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Abstract 
As a new partially coherent beam, the propagation properties of the mul-
ti-hyperbolic sine-correlated (MHSC) beams in turbulent atmospheres have 
been studied. But as another important medium, the propagation properties of 
MHSC beams in oceanic turbulence. This paper has studied these questions in 
detail. The analytical formulas of spectral density and degree of coherence for 
the propagation are derived and the numerical simulations are represented. It is 
found that the intensity patterns of MHSC beams will evolve from dark-hollow 
profiles into Gaussian profiles caused by oceanic turbulence and will degene-
rate more rapidly with stronger oceanic turbulence. In addition, the cohe-
rence region becomes larger with decreasing in the dissipation rate of turbu-
lence kinetic energy in unit mass liquid or increasing in the relative intensity 
of temperature and salinity fluctuations, mean square temperature dissipation 
rate. We also find that the degree of coherence of MHSC beams with a high-
er-order N will decrease more slowly than those of hyperbolic sine-correlated 
(HSC) beams. 
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1. Introduction 

Since the sufficient condition to devise genuine spatial correlation functions 
proposed by Gori and his collaborators [1] opened up a new way for building a 
spatial correlation function, numerous partially coherent beams with noncon-
ventional correlation functions have been proposed continuously. In the past few 
years, many new beams have been proposed and their propagation properties 
have been investigated comprehensively, such as Multi-Gaussian Schell-model 
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beams which can generate far fields with flat intensity profiles [2]; and their be-
havior of the spectral density and the state of coherence of beamlike fields gen-
erated by such sources on propagation in free space and linear isotropic random 
media are also studied [3]; Twisted Gaussian Schell-model beams which are 
twisted by a new twist phase about their axis during propagation [4] and their 
propagation properties in non-Kolmogorov turbulence [5]; lattice-like far field 
of Twisted Gaussian Schell-model array beams [6] and their propagation prop-
erties in anisotropic ocean [7]; the far field of two types of sinc Schell-model 
beams which carry tunable flat and dark hollow profiles respectively and their 
propagation characteristics in free space [8]; elliptical ring-shaped beam profile 
far field of Elliptical Laguerre-Gaussian Schell-model beam [9] and the Statistical 
properties of a Laguerre-Gaussian Schell-model beam in turbulent atmosphere 
[10]; shape-invariant ring-shaped intensity distribution of Cosine-Gaussian 
Schell-model beams [11] and their propagation properties in atmospheric tur-
bulence and non-Kolmogorov turbulence [12]; radially polarized multi-cosine 
Gaussian Schell-model beams which can generate lattice-like intensity patterns 
in the focal plane and possess periodic distribution of the degree of polarization 
[13]; and their propagation properties in non-Kolmogorov turbulence [14]; par-
tially coherent Lorentz-Gauss vortex beams whose transverse pattern in the 
source plane is the product of two independent Lorentz functions [15] and their 
propagation properties propagating in a uniaxial crystal orthogonal to the opti-
cal axis are studied [16]; Controllable rotating Gaussian Schell-model beams 
[17]; Partially coherent Pearcey-Gauss beams which maintain the inherent prop-
erties of autofocusing performance and inversion effect [18] and Asymmetric 
twisted vortex Gaussian Schell-model beams which have the form of a crescent 
rotating upon propagation [19]; Rotating anisotropic Gaussian Schell-model array 
beams which can generate a field with rotating anisotropic Gaussian array and 
their propagation properties in free space [20]; Partially coherent elegant La-
guerre-Gaussian beams and their coherent vortices properties in the free space 
[21] and so on. Many studies show that partially coherent beams are less affected 
by turbulence than fully coherent beams with the consideration of the additional 
degradation introduced by the turbulence [22] [23]. However, most of the beams 
possess Schell-model correlations whose correlation function depends on the 
distance between two spatial points [24]. The far-field intensity distribution of 
such fields is proportional to the Fourier transform of the source correlation func-
tion [25]. So the distribution of the radiant intensity is independent of the shape of 
the source. Recently, Mei proposed a new beam called hyperbolic sine-correlated 
beam (HSC) with non-Schell-model correlations whose profile of spectral den-
sity presents a dark-hollow shape and remains invariant from the source field to 
the far-field [26]. The propagation properties of hyperbolic sine correlated 
beams in free space are also studied. Then, Song proposed multi-hyperbolic 
sine-correlated beams (MHSC) on the basis of Mei and studied the propagation 
properties of MHSC beams in a turbulent atmosphere [27]. But in other media 
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like oceanic turbulence, the propagation characteristic of MHSC beams has been 
investigated.  

