. Literature Review
2.1. Formation Building Algorithm

To begin with, we take the spatial coordinates (x,y) in a global reference
frame, and the orientation & about the x-axis (Figure 1).

Let us take the linear speed v,(¢) and the angular velocity w,(r) as the
control inputs of the system, computed later with a novel distributed control
technique based on the consensus between vehicles, and their adjacency in the
reference frame. Such adjacency is calculated with the help of the Euclidean dis-
tance formula (Figure 2).

If the distance is less or equal to a reference range, they are said to be con-
nected through an edge under the graph analysis [12]. Now, the kinematics of

any unicycle robot are:

Yi
A

> Xi
Figure 1. Mobile robot kinematics.
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Figure 2. Euclidean distance between two nodes.
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% (1) v, (t)cos(é’i (t))
)'f,.(t) =| v, (¢)sin(6, (1)) (1)
0,(1) w; (1)

Let i=1,2,---,n be the number of robots found in the multi-robot system,
each with Cartesian coordinates (xi (1), 7 (t)) with its heading measured counter-
clockwise from the x-axis. As explained before the linear and angular speed con-
trol inputs are applied distributed to each of the agents of the group of wheeled
mobile vehicles. The standard kinematics are not only used to describe the dynam-
ical behavior of wheeled vehicles, but for many other artifacts, such as UAVs, smart
missiles, etc. [13] [14] [15] [16] [17]. A set of initial constraints are defined for the

Angular and linear speed to reduce the complexity and the instability risk:
—w™ <y (1) < Wt
<y (r)ysvt )
w™ >0 and 0<V" <V

Each robot communicates at a discrete time k =1,2,---,n. Based on the graph
analysis we assume that each of the nodes that belongs to the group of robots is
connected through a set of lines that forms an undirected graph. In [18], it is
mentioned that each of the robots can communicate at a time instant if and only
if one of them is inside an imaginary disc with radius r.. Back in [1], it is said
that all nodes connected forming a graph are grouped using the notation
N, (k). Moving to the consensus variable approach, a global linear speed, an-

i

gular speed and robot orientation is found using the equations shown below,
with initial conditions ;i(()J), m, WO) and ‘:(OJ) This guarantees that
all robots will move on a common reference system, with the same speed and
orientation.

Some of the assumptions found in [1] are that the consensus angle satisfies the
initial condition interval [0,r), that the information shared between robots are
the coordinates (xj, y_].) and that the consensus variables ;C:,;;,vt and éj s
are calculated for all je N for ¢£<0. In [1], the Formation Building Algo-

rithm proposed to update the consensus variables is:

~ é;(k)—i_ZjeN,(k)é;(k)

DTN )
~ ;, k)+x, T2 Nk )Ac; k)+x;
o B i)

Y, s (3)
)71'(/”1) = (yi e (k))[;?/(;\z;:)](yj )+, (k)) —y, (k+1)
0,(k+1)= b (k)[;?j(;\(fl(:)r; (k)

If we analyze further the behavior of the equations when 4 tends to infinite,
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we may find that each of the values converges to a constant value 6 ,v,,x,,y.
such that:

=0,

4

11m9 (k

k—o

)
lim v, (k)= v

k—o

lim x,

k—w

llm ( Vv,

— (4)

K)+x (k) =X,

K)+i (k) =,

This is shown in [1], and further analyzed in [8]. The journal article and this

(
(

review proved that all robots will move parallel to the x-axis with a stabilizing
control law with initial position (xl. (0),, (O)) and a geometrical configuration
vector denoted by C=X,X,,---,X,,Y,Y,,---,Y, where X, and Y are con-

stants. Moreover, if the solution of the closed control loop with the robot kine-

matic equations in continuous time satisfies:

lim o, (1) =

limvl.(t)=v~o

o (5)
lim(x, () ~x, (1)) = X, - X,

tim(y, (1), (1)) =%, ¥,

From the above definition one can say that all vehicles will have the same
speed and orientation along the x-axis maintaining the formation configuration
C . The journal article [1] introduces a fictitious target whose location ahead of

to the robot is defined by a constant ¢ This constant is calculated with the
M

maximum linear and angular speed as , known to all the robots.

