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Abstract 
Here a Gaussian Shell Model Array (GSMA) beam is used to investigate the 
propagation characteristics in the jet engine exhaust region. It has great signi-
ficance to improve various optical systems for wide application in trapping 
cold atoms, creating gratings, and atmospheric optical communication. We 
calculate analytical formulas for the spectral density (SD) and the propaga-

tion factors 2
xM  and 2

yM  of a GSMA beam. The influence of inner scale of 

turbulence in the jet engine exhaust region on its power spectrum has been 
also analyzed. According to these results, the influence of turbulence in a jet 
engine exhaust on a GSMA beam has been reduced by changing the parame-
ters of light source and turbulence. For example, it is an excellent tool for mi-
tigation of the jet engine exhaust-induced anisotropy of turbulence to in-
crease the source coherence length, the root-mean-squared (rms) beam 
width, the wavelength or reduce the outer scale of turbulence. 
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1. Introduction 

In the past investigation, the Gaussian Schell model beams (GSM) have been 
used to investigate propagation characteristics in turbulence [1]. But in some 
applications, GSM beam cannot meet the requirements for optical communica-
tion. So array beams have been proposed to replace the Gaussian beam in some 
fields [2]. Compared with the GSM beam, spatially periodic arrays of beams are 
superior in lidar, laser weapons, capturing cold atoms, making gratings, photon-
ic crystal engineering, and sorting microscopic particles [3] [4]. Based on the 
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sufficient conditions of constructing special correlation function proposed by 
Gori, Mei proposed the Gaussian Shell model array of beams (GSMA) [5] [6]. 
Compared with other deterministic array beams, the GSMA beam, which has 
arbitrary intensity distribution in the initial plane and exhibits optical lattice av-
erage intensity patterns in far field, has been studied. These features are impor-
tant for some applications, such as optical trapping, material processing, and 
atmospheric optical communications [7] [8]. 

The propagation characteristics of laser in the atmosphere have been exten-
sively studied [9]-[19]. How to reduce the influence of atmospheric turbulence 
on laser propagation is also a hotspot in current studies [20] [21]. In classical 
turbulence models, the power spectrum carries isotropic and uniform statistics. 
The Kolmogorov model has been always used to characterize turbulence [22]. 
But in many cases, atmospheric turbulence does not always follow the Kolmo-
gorov model. In previous studies, the existence of turbulent anisotropy in a va-
riety of situations has been demonstrated [23] [24] [25] [26]. Therefore, it has 
great value to investigate the beam propagation in anisotropic turbulence. 

On the other hand, airborne laser systems have been of great interest in recent 
years due to their potential in aircraft communications and security [27]-[32]. 
The onboard laser of aircraft faces extremely complex external challenges, and 
the main one is the plume in the jet area of the aircraft. In previous studies, we 
can conclude that the power spectrum of a jet plume is anisotropic, and it is re-
lated to the structure of aircraft jet system [27]. When the beams pass through 
the jet engine exhaust area, diffusion occurs in two orthogonal directions, trans-
verse to the optical axis, due to effect of the system on the beams. According to 
Ref. [33], even over a small distance, the effect of anisotropy can be substantial 
for GSM beams. Compared with GSM beams, the GSMA beams were better in 
optical communication. However, to our knowledge, there have been no reports 
about the GSMA beams in the turbulence of a jet engine exhaust region. 

In this work, we have investigated the propagation of the GSMA beams in the 
turbulence of a jet engine exhaust region. We have not only studied the trans-
mission properties, but also proposed how to reduce the influence of the plume 
region on the beam transmission. The extended Huygens-Fresnel principle [34] 
and winger distribution function have been used to obtain the analytical formula 
[35] for the spectral density (SD) and propagation factors. The influences of the 
parameters of beams and turbulence on the SD and propagation factors have 
been studied. 