As a novel kind of random medium, oceanic turbulence has a great influence 
on the propagation properties of random beams. With the development of un-
derwater optical communication, imaging, remote sensing, and other fields [28] 
[29] [30] [31] [32], the propagation of random beams in oceanic turbulence at-
tracted more and more researchers. Some significant models are established [33] 
as a novel kind of media, unlike turbulent atmosphere, oceanic turbulence exerts 
influence on the propagation properties of random beams by both temperature 
and salinity fluctuation. Two kinds of fluctuation have been researched respec-
tively for a long time until an analytical model for a spatial power spectrum 
combining both salinity and temperature fluctuation has been proposed [34]. 
There may be a big difference between the propagation properties in oceanic 
turbulence and other media or free space. It’s very interesting for researchers to 
investigate what types of light beams and under what conditions oceanic turbu-
lence has the smallest influence. It is necessary to investigate how MHSC beams 
propagate in oceanic turbulence and their propagation properties including spec-
tral density and degree of coherence. 

In this paper, an analytical model for a spatial power spectrum combining 
both salinity and temperature fluctuation is taken into consideration [34]. We 
compare the spectral intensity distribution of MHSC beams in free space and 
oceanic turbulence. The spectral intensity distribution can keep the dark-hollow 
profile invariant propagating in free space. However, in oceanic turbulence, the 
dark-hollow profile will be gradually destroyed after propagating a certain dis-
tance. Then we focus on the changes in the spectral density and the degree of 
coherence (DOC) of MHSC beams propagating in the clear-water turbulent 
ocean. To illustrate this, some analytical formulae will be derived and numerical 
calculations will be presented. Some interesting and useful results will also be 
discussed. This paper also provides potential applications in underwater optical 
communication, imaging, and remote sensing by multi-hyperbolic sine-correlated 
beams. 

2. Theoretic Analysis of the Propagation of MHSC  
Beams in Oceanic Turbulence 

We consider a statistically stationary partially coherent scalar beam propagating from 
the source plane 0z =  into the positive half-space 0z >  in the space-frequency 
domain. For brevity, the analysis of the field is limited to one transverse dimension x, 
but the generalization of the results to a two-dimensional (2D) case is straightfor-
ward. Supposing 1x′  and 2x′  are the position coordinate of two points in the 
initial plane, the second-order correlation properties of the field can be characte-
rized by the cross-spectral density (CSD) function ( )0 1 2,W x x′ ′ . The ( )0 1 2,W x x′ ′  
is a sufficient nonnegative definiteness, which can be expressed as a superposi-
tion integral of the form [1]:  
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( ) ( ) ( ) ( )*
0 1 2 1 2, , , dW x x p v H x v H x v v′ ′ ′ ′= ∫                   (1) 

here ( )p v  is an arbitrary nonnegative weight function, H is an arbitrary 
integral kernel and the asterisk represents a complex conjugate that defines the 
correlation class of a light field. For brevity, the dependence on the frequency is 
ignored.  

For generating a light source whose spectral intensity presents a dark-hollow 
shape and remains invariant from the source field to the far-field, a kernel H of 
Fourier-sine form was considered by Mei as [26], 

( ) ( )
2

2, exp sin ,xH x v x v
σ

 ′
′ ′= − 

 
                      (2) 

and the weight function with Gaussian distribution is set as [26] [27]. 
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 is binomial coeffi-

cients. 
Substituting Equations (2) and (3) into Equation (1), the cross-spectral densi-

ty function (CSDF) of any MHSC beams at the initial plane can be derived as 
[27]. 

