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Abstract 
Excellent fits were obtained by Talantsev (MPLB 33, 1950195, 2019) to the 
temperature (T)-dependent upper critical field (Hc2(T)) data of H3S reported 
by Mozaffari et al. [Nature Communications 10, 2522 (2019)] by employing 
four alternative phenomenological models, each of which invoked two or 
more properties from its sample-specific set S1 = {Tc, gap, coherence length, 
penetration depth, jump in sp.ht.} and a single value of the effective mass 
(m*) of an electron. Based on the premise that the variation of Hc2(T) is due 
to the variation of the chemical potential μ(T), we report here fits to the same 
data by employing a T-, μ- and m*-dependent equation for Hc2(T) and three 
models of μ(T), viz. the linear, the parabolic and the concave-upward model. 
For temperatures up to which the data are available, each of these provides a 
good fit. However, for lower values of T, their predictions differ. Notably, the 
predicted values of Hc2(0) are much higher than in any of the models dealt 
with by Talantsev. In sum, we show here that the addressed data are explica-
ble in a framework comprising the set S2 = {μ, m*, interaction parameter λm, 
Landau index NL}, which is altogether different from S1. 
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1. Introduction 
1.1. Preamble 

The discovery by Drozdov et al. [1] of H2S as a superconductor (SC) having a 
critical temperature (Tc) of ≈ 200 K at the ultra-high pressure of ≈ 150 GPa in 
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2015 is a significant landmark in the more than a century long quest for room 
temperature superconductivity. Understandably therefore a huge effort—experi- 
mental as well as theoretical—has been expended in the intervening years to un-
ravel various features of this SC, which has led to some valuable insights and 
concrete results; for a partial summary of these, see [2]. In this paper, we con-
cern ourselves with the temperature-dependent upper critical field (Hc2(T)) of 
compressed H2S not only because it sheds light on some conceptual aspects of its 
superconductivity, but also because it is an important property from the point of 
view of its practical usage. 

1.2. Earlier Work Dealing with the Bc2(T) of Compressed H2S 

In a recent paper, Talantsev [3] obtained excellent fits to the temperature (T)- 
dependent upper critical field Bc2 data of highly compressed H3S reported by 
Mozaffari et al. [4] by employing the following four models: 

1) The Baumgartner-Werthamer-Helfand-Hohenberg (B-WHH) model 
This model is based on the following relation given by Werthamer, Helfand 

and Hohenberg [5] 
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where Ψ is the Euler psi-function or the digamma function, Tc is the critical 
temperature, D is the diffusion constant for the normal electrons/holes in the 
conduction band, 15

0 2.07 10  Wbφ −= ×  is the flux quantum and k the Boltzmann 
constant. This relation has two free fitting parameters viz., Tc (B = 0) and D. In a 
modification of (1) where the free parameter D is replaced by ξ(0)—the cohe-
rence length at T = 0, Baumgartner et al. [6] proposed a relation which has been 
found to be quite accurate. Designated above as the B-WHH model, this relation 
is 

( ) ( ) ( ) ( ) ( )2 40
2 2 1 0.153 1 0.152 1 ,

1.386 0cB T t t tφ
πξ

 = − − − − −         (2) 

where t = T/Tc is the reduced temperature. 
2) The Jones-Hulm-Chandrasekhar model [7] 
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                  (3) 

where Bc(T) is the thermodynamic critical field and λ(0) is the London penetra-
tion depth at T = 0. 

3) The Gor’kov model [8] as recast in [3] 

( ) ( ) ( )( )2 4 20
2 2 1.77 0.43 0.07 1 .

3.54 0cB T t t tφ
πξ

= − + −           (4) 

4) The tribrid model 
We have named the fourth model in [3] as the tribrid model because it is 
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based on the Gorter-Casimir two-fluid theory, the Ginsberg-Landau theory and 
the BCS theory. This model employs the following equation 

( ) ( ) ( ) ( )0
2 1 22 ,

2 0cB t F t F tφ
πξ

=                      (5) 

where 
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Talantsev’s work [3] relates the empirical Bc2(T) data of H3S with the set of 
four of its fundamental parameters, viz., Tc, ξ(0), Δ(0) and ΔC/C, where Δ(0) is 
the gap of the SC at T = 0 and ΔC/C is the jump in its electronic specific heat at 
T = Tc. 