Let us introduce a two-dimensional vector 4, which defines the behavior and

location of the fictitious target 7 :
Iy ()= (% (6)+ 5, (1)) + X, +1v, (1) (6)
The fictitious target coordinates xand yare calculated as:
(e i3 (1) < (0)
&i (t) = .
x,(t)+c, if x,(t) > h,(t) (7)

g (0)=(» () +3(0))+x,

We form a vector that includes both xand y coordinates:

g :[g;] 8)
&

In Figure 3 below the vector d,(¢) formed by the difference between the
x, (¢)
¥ (t)
target g,, is what we know as the distance ahead of the robot to the target at
each instant of time: d, (1) =g, (1)—z(¢).

vector of each robot coordinates z, (t) = ( J and the vector of the fictitious
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Y-Axis

(1)

\

X-Axis

Figure 3. Geometric analysis of the vehicle and fictitious target [18].

The Decentralized Control Law defined in [1] depends on the relative posi-
tion of the robot x and the vector 4, (t) forall i=1,2,---,n. The control input
w, (1) depends on the maximum angular speed and the sign of the angle be-
tween the vector V,(¢) formed by x,y,and the distance d, (¢):

| vi(t)={VM, if x, (1)< h (1)

vr,oif x, (1) > ki (t) (9)
w () =" F (Vi (1), (1))

Here: V,(t)= )_Ci(t) , and the Function F(V,(¢),d,(¢)) is defined by the
(1)
Vi

sign of the angle between V;(¢) and d,(¢).

2.2. Obstacle Avoidance Technique

Another of the challenges presented is the presence of obstacles in addition to
the distributed control law described in the previous chapter. At this point, a fix
circular obstacle is placed with coordinates (X,,Y,) and according to [19] no
robot has information about the obstacle, therefore, to detect it, all robots have a
built-in range sensor with 180" field of view to measure the proximity to the
surface of the circular landmark.

The sensor detects an obstacle at certain distance r,, and with a calculation the
robot determines the range and angle to the landmark.

The robot collects all the information from the sensors and proceeds to eva-
luate the actions required to avoid the obstacle, in other words, it finds the route
away from the collision path. The algorithm applied comes from an extensive

analysis performed in documents such as [13] and [19]. As shown in Figure 4
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Figure 4. Sensor range detection [18].

the robot detects an obstacle once inside the range of the sensor. The robot ad-
justs its heading and speed to maintain a distance from the surface of the ob-
stacle. Taking R, as the turning radius and d'the distance from the obstacle when
the robot is moving parallel to the obstacle, one can calculate maximum rotation

and minimum distance boundaries, respectively.

_ max
din = 7 _Rt

min

Assumptions are considered for this problem. Firstly, we can assume that the
robot displacement is parallel and along the circumference perimeter. Secondly,
we assume that the obstacle is considerably big to represent the surface of the
obstacle as a flat long rectangle. At this point, the sensor detects at a distance r,
the obstacle and taking as reference the center of the robot there will be an angle
between the heading of the vehicle and the ray that the sensor emits. This dif-

ference is considered the desired avoidance angle and can be calculated as:

@, =sin”' [ﬂj (10)
r

s

Where, d, is the farthest point that the sensor can detect from the central point
of reference of the robot coordinates. If there is a curved obstacle the robot
should keep a constant distance from the surface of the landmark as explained
before; however, in this case, the sensor detects that the angle of avoidance ¢ is

greater than the desired angle ¢, , with a difference:

Ap=lp-o, (11)
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The angular rate of change is what the robot needs to correct to preserve the
desire distance from the obstacle. In Figure 5, we can see in detail the geome-
trical analysis when the robot detects a rounded obstacle, maintaining a constant
distance d,. The angle between the heading of the robot and the virtual repre-
sentation of the sensor ray for a flat surface is ¢, defined as the desired avoid-
ance angle. At this point as the surface is not flat but convex the robot needs to
rotate A¢ towards the obstacle to preserve a distance d, from it.

