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Abstract
The purpose of this paper is to develop a Bayesian model of the S&P 500
stock index in the presence of a circuit breaker rule that would be useful to
traders who wish to update positions when information is limited because of
a market trading halt. We assume that the market index is distributed by a
Poisson process with an unknown parameter. First, using a conjugate Gamma
prior probability distribution, we can revise the distribution of the prior distribution, to get an updated Gamma posterior distribution. Second, we calculate the market index’s truncated posterior and predictive distributions in the
presence of circuit breakers. Third, our predicted index’s values (during the
activation of the circuit breakers that results in a fifteen-minute trading halt)
are demonstrated by numerical examples. Thus, investors would be able to
adjust, their long/short positions, when market information is temporarily
unavailable.
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1. Introduction
Regulators put the first circuit breakers in place following the market crash that
occurred on Monday, October 19, 1987 (so-called the Black Monday), when the
Dow Jones Industrial Average (DJIA) shed 508 points (22.6%) in a single day.
Suppose that the stock market has a circuit-breaker (SEC Investor Bulletins,
1987), denoted by: cb. Once the index level falls short of cb, relative to its closing
price the day before, the trading is halted for 15 minutes (for levels 1 and 2). The
circuit breakers are imposed by the New York Stock Exchange (NYSE) to maintain orderly market behavior. “The equities and options exchanges have procedures for coordinated cross-market trading halts if a severe market price decline
reaches levels that may exhaust market liquidity”, according to the New York
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Stock Exchange. The market-wide circuit breakers, as they are called, are measured by a single-day decrease in the S&P 500 index relative to the closing value
the day before. There has been a significant amount of research studies of the
circuit breakers, some were empirical studies and the rest theoretical ones. The
reader is referred to: Ackert, Church and Jayaraman (2001, 2005), Booth and
Broussard (1998), Goldstein and Kavajecz (2004), Greenwald and Stein (1991),
Kim and Yang (2004), Kim, Yague and Yang (2008), Lauterbach and Ben-Zion
(1993), Lee, Ready and Seguin (1994), Ma, Rao, and Sears (1989), Santoni and
Liu (1993), Subrahmanyam (1994, 1997). However, none of these studies have
attempted to forecast the level of the S&P 500 Index, in the presence of circuit
breakers.
Here are the three levels of the circuit breakers for any major stock market
index as established by SEC, in 1987 (SEC Investor Bulletins, 1987):
Level 1: A drop of 7% from the prior day’s closing price of the S&P 500 triggers a 15-minute trading halt. Trading is not halted if the drop occurs at or after
3:25 p.m., Eastern Time. (ET)
Level 2: A drop of 13% from the prior day’s closing price triggers a 15-minute
halt. Trading is not halted if the drop occurs at or after 3:25 p.m. ET.
Level 3: A drop of 20% from the prior day’s closing price triggers a halt for
the rest of the day, and trading resumes the following day.
Note that since the establishment of the circuit breakers, levels (2 and 3) have
never been triggered. The most common circuit breaker is level-1 and we will
focus on it, although our model is quite flexible to deal with levels 2 and 3.
Recently, in the month of March 2020, circuit breakers were triggered at the
NYSE a few times, (the only times since October 27, 1997), as the Dow Jones
Index (DJIA) and the S&P 500 Index fell more than 7% at the open, amid the
growing global coronavirus pandemic and the tremendous increase in market
volatility, as described in the Wall Street Journal (2020)).
The objective of our paper is to develop a Bayesian forecasting model (Lee
2012) of a major market index (i.e., the S&P 500 Index) in the presence of circuit
breakers. We assume that the market index is distributed by a Poisson process
with an unknown parameter. Using a conjugate Gamma prior pdf, we can revise
the distribution of the unknown parameter, to get an updated Gamma posterior
distribution. In Section 2, we present the Bayesian forecasting model. In Section
3, we calculate the truncated posterior and predictive distributions of the S&P
500 Index in the presence of circuit breakers, and provides several numerical
forecasts. Section 4, discusses the implications of our model for investors.

2. The Bayesian Forecasting Model
Let Y be the S&P 500 Index level (hereafter, the Index level). Note that without
loss of generality our model can be applied to any stock index. We assume that
the index level (price) has a Poisson probability distribution function (hereafter,
pdf) with an unknown and stationary parameter θ (Lee (2012), Section 3.4, pp.
DOI: 10.4236/tel.2020.106072
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102-104)) Thus, the Index’s likelihood function is given by,

l ( y |=
θ)

θ y e−θ
y!

y 0,1, 2,
, θ > 0,=

(1)

The investor is assumed to combine his a-priori beliefs with the information
obtained from the stock market to generate his/her posterior beliefs about the
unknown parameter θ, in Equation (1). The prior information of θ can be based
on the investor’s past experience; or on any subjective assessment of the unknown parameter θ. However, to provide tractability, it is convenient to assume
that the prior pdf of θ belong to a natural conjugate family. A prior pdf is called
a conjugate prior pdf for a given likelihood if the resulting posterior pdf belongs
to the same family of distributions as the prior pdf, but with different parameters.
The conjugate prior pdf of θ in our model, would be a gamma with hyper-parameters α and β , that is,