1.3. The Rationale and the Scope of the Present Work 

It seems apt to label the four models described above as phenomenological be-
cause they are not directly based on the dynamical variables of the problem as, 
for example, λm, the magnetic interaction parameter. In this paper, we meet the 
need to explain the Bc2(T) data reported in [4] as dealt with in [3] via a dynami-
cal equation for pairing that incorporates the chemical potential μ, T and the ap-
plied magnetic field H—it being our basic premise that the Fermi energy (EF) or 
μ plays a fundamental role in determining the properties of a superconductor, 
regardless of its size, shape and the manner of preparation all of which deter-
mine its EF at T = 0 or μ when T ≠ 0. This equation and the procedure for solv-
ing it are given in the next section. A notable feature of our approach is that it 
sheds light on a set of parameters corresponding to any value of Hc2(T), which is 
altogether different from the set of parameters on which the study reported in 
[3] was based. 

2. The Pairing Equation Incorporating Chemical Potential,  
Temperature and an Applied Field 

Incorporating temperature, chemical potential and an applied field, the general-
ized BCS equation derived in [9] and employed here is 
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(6) 
where 
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and θ is the Debye temperature (DT) of the ions that cause pairing, η = m*/m 
(m*= effective mass of an electron and m = the free electron mass) and NL(h) is 
the Landau index. We have used the symbol Hc2 above in lieu of Bc2 in [1] be-
cause (6) has been obtained by employing the units commonly employed in the 
BCS theory, e.g., Gauss for the magnetic field. 

3. Addressing the Hc2(T) Data reported by Mozaffari et al. [4]  
via Equation (6) 

3.1. The Debye Temperature of the Ions Responsible for Pairing  
and a Generic Model for the Variation of the Chemical  
Potential with Temperature 

1) In order to deal with the above data, we first need to fix the value of θ to be 
used in (6). Given that H3S is believed to result when H2S is subjected to ul-
tra-high pressure via the reaction ( ) ( )2 32H S H S HS+ −→ +  [10] and that θ(H3S) 
= 1531 K [11], we need to resolve θ(H3S) into the DTs of the H and the S ions 
because the two gaps of H3S have been explained by invoking the 2-phonon ex-
change mechanism due to these ions [2]. Employing the double-pendulum model 
[12], we have 

1983.2 K, 174.5 K.H Sθ θ= =                   (7) 

We note that both of these DTs are needed [2] for an explanation of the em-
pirical value of the Tc of H3S and its inferred gap-values of about 40 meV and 28 
meV because the 1-phonon exchange mechanism (1PEM) per se due either to 
the H or the S ions violates the Bogoliubov constraint [13]. Since a magnetic 
field considerably weakens the strength of the interaction, it turns out—as will be 
seen—that the data being addressed here are attributable to the interactions 
caused by the H ions alone. 

2) With θ fixed as θH as in (7), we obtain via (6) the value of λm at T = Tc, i.e., t 
= 1. For this purpose, we need to specify the values of Hc2 at t = 1, ρ (since μ = ρ 
k θ) and η. This is done as follows. We employ Hc2 (1) = 300 G, which is the 
self-field that remains even when there is no applied field; ρ = 1, i.e., μ = k θH = 
170.9 meV, which is in accord with the estimate of the EF of H3S given by 
Gor’kov and Kresin as 500 ≥ EF ≥ 100 (meV) [14], and η = 2.76 because this is 
the value employed in [3]. The effect of the values of ρ and η other than these 
will be addressed below. 

3) As per our premise in Section 1.2, we now need to specify how μ varies 
with t between 1 and 0. We note in this context that the t-dependent values of 
the critical current density (jc) of H3S have recently been explained by making 
in an equation similar to (6) and the number equation the following replace-
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ments: 

( ) ( ),  m mq T q tµ µ λ λ→ →  [15]. 