Again, we can consider the existence of a fictitious target 7 , located at a dis-
tance to the robot denoted by r, and an angle A¢ which becomes the rate of
change necessary to keep a distance d, from the obstacle while avoiding it. Given

some equalities and according to Figure 6 one can see that the distance dand d"

Figure 5. Round obstacle [18].

Figure 6. Geometric representation on a rounded surface [18].
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are equal since the angles projected @' and 6" are equal in value as well. Fur-
thermore, the segment AB as a result of the union of the respective points is
equal to the segment CD . The angle formed by the points XODB = XOCD =y
that in turn shows the equality of the triangles formed by the points BED and
AFC. Therefore, the distances represented by the segment AF, which is the dis-
tance from the vehicle to the obstacle is equal to the segment BE =d, [18].

If Cis the point where the fictitious target is located, one can determine that
the robot will maintain a constant distance from the obstacle. If the obstacle has
a sudden change in the shape, we can see that the fictitious target will change its
location to maintain a fixed distance from the obstacle and readjust robot head-
ing (Figure 7).

In that order, the robot needs to rotate A¢ degrees to maintain the distance
d,, for both scenarios: the flat and convex surfaces. The proposed control rule,
like the one described in the previous chapter, is designed to calculate the linear
and angular speed necessary to move the robot away from the collision course
around the obstacle [18]:

vl.(t):VM

Wl» (Z) — Wmaxsign(l//i (t)) (12)
1 ife<0,

v (1)=10 ifo=0,
1 if6>,

The sign of the angle and the constant maximum angular velocity are pro-

vided by the control rule described in the previous chapter.

3. Simulation Results and Discussion

3.1. Formation Building Algorithm

Numerical simulation results are presented for the control law and consensus

Figure 7. Sudden change in shape [18].
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variables algorithm under analysis (3) and (9). MATLAB" a well-known pro-
gramming environment and numerical analysis tool was used to simulate and
interpret the Formation Building Algorithm presented in [1]. The number of
robots n is adjustable and can be changed to a large-scale system. For simplicity,
the number of agents in the simulation is kept as five. The configuration para-
meters C and maximum and minimum control inputs w,(¢) and v, () were
defined along with the time span ¢ control variable cand, communication range
r.(Table 1).
Thus,

25w, (t) <2
0.2m/s<v,(¢)<1.5m/s

W™ >0 and 0<V" <M

The formation configuration vector C was defined for both shapes as: (Table
2).

Simulations for the Line and Delta formation are shown in Figure 8 and Fig-
ure 9 by applying the configuration parameters and constraints to each node in

the system.

Table 1. Control Input constraints and configuration settings.

Configuration settings

Parameter B M
t 4 V c=— r
%
value 50s 1.5m/s 0.2 m/s 1.5 2m

Table 2. Configuration vector.

Parameter Line shape Delta shape

value C=[0-2;0-1.50-1;0-0.5;0 0] C=[0-1.51-1;2-0.5;1 0;0 0.5]

Robot configuration

5
\ —— o

[} 9]
. o
© :
8 o
S of ]
(@]
(@]
(&
>-

5 . .

0 10 20 30

X coordinates

Figure 8. Line formation.

DOI: 10.4236/wjet.2021.91012

164 World Journal of Engineering and Technology


https://doi.org/10.4236/wjet.2021.91012

M. Levkovsky

Robot configuration

Y coordinates
o

5 L .
0 10 20 30

X coordinates

Figure 9. Delta formation.

According to [1], the distributed Control Law satisfies that lim, _ 6, (t) =0.

t—oo i

The heading of all robots is zero, which means that all the ground vehicles are
moving in the same direction parallel to the x-axis, maintaining the same speed
and the shape of the formation defined by the configuration vector C (Figure
10).