2. Propagation of GSMA Beams across a Jet Engine Exhaust 

Consider a GSMA beam located in the 0z =  plane and radiating a beam-like 
optical field propagating along z-direction, in a jet engine exhaust. The cross- 
spectral density (CSD) function of a GSMA beam in the source plane has been 
expressed by two-dimensional position vectors ( )1 1 1,x y′ ′ ′=ρ  and ( )2 2 2,x y′ ′ ′=ρ . 
It has been given as: 
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where σ  is the incident root-mean-squared width. xδ  and yδ  are the cohe-
rence length along x and y directions. M and N are parameters that can control 
array dimension. Rx Ry control the sub-beams space. ω  is the angular frequen-
cy, we ignore the beams dependence on ω  to facilitate calculation. 

When beams propagate in the turbulence, the extended Huygens-Fresnel 
principle and paraxial approximation have been used to calculate the CSD func-
tion in the positive direction of the z-axis.  
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where ( )1 1 1,x y=ρ  and ( )2 2 2,x y=ρ  are two points in the transverse plane 
when 0z > . 2k λ= π  is wave number, λ  is the wavelength of light.  
( ), , zψ ′ρ ρ  stands for the complex phase perturbation which is caused by ran-

dom media. The asterisk represents complex conjugate. Here angle bracket im-
plies mean ensemble of turbulence (see Figure 1). 

According to Ref. [33], the content in angle bracket is expressed by follow:  
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In this function, we consider the anisotropic power spectrum of the jet engine 
exhaust, according to Ref. [27]:  
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where 1 2d = −ρ ρ ρ  and 1 2d ′ ′= −ρ ρ ρ . ( ),x yκ κ=κ  is the two-dimensional 
spatial frequency vector. 0xL  and 0 yL  are outer scales, 0xl  and 0 yl  are inner 
scales in x and y directions. ( ) 0m c lκ α= , ( ) 0mx xc lκ α=  and ( ) 0my yc lκ α= . 
Here 2 2

0 0 0x yl l l= + .  
In Equation (5) we define the ( )c α :  
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Figure 1. Schematic diagram for propagation of a GSMA beam through a jet engine ex-
haust. 
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We can obtain an analytical expression of the power spectrum and express it 
as the sum of A plus B. In this place, we set α  equal to 11/3:  
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By applying (2) (7) and (8). Then, we orthogonally separate A into x and y. 
We will get the CSD function in the x direction:  
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It is the same in both orthogonal directions. AW  can be expressed by:  

.A xA yAW W W=                            (16) 

Substituting Equation (9) into Equation (2), we will get the CSD function of B 
part:  
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where parameters jB∆ , BR  and jBγ  are given by expressions:  
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For scalar random beams the spectral density (SD) and the spectral degree of 
coherent (DOC) can be expressed by the forms of follow:  
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For GSMA beams, the propagation factors in the x, y directions can be used to 
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represent transmission quality, which are defined as  
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After complex calculation, we can get:  
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Next, we will analyze the analytical formulas. 

3. Numerical Computation and Analysis 

In this part, the analytical formulas (21), (28) and (29) which obtained in the 
second part have been used to simulate the SD and propagation factors evolution 
of a GSMA beam when it passes through the engine exhaust region. The para-
meters are set to 0 1 mmσ = , 632.8 nmλ = , 2 9 2 31.6 10 mnC − −= × , 0 0.5 mL = , 

1 mmsL = , 0.7xµ = , 1.4yµ = , 0.5 mmx yδ δ= =  and 6Q = . Except as spe-
cified, the above parameters remain unchanged. 

In Figure 2, we plotted the exponential of the anisotropy power spectrum of 
turbulence refractive index with changes in x and y directions. We can see from 
Figure 2 that according to Equation (4) in the second part, when the turbulence 
internal scale value we selected is greater than 0 1 mml = , the power spectrum 

nΦ  varies significantly in the high spatial frequency region between 103 and 104. 
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Figure 2. Variation of the anisotropic power spectrum of refractive index fluctuations along the x and y directions of the jet ex-
haust region according to Equation (4). 