( ) ( ) 1 2 2
1 2 1 2

0 1 2 2 2
1

1 21, exp sinh ,
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∑        (4) 

where 2 2 1 2
n nω σ δ− − − −= + , parameter δ  represents the spatial coherence 

length, parameter nω  represents the beam width and parameter σ  is positive 
real constant. 

When an MHSC beam propagates through oceanic turbulence, the cross-spectral 
density function of any two points on the output plane can be obtained by the 
following extended Huygens-Fresnel principle [35], 

( ) ( ) ( ) ( )

( ) ( )

2 2
1 2 0 1 2 1 2 2 2

* *
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2 2 2

exp , , , , d d ,
m

k ik ikW x x z W x x x x x x
z z z

x x z x x z x xψ ψ

 ′ ′ ′ ′= × − − + − π  

 ′ ′ ′ ′× + 

∫∫
    (5) 

among [34]. 
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with 

( )2 3
0

d ,nT κ κ κ
∞

= π Φ∫                        (7) 

where T represents the intensity of the turbulence, ( )n κΦ  is the one-dimensional 
power spectrum of fluctuations in the refractive index of the random medium 
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and κ  is the spatial frequency. 
To simulate the oceanic turbulence, we use the spatial power spectrum ( )n κΦ  

where combined effects of temperature and salinity fluctuations are considered 
as [36]. 

( ) ( ) ( )2 38 1 3 11 30.388 10 1 2.35 , , ,n Tf wκ ε κ κη κ χ− − −  Φ = × +         (8) 

with 

( ) ( )2 1, , e e 2 e ,S TST A AA
T Tf w wδ δδκ ω χ χ − −− − −= + −               (9) 

where ε  is the rate of dissipation of turbulent kinetic energy per unit mass of 
fluid, which may vary in range from 10−10 m2/s3 to 10−1 m2/s3, 310 mη −=  is the 
Kolmogorov micro-scale (inner scale), Tχ  stands for the rate of dissipation of 
mean-square temperature ranging from 10−10 K2/s to 10−4 K2/s, 21.863 10TA −= × , 

41.9 10SA −= × , + 39.41 10TSA −= × , ( ) ( )4 3 28.284 12.978δ κη κη= + , w (non- 
dimensional) represents the relative strength of temperature and salinity fluctua-
tions, which can vary in the interval [−5, 0], 5w = −  corresponds to the domi-
nating temperature-induced optical turbulence while 0w =  corresponds to 
that induced by salinity. 

Through numerical integral, Equation (7) can be expressed as: 

( )

2 8 1 3 1 3

2 1

0.388 10

47.5708 17.6701 6.78335 .

TT

w w

ε η χ− − −

− −

= π ×
× − + 

            (10) 

On substituting Equations (6) and (10) into Equation (5), one can obtain the 
expression of CSD of MHSC at any plane as:  
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We let 1 2x x x= =  and the spectral density of the MHSC beams ( ),S x z  is 
equivalent to the CSDF ( ), ,W x x z . The spectral intensity of the MHSC beam in 
the oceanic turbulence can be derived as:  
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the degree of coherence (DOC) which can be used to describe the associated de-
gree of two arbitrary points in the propagation plane can be derived as [25]. 

( ) ( )
( ) ( )

1 2
1 2

1 1 2 2

, ,
, , .

, , , ,

W x x z
x x z

W x x z W x x z
µ =                (13) 

In this paper, we set 0.05 mσ = , 0.02 mδ = , 5N =  which represents the 
number of contours of beams, 632.8 nmλ =  which represents wavelength, 

7 210 K sTχ
−= , 5 2 310 m sε −= , 2.5w = −  unless other parameters values are 

set. 
Figure 1 shows the evolution of spectral density on the x-z plane and the lat-

eral distribution of the MHSC beam at several selected distances in free space 
and oceanic turbulence on propagation. In free space, the spectral density dis-
tribution of the MHSC beam remains a dark-hollow pattern invariant during the 
propagating process and the beam will spread as the propagation distance in-
creases. According to the side view, there are two intensity peaks at symmetrical 
positions on both sides of the origin. With the increasing of propagation distance, 
the values of two peaks will decrease and the size of the central dark spot will  
 