In Lemma 3.1 [1], following the assumption that there exists time intervals
which are bounded and non-empty where the union of each vertex in the coor-
dinate plane is connected through a set of lines or edges that forms an undi-
rected graph, and that the initial condition of the heading of the vehicle is
bounded to §(0)e[0,n) for robot i we can say that eventually the limit of the
sum of the pose of each robot and its respective consensus variable when the
discrete time & tends to infinite is a constant value X, and Y, for the X and Y
coordinates, respectively, as shown in Figure 11 and Figure 12 (Table 3).

The same is seen in the consensus heading and speed of the robot that con-
verges to a constant value when the discrete time 4 tends to infinite as seen in
Figure 13 and Figure 14 (Table 4).

3.2. Obstacle Avoidance

Now, for obstacle avoidance, we assume that the robot is equipped with a set of
range sensors. Those sensors help the robot to determine the distance from a
fixed round obstacle placed at (X,,Y,) with a radius z,. According to the ob-
stacle avoidance algorithm the robot maintains a desired angle, which comes
from the relation between the heading of the vehicle and the projected line of the
sensor range, given that the robot should maintain a desired distance from the
obstacle. We implemented a set of equations for the intersection points between

the obstacle surface and the radial detection range of the sensor (Figure 15).
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S [Ty e i
Y -0.000103096 |- -

Theta

time

Figure 10. Limit of theta when time tends to infinity.

X+Xc vs Time

3.5 . . .
Robot 1
Robot 2
Robot 3 | +
Robto 4
Robot 5
X 0.08
>C<> Y 1.95881 } |
+ ° s
X
1 - -
0.5 L 1 L
0 0.05 0.1 0.15 0.2
Time
Figure 11. }{ig(xi (k)+x, (k)) .
Table 3. Limit of x,(k)+x,(k) and y,(k)+y,(k).
Parameter lki_{{cl(;(k)+xl (k))=;(: lki_{g(;(k)+yi(k))=)7u
value 1.95881 2.06918
Table 4. Limit of éIkJ) and \7(\/_6/) .
Parameter lkl_rEéZ/cJ) =6 lkl_r.glzrl?) =V
value 1.52412 rads 0.388873 m/s
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Yc+Y vs Time

3 T T
Robot 1
Robot 2
Robot 3
251 Robto 4 | 7
X 0.08 Robot 5
Y 2.06918
(8]
>
+
>
05 ! 1 1
0 0.05 0.1 0.15 0.2
Time
Figure 12. }Cijr;(yi(k) +yl.(k)) .
22 Theta Consensus vs Time
AN TR W N OO SO SO 4 OO l Robot 1|
2 Robot 2 | ]
Robot 3 |~
Robto 4
1.8 Robot 5 | T
(] JRIRE NN O .
51_6 Y 1.52412 5 i o
= : S
2
o 1.4 ]
(&)
8
212 1
’_
1 ]
0.8 1
0 0.05 0.1 0.15 0.2

Time

Figure 13. ma(k):eu .

The first of the equations finds the range of the radial sensor about the robots’

instant position (x,,y,):
7=(X-x) +(Y-p) (13)
The surface of the obstacle is defined by:
r’ :(X—xo)2+(Y—yo)2 (14)
By solving these two Equations (13) and (14), we find the intersection points,

where (x,,y,), and (x,,y,) are the robot and obstacle coordinates, respec-

tively. Moreover, by expanding and subtracting them we get:
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Linear Speed Consensus vs Time

0.9 TR
- Robot 1 |-
0.8 Robot 2 | 1
\ Robot 3 |
w 07 F Robto 4| ]
35 Robot 5 |-
3 N\ O
o 0.6 N
[72) R
5 o
O 05 N
Eo T R S Y 0.388873 :
204r /o~ ]
O L 0S5 5= tOUE EEIOS IR DEOE NN SEOSE MOSH SEOIS SO
8 0.3/ 1
£ .
_I 0.2 .......... |
0.1 1
0 seesert A . 1 1 N . . | .
0 0.05 0.1 0.15 0.2
Time

Figure 14. lim), (k)=6,.

Figure 15. Robot sensor range and obstacle representation.