 
When the inner scale of the turbulence is 0 0.1 mml =  and 0 0.01 mml = , the 
power spectrum nΦ  coincide in the x and y directions without obvious change. 
The obtained data can more intuitive, when the inner scale of the turbulence is 
determined as 0 2 3 mml = . 

According to Equation (12) and Equation (16), we can find that WB has no 
anisotropic terms compared with WA. Therefore, WA has contributed greatly to 
defining the anisotropic characteristics of SD, so the evolution of WA has been 
focused. Figure 3 shows the evolution of SD of GSMA beam over a certain 
propagation distance at three different source coherence widths 1 mmx yδ δ= = , 

0.5 mmx yδ δ= =  and 0.1 mmx yδ δ= = . Because of the actual length of the jet 
exhaust zone, the range selected here is much smaller than that used for trans-
port in atmospheric turbulence. As can be seen from the pictures (d) (e) (f) or (g) 
(h) (i), with the increase of propagation distance, the beam intensity profile 
gradually splits, forming array distribution. In the propagation process, the 
transverse diffraction effect of turbulence increases gradually and destroys the 
array distribution gradually. Compared with (a) (d) (g), (b) (e) (h) or (c) (f) (i), 
we can find that for the same propagation distance under different coherent 
length, the GSMA beam become more resistant to turbulence due to reduction 
of coherence length. For almost coherent source, the influence of turbulence is 
much bigger. This means that we can effectively resist the transverse diffraction 
effect of turbulence by reducing the coherence length of the source field. 

In Figure 4, supplementary explanation has been made for parameters to af-
fect spectral density. In Figure 4, the coherence length of source selected by any 
image is 0.5 mx yδ δ= = . As can be seen from Figure 4, Rx, Ry can adjust the 
spacing between sub-beams and N, M can adjust the number of sub-beams in x 
and y directions respectively. By contrast with (a) (d) (g), (b) (e) (h), (c) (f) (i), 
when 1xR =  in the x direction, the connection between sub-beams becomes 
difficult to distinguish. When 2xR = , the independence of sub beam is enhanced.  
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Figure 3. In the jet engine exhaust area, the evolution of the SD of the GSMA beams with the propagation distance under different 

xδ  and yδ  conditions: (a)-(c) 1 mmx yδ δ= = , (d)-(f) 0.5 mmx yδ δ= = , (g)-(i) 0.1 mmx yδ δ= = . 

 
Therefore, increasing the space between sub-beams can effectively increase the 
resistance of beams to turbulence. 

It can be seen from past investigation that the GSMA beam was more resistant 
to turbulence than the GSM beam. According to Figure 5, the GSMA beam is 
gentler than the GSM beam curve in the x and y directions, which means that 
within a given propagation range, under the same beam parameters, the trans-
mission quality of the GSMA beam is much better than the GSM beam in the 
turbulence of a jet engine exhaust region. 
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Figure 4. In the jet engine exhaust area, selecting different initial parameters M, N, Rx, Ry, S the distribution of the spectral density 
S of the GSMA beam when it has transmitted to the distance 20 mz = . 

 
Next, the parameters of the beam and the turbulence have been changed 

within a reasonable range to observe the influence between the GSMA beam and 
turbulence on the propagation factors. Although the influence of turbulence on 
the light source is anisotropic, the changing trend of the influence in the x direc-
tion and the y direction is the same. Since the turbulence in the x direction has a 
large influence on the beam, we have analyzed the transmission quality in the x 
direction. 