P0 (θ )
=

θ α −1e−θ β
, α > 0, β > 0,
Γ (α ) β α

(2)

where Γ (α ) is the Gamma function.
For this particular prior distribution, α β is the prior mean. In order to
predict the Index level, the investor has to compute the predictive pdf, which is
obtained by integrating with respect to θ the product of the prior pdf in Equation (2) and the likelihood function in Equation (1), to have,

=
h(w | α, β )

∞

l ( y | θ ) P0 (θ ) dθ
∫=
0

∞

∫0

θ w+α −1e−(1+1 β )θ
dθ
w ! Γ (α ) β α

Γ(w +α )
 w + α − 1 1   β 
= =


 
 .
w +α
α
w!Γ (α ) β (1 + 1 β )
 α −1   1+ β   1+ β 
α

w

(3)

It should be noted that the predictive in Equation (3) is a negative binomial
pdf with hyper-parameters (α , β ) .
Once, the index level is revealed in the stock market, the investor can update
his/her prior beliefs with respect to θ, via Bayes’ theorem, to obtain the posterior
distribution of θ as follows:

P1 (θ | y, α , β )
=

l ( w | θ ) P0 (θ )
θ y +α −1e ( ) (1 + 1 β )
=
∞
Γ(w +α )
∫ l ( w | θ ) P0 (θ ) dθ
− 1+1 β θ

y +α

.

(4)

0

Thus, the first-period posterior of θ, P1 (θ | y, α , β ) is again a gamma pdf
with the hyper-parameters α1= y + α for the shape parameter, and
−1
β1 =
β (1 + β ) for the scale parameter. The first-period expected
(1 + 1 β ) =
value of the posterior pdf of θ is calculated as:
=
E  P1 (θ ) 

)
y +α
e(
∞θ
(1 + 1 β )
=
dθ
∫0
Γ( y +α )
− 1+1 β θ

y +α

( y +α )β
1+ β

.

(5)

Note that for the gamma pdf the expected value of θ is given by the ratio of
the two parameters as, α1 β1 =
( y + α ) β (1 + β ) .
Once the index level is observed, the first-period predictive pdf h1 is given by
DOI: 10.4236/tel.2020.106072
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integrating with respect to θ, the product of the posterior pdf in Equation (4)
and the likelihood function in Equation (1), to obtain:
∞

h1 ( w | α , β , y ) = ∫ l ( w | θ ) P1 (θ ) dθ
0

∞ w + y +α −1 − ( 2 +1 β )θ
(1 + 1 β )
θ
e
dθ
∫
0
y !Γ ( y + α )
y +α
(1 + 1 β ) Γ ( w + y + α )
=
, w 0,1, 2,.
w + y +α
w!Γ ( y + α )( 2 + 1 β )
y +α

=
=

(6)

The first-period predictive pdf is again a negative binomial with updated hyper-parameters y + α , and β (1 + β ) . The first-period predictive mean is given as:

( y +α )β

1
β
αβ
y+
=
1+ β
1+ β
1+ β

(7)

It should be noted that the first-period predictive mean is a weighted average
of the sample observation y (the index level) and the posterior mean.

3. The Circuit Breakers and Index Prediction
In this section we analyze the impact of the Level-1—circuit breakers on the distribution of the S&P 500 Index (SEC Investor Bulletins, 1987, and the Wall
Street Journal (2020). Denote the level of the circuit breaker as: cb, which is 7%
below the closing price (or the opening price of the day) of the index in the precious day. Within the 15-minutes halt in trading, investors are blind and cannot
observe the index value that would have been realized in the absence of the circuit breaker. Namely, investors, suffer an information loss, because of their inability to observe the real market prices for 15 minutes. Thus, in the presence of a
circuit breaker: cb, the first-period truncated (at cb) posterior pdf of θ, can be
computed via Bayes’ Theorem, as follows:

∫0 l ( w | θ ) P0 (θ ) dw
P1 (θ | α , β , w ≤ cb ) =
∞ cb
∫0 ∫0 l ( w | θ ) P0 (θ ) dwdθ
cb

(1 + 1 β )
w + y +α −1 − ( 2 +1 β )θ
e
dw
∫0 y !Γ ( y + α ) θ
=
y +α
∞ cb (1 + 1 β )
w + y +α −1 − ( 2 +1 β )θ
e
d w dθ
∫0 ∫0 y !Γ ( y + α ) θ
y +α

cb

=

e

− ( 2 +1 β )θ

∞

ln (θ ) ∫0

θ ( y +α −1) (θ cb − 1)

(

) dθ

θ ( y +α −1) eln (θ )cb − 1
e(

2 +1 β )θ

ln (θ )

(8)

.

In Figure 1, we show the plot of the truncated posterior pdf in Equation (8)
for the given parameter values, namely, (=
β 1,=
α 4,=
cb 0.93 ). Note that it is
more convenient to fix y = 1 , which can be interpreted as: 100%. Thus, without
loss of generality, we can use y = 1 , everywhere in our numerical examples.
DOI: 10.4236/tel.2020.106072
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index value

Figure 1. A plot of the truncated posterior pdf of θ, in Equation
(8), for selected parameter values the underlying parameters:
β = 1 , α = 4 , cb = 0.93 , y = 1 .