—2X(xr—x0)—2Y(yr—yu)=

Solving 15 for Y'we get:

Y=-—xr—%

—(7 =12 )+ (%0 - x2)+ (37 -32)

(7=r)-(x}-x)-(v2-22) ()

y}“_yﬂ

(16)
2(y, - ,)

Substituting Equation (16) in Equation (15), we get the equation for the inter-

section point in X only:

s

(17)
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with the use of the function “roots” implemented in MATLAB® the polynomial
Equation (17) can be solved. The solution indicates whether the sensor detects
an obstacle or not. If the solution is real it means there is a detection, while it
does not if it is conjugated. The value obtained should be always positive ahead
in front of the robot to tell them that a control input needs to be applied to avoid
the obstacle maintaining a fixed distance d, from it. The robot rotates counter-
clockwise if its position is below the obstacle, and clockwise if the robot is lo-
cated above the obstacle (Figure 16).

We can see that for both the response of the Distributed Control Law together
with Formation Building Algorithm and the obstacle avoidance technique is
considerably rapid and adjusts the parameters in a few seconds. The results let us
claim that the system is globally stable with random initial conditions around
the configuration vector C. In addition, it is said that the limit of the difference
in the position between robots, when the time tends to infinite is equal to the
difference in the values contained in the formation configuration vector C. For
illustrative purposes we present the plot for robot 1 and 2 (Figure 17 and Figure
18) (Table 5):

}i_{g(xi(t)—x.(t)) =X -X,

tim(y, (1) -, (1))

=0

Y-Y

J

-~

Table 5. Limit of x,(¢)—x,(¢) and y,(t)-y,(¢).

Theorem l’Lng(x (£)-x, (t))=X, -X, lg'g(y (1)-», (t)): Y -Y,

value ~0 ~=0.5

Obstacle avoidance

Y coordinates

X coordinates

Figure 16. Obstacle avoidance simulation output.
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limit(xi-xy)=Xi-Xj

0.05 .
0 ° 1
X 4449
Y -1.45076e-06
-0.05 5
-0.1 .
X
=
-0.15 .
-0.2 1
-0.25 .
_03 1 1 1 1 1
0 1000 2000 3000 4000 5000 6000
Samples
Figure 17. lim, (xi(t)—xj(t)) =X -X,.
limit(yi-yj)=Yi-Yj
-0.49 T T v "KU) J T T
-05 ) -
X 4497
2051 Y -0.499999 |
-0.52 .
T 053 :
>
-0.54 .
-0.55 1
-0.56 b
_057 i 1 L 1 Il
0 1000 2000 3000 4000 5000 6000
Samples

Figure 18. lim, (yl. (1)-y, (t)) =Y-Y.

4. Conclusions

To conclude, we proved through simulation that the Formation Building Algo-
rithm (3), and Control Law (9) is Globally stable for any initial conditions
around a configuration vector C.

The document presents the simulation for two different configurations a line
and arrow-head formation. The Formation Building Algorithm applies a Distri-

buted Control Law, where there exists a fictitious target, always located ahead far
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from the robot position.

The fictitious target position depends on the value of the constant variable c.
If c has a small value, the system reaches faster the target position resembling a
pure pursuit control technique. The Distributed Control Law applies constraints
to both the angular and linear velocity, and unlike other algorithms, the one un-
der review does not have any visible leaders in the formation.

We found and aligned with the journal paper, that all the robots reach an
agreement in their position, heading and speed based on local information from
other robots under the graph analysis. Also, that the control rule satisfies all
theorems and assumptions.

On the other hand, the simulation of the obstacle avoidance algorithm, showed us
that the robot maintains a desired distance to the obstacle while applying the
required control inputs in order to change its orientation with the use of advance
geometric analysis.

The group of robots start at a random initial position, apply the Consensus
Algorithm to build the spatial formation, those that detect the obstacle change
their path to avoid collision and once they have passed the obstacle, all robots
form again the shape, always parallel to the x-axis. The robots are assumed to be
equipped with linear range sensors that detect an obstacle at certain distance r,
Further mathematical proof of the algorithms can be found in the core paper

under analysis.
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