Observing that the form of hc2(t) is predominantly determined by the form of 
λm(t) and that a good phenomenological description for the variation of the for-
mer is provided by ( ) ( )2

2 1 ,ch t t= − we assume that 

( ) ( ) ( ) ( ) ( ) ( )1 ,  1 ,m mt q t t q tµ µ λ λ= =                (8) 

and 

( ) ( ) 21
01 1 .

aaq t a t= + −                      (9) 

Remarks: 
a) It seems pertinent to note that a model is needed to extend or supplement 

the experimental data up to 0 K because such data are available only up to T ≈ 
100 K, which depends on the size of the sample. This is so, because the size of 
the sample is necessarily small—diameter ≈ 50 μm and thickness ≈ a few μm—in 
order to subject them to the desired high pressure in a diamond anvil cell. It has 
so far not been possible to cool such samples up to 0 K. 

b) Note that regardless of the values of a0, a1 and a2, q(t) = 1 for t = 1 whence 
μ(t) and λm(t) in (8) reduce to their respective values at t = 1. In the following we 
deal with the empirical data by employing three models of q(t) distinguished by 
the values of the constants in (9). 

3.2. Three alternative Scenarios 

We now illustrate the above procedure by considering the data-sets of two sam-
ples in [4]. 

Sample 1 
The raw data for this sample comprise 23 values of Hc2(T) for 105.1 ≤ T ≤ 191 

K. With 

( )( ) 4
0

0

1983.2,  1 1 170.9 meV , 2.76,  191,  100 10  G

191 1,  300 , 
c c

c c

T H

t T h H

θ ρ µ η= = = = = = ×

= = =
 

the solution of (6) yields 

( ) 61 1.1281 10 .mλ
−= ×                       (10) 

The value of Hc0 ≡ Hc2(0) (an unknown) noted above has been chosen as a 
matter of convenience because it enables us to look for the solutions by varying 
h between 0 and ≈ 1. 

We note that our results of course do not depend on the choice of the value of 
Hc0 and that this step which yields (10) is common to all the three forms of q(t) 
dealt with below. 

1) The linear form of q(t) 
If in the generic form of q(t) in (9) we let a1 = a2 = 1, then we obtain the linear 

form of q(t), viz., 

( ) ( )1 0 0, 1 1 .q a t a t= + −  
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As noted in (8), this is the factor via which we cause μ to vary with t. Since μ = 
ρ k θ, we need to replace ρ in (6) by ρ times q(a0, t), whence 

( ) ( )1 , 1 , , ,oEq t h Eq a t h→  

( ) ( ) ( )
( ) ( ) ( ) ( )
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1 0 1 0

1 3 0 2 4 0
1 0 1 0

, 1 , 1
, , ,  , ,

3 , 3 ,
q a t q a t

L L a t L L a t
q a t q a t

ρ ρ
ρ ρ ρ ρ

ρ ρ
− +

→ = → =  

( ) ( )
( )

( )
1 0

0

2 , 1 1, , , , .
3 2L L

k q a t
N h N h a t floor

h
θ ρ

ρ ρ
  + → = − 

Ω  

   (11) 

To fix a0, we need the input of one (t, h) point from the data under considera-
tion. Choosing a value of t in the mid-range of the data, i.e., 

4
0150 ,  26.47 10 / .c ct T h H= = ×                  (12) 

We obtain 

0 2165.4.a =                           (13) 

We can now employ (11) to calculate the value of h corresponding to any t. 
We do so for 16 points between t = 1 (T = 191 K) and 0 and obtain the limiting 
values of the parameters of interest as: 

( ) ( )
( ) ( )

4
0

6 3 5 3

601.1 10  G; for 1 0: 0.171 370.2 eV ; 

1.128 10 2.444 10 ;  1.811 10 9.793 10 .
c

m L

H t t

t N t

µ

λ− −

= × ≥ ≥ ≤ ≤

× ≤ ≤ × × ≥ ≥ ×
  (14) 

The plot obtained for the variation of Hc2(T) for all the 16 points in the range 
( )191 0 KT≥ ≥  is given below (Figure 1). 