 
Figure 1. The evolution of spectral density on the x-z plane and the lateral distribution 
for several selected propagation distances of the MHSC beam in (a)-(b) free space and 
(c)-(d) oceanic turbulence. 
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expand. While in the oceanic turbulence, after propagating through a certain 
distance, the dark-hollow spectral density profile will converge into a Gaus-
sian-like shape gradually. And the spread rate of the beams is faster than that in 
free space. In addition, different from the free-space propagation, the central in-
tensity increases with the decline of two peaks through oceanic propagation, un-
til the whole distribution completely evolves into a Gaussian-like shape. The 
propagation behavior can be explained by the combined effects of source corre-
lation and oceanic turbulence. In the near field, the source correlation dominates 
the evolution of spectral density. Therefore, the near-field spectral density keeps a 
dark-hollow profile in both free space and oceanic turbulence. But in the far-field, 
the growing influence of oceanic turbulence will finally result in Gaussian inten-
sity distribution.  

3. Numerical Simulation and Analysis of Spectral Density of  
the MHSC Beams in an Oceanic Turbulence 

In this section, we will investigate the spectral density of the MHSC beams. Then 
the numerical simulations and analyses of the ( ),S x z  are presented. 

Figure 2 shows the influence of parameter N on the spectral density of MHSC 
beams propagating in oceanic turbulence. In the near field, there are two peaks 
of spectral density at symmetrical positions on both sides of the origin and the 
spectral density presents a dark-hollow shape. With a larger N, the area of the 
dark spot is a little smaller, which means the spread rate of the beams slightly 
slows down. In the far-field, the spectral density distribution evolves into a Gaus-
sian shape, and the decline rate of spectral density around the origin becomes 
faster with the increase of N. 

Figure 3 shows how the parameter Tχ  affects the spectral density of MHSC 
beams on propagation in oceanic turbulence. In the near-field, when Tχ  is very 
small, the spectral density presents a dark-hollow shape. There are two peaks at 
symmetrical positions on both sides of the origin. When Tχ  grows, the two 
peaks of spectral density decrease, the spectral density at the origin increases. 
The pattern of spectral density distribution evolves from a dark-hollow shape  
 

 
Figure 2. The spectral density (a)-(b) of MHSC beams propagating in oceanic turbulence 
varies with the parameter N at different distances, 7 210 K sTχ

−= , 5 2 310 m sε −= , 
2.5w = − , (a) z = 200 m, (b) z = 1000 m. 
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Figure 3. The spectral density (a)-(b) of MHSC beams propagating in oceanic turbulence 
varies with the parameter Tχ  at different distances, N = 5, 5 2 310 m sε −= , 2.5w = − , 
(a) z = 200 m, (b) z = 1000 m. 
 
into a Gaussian shape and the MHSC beams spread. In the far-field, as Tχ  be-
comes larger, the spectral density distribution evolves from a dark-hollow shape 
to a Gaussian shape and the beams spread. The spread rate of the beams is faster 
than in the near-field. 

Figure 4 shows how the parameter ε  has an effect on the spectral density of 
MHSC beams’ behavior propagating in oceanic turbulence. In the near field, the 
spectral density is a Gaussian shape with a tiny ε . As ε  increases, the spectral 
density at the origin declines. There are two peaks at symmetrical positions on 
both sides of the origin. The spectral density will turn into a dark-hollow shape. 
In the far field, when ε  is very small, the spectral density distribution takes on 
a Gaussian shape. With the growth of ε , the peak of spectral density increases, 
and the spot size is smaller. 

Figure 5 shows the spectral density of MHSC beams propagating in oceanic 
turbulence changes with the parameter w. In the near field, when the value of w 
is relatively small, the spectral density at the origin is also small and there are 
two peaks at symmetrical positions on both sides of the origin. As w grows, the 
two peaks of spectral density decline, and the spectral density at the origin in-
creases. The beams hardly spread. In the far-field, as w increases, the spectral 
density evolves from a dark hollow shape to a Gaussian shape and the beams 
spread. The speed of evolution is faster than in the near-field. 