Firstly, consider the influence of light source parameter changes on the GSMA 
beam in the exhaust area of the jet engine, such as the number of sub-beams N,  
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Figure 5. Graph of normalized propagation factors versus propagation distance in the jet 
engine exhaust region under the same parameters for the GSM beam and the GSMA 
beam. 
 
the sub-beam spacing Rx, the coherence length xδ , the wavelength λ , the beam 
width σ  for the normalized 2

xM  influences. Figure 6 shows the variation 
curve of the propagation factor 2

xM  with the propagation distance under dif-
ferent values of xδ , N and xR . It can be seen from (a), (b), (c), (d) that in a 
small coherence length, the influence of the Rx and N changes on the propaga-
tion factors are almost unchanged. But as the coherence length increases, the 
slope of curve goes up and the impaction by Rx and N becomes apparent. In ei-
ther picture, the sub-beam spacing Rx and the array dimension N have a great 
influence on the propagation factor 2

xM . This means that we can reduce the 
coherence length xδ , the sub-beam spacing Rx and the array dimension N to 
increase the resistance of the beam on turbulence.  

The effect of wavelength λ  and beam width σ  on the propagation factor 
can be seen from Figure 7. When the wavelength and beam width increase, the 
propagation factor decreases. Therefore, the propagation factor can be reduced 
by increasing the wavelength or the beam width σ . 

Earlier we discussed the effect of the initial parameters of the beam on the 
transmission quality. Next, we discuss the effect of turbulence parameters on the 
transmission quality. Figure 8 shows the variation of the propagation factor 

2
xM  corresponding to different refractive index structure constants 2

nC , dif-
ferent turbulent outer scale 0L  and different turbulent inner scale 0l . It is 
shown that the refractive index structure constants 2

nC  can affect the intensity 
of turbulence. For less intense turbulence, the curve is much flatter, the quality of  
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Figure 6. The curve of the normalized 2

xM  factor of the GSMA beam as a function of the transmission distance when the co-
herence length δ is selected with different values. (a) 0.0001 mxδ = ; (b) 0.0005 mxδ = ; (c) 0.001 mxδ = ; (d) 0.01 mxδ = . 

 

 
Figure 7. The curve of the normalization factor 2

xM  of the GSMA beam as a function of 
the transmission distance when the wavelength λ  and beam width σ  are selected 
with different values. 
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Figure 8. With different generalized refractive index structure parameters, the normalization factor 2

xM  of the GSMA beam va-

ries with the transmission distance, where (a) (b) 2 10 2 31 10 mnC − −= × ; (c) (d) 2 9 2 31 10 mnC − −= × ; (e) (f) 2 9 2 31.6 10 mnC − −= × . 

 
transmission is much better. Meanwhile, according to Ref. [27], we have selected 
the various constants of turbulence within a suitable range. When we change the 
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inner scale 0l , the size of the outer scale 0L  is fixed to 0 0.5 mL = . When we 
change the outer scale 0L , the size of the inner scale 0l  is fixed as 0 2 3 ml = . 
When the refractive index structure constant takes a fixed value, reducing the 
inner scale 0l  and increasing the outer scale 0L  can both increase the resis-
tance of the beam to turbulence. Meanwhile, the normalized propagation factor 

2
xM  is not sensitive to changes in the outer scale 0L , especially in the case of 

strong turbulence. Therefore, increase the inner dimension 0l  is better for 
beam to propagate than reduce the outer dimension 0L . 

4. Conclusion 

Based on the Huygens-Fresnel principle and the Winger distribution function, we 
calculated the analytical expressions of the spectral density and propagation factors 
of the GSMA beams. When the GSMA beams propagate in the exhaust region of a 
jet engine (which can be approximated as an anisotropic non-Kolmogorov turbu-
lent flow with extremely high turbulence intensity), the beams spread along two 
mutually orthogonal directions, transverse to the optical axis. And we use the 
propagation factors to represent the quality of the GSMA beam. We can increase 
the array dimension, the relative distance between the sub-beams, the beam width 
and the wavelength, or reduce the coherence length to improve the resistance of 
beam to turbulence. In terms of the influence of turbulence parameters on 
transmission quality, when the inner scale and outer scale have been fixed, the 
larger refractive index structure constants destroy the beam transmission. We 
can increase the inner scale or reduce the outer scale to improve the beam 
transmission. And in the same situation, increasing the inner scale is better for 
beam transmission than reducing the outer scale. 
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