 

 

Figure 1. Plot of Hc2(T) of compressed H3S obtained via (6), (8) and the linear form of q(t) 
noted in (11) for the sample for which Tc = 191 K. The filled circles denote the empirical 
values given in [2]. 
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2) The “parabolic” form of q(t) 
Let a1 = 2 in (9), then 

( ) ( ) 22
2 01 1 ,

a
q t a t= + −                            (15) 

whence 

( ) ( )0 21 , 1 , , , ,Eq t h Eq a a t h→  

( ) ( ) ( )
( ) ( ) ( )2 0 2

1 3 0 2 2 4 0 2
2 0 2

, , 1
, , , ,  , , ,

3 , ,
q a a t

L L a a t L L a a t
q a a t

ρ
ρ ρ ρ ρ

ρ
−

→ = →  

( ) ( )0 2, , , , , ,L LN h N h a a tρ ρ→  

where L4 and NL are given by the expressions for them as in (11) with q1(a0, t) 
replaced by q2(a0, a2, t). 

We now need the input of two (t, h) points from the empirical data to fix a0 
and a2 by simultaneously solving Eq1(a0, a2, t1, h1) and Eq1(a0, a2, t2, h2). Choos-
ing (t1, h1) and (t2, h2) as 

( ) ( )4 4
1 1 0 2 2 0145 ,  30.27 10 / ,  105.1 ,  61.49 10 / ,c c c ct T h H t T h H= = × = = ×  (16) 

we obtain 

0 21475.0,  1.208.a a= =                        (17) 

These lead to the limiting values of the parameters of interest as: 

( ) ( )4
0

6 3 5 4

242.9 10  G; for 1 0 :  0.171 252.2 eV , 

1.128 10 1.665 10 ,  1.811 10 1.652 10 .
c

m L

H t t

N

µ

λ− −

= × ≥ ≥ ≤ ≤

× ≤ ≤ × × ≥ ≥ ×
      (18) 

The plot now obtained for the variation of Hc2(T) for 15 points in the range 
( )191 0 KT≥ ≥  is given below (Figure 2). 

3) The concave-upward form of q(t) 
For a2 = 1 in (9), we have 

( ) ( )1
01 1 ,aq t a t= + −                          (19) 

whence we again need to solve two simultaneous equations, viz., Eq1(a0, a1, t1, h1) 
and Eq1(a0, a1, t2, h2), in order to fix a0 and a1 with the input of two (t, h) points 
from the empirical data. Choosing the values of (t1, h1) and (t2, h2) as 

( ) ( )4 4
1 1 0 2 2 0125 ,  44.77 10 / ,  105.1 ,  61.49 10 / ,c c c ct T h H t T h H= = × = = ×   (20) 

we obtain 

0 12195.1,  0.9549.a a= =                         (21) 

The limiting values of the parameters of interest now are: 

( ) ( )
( ) ( )

4
0

6 3 5 4

579.0 10  G; for 1 0 :  0.171 252.2 eV ,

1.128 10 2.477 10 ,  1.811 10 1.031 10
c

m L

H t t

t N t

µ

λ− −

= × ≥ ≥ ≤ ≤

× ≤ ≤ × × ≥ ≥ ×
    (22) 

and the plot obtained for the variation of Hc2(T) for 17 points in the range 
( )191 0 KT≥ ≥  is as given below (Figure 3). 
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Figure 2. Plot of Hc2(T) of compressed H3S obtained via (6), (8) and the parabolic form of q(t) 
noted in (15) for the sample for which Tc = 191 K. The filled circles denote the empirical val-
ues given in [2]. 

 

 

Figure 3. Plot of Hc2(T) of compressed H3S obtained via (6), (8) and the concave-upward 
form of q(t) noted in (19) for the sample for which Tc = 191 K. The filled circles denote the 
empirical values given in [2]. 
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Sample 2 
The raw data for this sample comprise 24 values of Hc2(T) for 55.9 ≤ T ≤ 173.7 

K. With the same values of θ, ρ and η, the plots of the variation of Hc2(T) for this 
sample are similar to those for Sample 1 and are hence not given. 

3.3. The Effect of Changing the Values of the Chemical Potential  
and the Effective Mass of the Electron 

For both the samples dealt with above, the values of ρ and η employed for each 
of the three forms of q(t) were 1 and 2.76, respectively. Repeating the above ex-
ercise for any form of q(t) with different values of ρ and η, e.g., ρ = 1, η = 2.25, 
3.25, 4.0 and ρ = 2, η = 2.76, we found that while the values of a0, a1, etc., were 
now different, the plots of Hc2(T) that we were led to were almost indistinguish-
able from the corresponding plots that we had obtained earlier. 