It is more relevant to derive the predictive pdf of the index value, regardless of
the value of the underlying parameter θ. We integrate the product of the likelihood function and the prior pdf, taken into account the truncation of the pdf at
the circuit breaker (cb). Thus,

(

)

) (
)
∞
θ w e−θ e (
θ
θ cb − 1
h1 ( w | w ≤ cb, α , β , y ) =
dθ .
∫
 θ ( y +α −1) eln (θ )cb − 1

0
∞
w!ln (θ )  ∫ 0
dθ 
2 +1 β )θ


e(
ln (θ )


− 2 +1 β θ

y +α −1

(

)

(9)

We can also calculate the expected value of the truncated predictive pdf in
Equation (9), to derive our predicted index value, in the presence of a circuit
breaker (cb) as follows:

E  h1 ( w | w ≤ cb, α , β , y ) 




∞

w −θ − ( 2 +1 β )θ ( y +α −1)
cb
∞
e
e
1
θ
θ
θ
−


d θ  dw
= ∫ w ∫
1
ln
y
cb
α
θ
+
−
(
)
(
)
 θ

0
e
−1
0
 ∞
 
!ln
d
w
θ
θ
(
)

 ∫ 0 e( 2 +1 β )θ ln (θ )
 


 


(

(

)

)

(10)

Equation (10) is quite complicated to compute, in general, but we can calculate the expected value of the truncated predictive pdf, for a few choices of the
underlying parameters, alpha and beta. This will generate the expected index
value in the presence of a circuit breaker halt. As when the index hits the circuit
breaker limit, the trade is halted, and investors don’t know what would have
been the index value if trading has been continued. There is an information loss
to investors created by the presence of the circuit breakers, and the truncation of
DOI: 10.4236/tel.2020.106072
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Table 1. The expected value of the truncated predictive pdf from Equation (10).
β =1

β =2

β =3

β =4

β =5

α =1

0.8549

1.0177

1.0879

1.1270

1.1519

α =2

1.1875

1.4185

1.5181

1.5735

1.6089

α =3

1.5194

1.8187

1.9476

2.0193

2.0650

α =4

1.8518

2.2193

2.3774

2.4654

2.5215

α =5

2.2847

2.6204

2.8077

2.9119

2.9783

the predictive pdf in Equation (10). Thus, investors can use the expected truncated price (during the trading halt), in order to predict the market movements,
once the exchange would resume the trading. This will allow investors to adjust
their trading positions, during the 15-minute trading halt. Only when the trade
is resumed, after a 15-minutes halt, investors can observe the true index values.
Table 1 shows the expected value of the truncated predictive pdf from Equation (10), namely, E  h1 ( w | w ≤ cb, α , β , y )  , for y = 1 , cb = 0.93 , and for
several selected parameter values, α , β , cb . Note that the Index Value can be
scaled by a factor of 1000 to get more realistic predictions.
Thus, the results in Table 1, allow investors to predict the S&P 500 Index level,
(during the 15-minute trading halt) and to adjust, their long/short positions,
given these forecasts.

4. Conclusion
This paper studies the prediction problem of the Standard & Poor’s 500 Index, in
the presence of circuit breakers. Our prediction model would be useful to traders
who wish to revise their positions when information is limited due to a trading
halt. Our paper has both theoretical and practical applications.
Stock Exchanges in the US instituted the first circuit breakers for trading, after
the market crash of October 19th 1987 (so-called the Black Monday), when the
Dow Jones Industrial Average (DJIA) shed 508 points (22.6%) in a single day. In
particular, we focus on level-1 circuit breaker that has been triggered a few times
in March 2020 (first times since 1997). Thus, a drop of 7% from the prior day’s
closing price of the S&P 500 triggers a 15-minute trading halt. Trading is not
halted if the drop occurs at or after 3:25 p.m., Eastern Time. (ET). In 2020, volatility increased and market-wide circuit breakers were triggered several times.
We developed a Bayesian forecasting model of a major stock index value, in the
presence of circuit breakers. It is assumed that the market index (S&P 500) follows a Poisson distribution with an unknown parameter. Our objective is
four-fold. First, using a conjugate Gamma prior distribution, we can revise the
distribution of the underlying unknown parameter to obtain an updated Gamma
posterior distribution. Second, we calculated the truncated posterior distribution
in the presence of a circuit breaker. Third, we calculate the truncated Index’s predictive distribution. Note that in the presence of circuit breakers, once they are
triggered, investor suffer from information loss for 15 minutes, and they are unaDOI: 10.4236/tel.2020.106072
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ble to view the index value that would have been in the absence of the circuit
breaker. Fourth, our truncated predictive distribution provides numerical forecasts of the index value, for a given set of parameters. Our numerical predictions
of the truncated expected index value during the activation of the circuit breakers,
and the corresponding 15-minute trading halt, allow investors to predict the S&P
500 Index level, and to adjust, their long/short positions, when market information is temporarily unavailable.
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