4. Discussion and Conclusion 

The fits to the empirical values of hc2(t) of several samples reported in [4] were 
obtained in [3] by employing a single value of η = 2.76 and four alternative phe-
nomenological models, each of which invoked two or more properties from the 
following sample-specific set of the SC: S1 = {Tc, Δ(0), ξ(0), λ(0), ΔC/C}. In this 
paper we have dealt with two of these samples and shown that the empirical data 
corresponding to them are also explicable by assuming that the variation of hc2 
with t is caused predominantly by the variation of μ with t. This has been done 
by employing a μ-, H- and T-dependent equation [9] and three models for the 
variation of μ(t). We thus found that up to the lowest temperatures in the data 
sets (105.1 K for Sample 1; 55.09 K for Sample 2), each of these models provides 
an almost equally good fit, which is also in accord with the fits obtained in [3]. 
However, for lower temperatures, the predictions of the values of Hc2 at t = 0 of 
these models differ significantly not only from each other, but also from the 
corresponding values in [3]. We also found that the assumed value of ρ = 1 (i.e., 
μ = 170.9 meV) at t = 1 and η = 2.76 are not unique in explaining the addressed 
data. Specifically, while ρ = 2 and η = 2.25, 2.76 or 3.25 also lead to good fits, the 
values of Hc0 and μ(0) that one now obtains are even greater than their respective 
values for ρ = 1 and the same values of η. The set of properties with which we 
have related the empirical values of Hc2(t) is: S2 = {μ, m*, interaction parameter 
λm, Landau index NL}, which is altogether different from S1. 

The rather high values of Hc0 and μ(0) that we have been led to—vide (14), (18) 
and (22)—warrant an explanation, even if one chooses to ignore the linear mod-
el because of the intuitive feeling that it leads to implausible values of these pa-
rameters. We note in this context that the values of Hc0 and μ(0), etc., noted 
above must be regarded as implicitly dependent on pressure, because they have 
been obtained with the input of the so-dependent empirical values of Hc(t). 
There is a need therefore to ask as to how μ varies with T and pressure p, which 
leads us to draw attention to the kinetics of the chemical reactions where such 
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variations have been adequately investigated. For gaseous materials, in particular, 
it is well known that μ generally increases rapidly when ρ increases and that it 
falls steeply when T increases. So, μ depends rather sensitively on both T and 
p. The system we are concerned with in this paper is supposed to be subject to 
a constant ultra-high pressure and therefore, in analogy with the kinetics of 
the chemical reactions, ought to be characterized by a high value of μ at T = 
0—which is what we have found for the Fermi gas model employed by us. On 
the other hand, although p for the system is maintained at the same high value, 
we have found that the increase in the value of T from 0 to Tc = 191 K causes μ 
to decrease to a value which is several orders of magnitude lower than its value 
at T = 0—which is also in accord with the kinetics of the chemical reactions. 

In a recent paper and references therein, Hirsch and Marsiglio [16] have 
raised the important issue of whether or not H3S is a genuine SC because, ac-
cording to them, it does not satisfy the criterion of exhibiting the Meissner effect. 
It seems to us that this provocative issue can also be addressed via the considera-
tions of this paper by adopting a variant of the template provided by Dogan and 
Cohen [17], which we propose to do in another paper. 

We conclude by noting that the approach based on a T-dependent Bethe- 
Salpeter equation employed here for an explanation of the empirical Hc2(T) val-
ues has—with appropriately chosen kernels—also been employed earlier for a 
dynamical explanation of such diverse phenomena as the solar emission lines, 
vide [18] and references therein, and the quarkonium mass spectra, vide [19] 
and references therein. This should not be surprising because each of these phe-
nomena is concerned with a bound state problem in a medium at finite temper-
ature: solar emission lines with the bound states of all kinds of ions in various 
stages of ionization, spectra of mesons with the bound states of appropriate 
quarks, and superconductivity with the bound states of electrons. 
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