4. Numerical Simulation and Analysis of Degree of  
Coherence of the MHSC Beams in an Oceanic Turbulence 

We always use the degree of coherence to describe the associated degree of two 
points in the field. In this section, we set 2 0x = . The DOC of the MHSC beams 
thus can be expressed as: 

( ) ( )
( ) ( )

1
1

1 1

,0,
,0,

, , 0,0,

W x z
x z

W x x z W z
µ =                (14) 

Figure 6 shows how the parameter N influences DOC of MHSC beams prop-
agating in oceanic turbulence. In the near field, the degree of coherence has  
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Figure 4. The spectral density of MHSC beam propagating in oceanic turbulence varies 
with the parameter ε  at different distances, N = 5, 7 210 K sTχ

−= , 2.5w = − , (a) z = 
200 m, (b)z = 1000 m. 
 

 
Figure 5. The spectral density of MHSC beam propagating in oceanic turbulence varies 
with the parameter w at different distances, N = 5, 7 210 K sTχ

−= , 7 2 310 m sε −= , (a) z = 
200 m, (b) z = 1000 m. 
 

 
Figure 6. The degree of coherence (DOC) of MHSC beams propagating in oceanic turbu-
lence varies with the parameter N at different distances, 7 210 K sTχ

−= , 5 2 310 m sε −= , 
2.5w = − , (a) z = 200 m, (b) z = 1000 m. 

 
three maxima. In addition to a main peak at the origin, there are also two second-
ary peaks at symmetrical positions on both sides of the origin. When the parame-
ter N increases, the coherence region will become larger. In the far-field, the dis-
tribution of coherence is a Gaussian shape. The decline rate of DOC is slower 
which means the coherence region becomes larger with the growth of parameter 
N. 
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Figure 7 shows the influence of DOC on MHSC beams propagating in ocea-
nic turbulence. In the near field, the degree of coherence has three maximum 
values. In addition to the main peak at the origin, there are also two secondary 
peaks at symmetrical positions on both sides of the origin. When Tχ  increases, 
the positions where the two secondary peaks appear are closer to the origin. The 
coherence region reduces and the two secondary peaks decrease. In the far-field, 
when Tχ  is small, the DOC has three peaks and the two secondary peaks are 
far away from the origin. The coherence region is relatively large. When Tχ  
grows, the coherence region decreases, and the two secondary peaks disappear. 
The DOC evolves into a Gaussian shape. 

Figure 8 shows how DOC of MHSC beams propagating in oceanic turbulence 
changes with the parameter ε . In the near-field, the degree of coherence has 
three maxima. In addition to the main peak at the origin, there are also two sec-
ondary peaks at symmetrical positions on both sides of the origin; when ε  is 
very small, the positions where two secondary peaks appear are close to the ori-
gin, the coherence region is relatively small and the two secondary peaks are also 
small. When ε  increases, the positions where the secondary peaks appear are 
far away from the origin. The coherence region becomes larger, and the secondary  
 

 
Figure 7. The degree of coherence (DOC) of MHSC beams propagating in oceanic turbulence 
varies with the parameter Tχ  at different distances, N = 5, 5 2 310 m sε −= , 2.5w = − , 
(a) z = 200 m, (b) z = 1000 m. 
 

 
Figure 8. The DOC of MHSC beam propagating in oceanic turbulence varies with the pa-
rameter ε  at different distances, N = 5, 7 210 K sTχ

−= , 2.5w = − , (a) z = 200 m, (b) z = 
1000 m. 
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Figure 9. The DOC of MHSC beam propagating in oceanic turbulence varies with the 
parameter w at different distances, N = 5, 7 210 K sTχ

−= , 7 2 310 m sε −= , (a) z = 200 m, 
(b) z = 1000 m. 
 
peaks corresponding to the DOC become larger. In the far-field, the distribution 
of coherence is Gaussian shape. The coherence region is small when ε  is very 
small and becomes larger with the increase of ε . 

Figure 9 shows how the parameter w affects DOC of MHSC beams propagat-
ing in oceanic turbulence. In the near field, there are two secondary peaks at 
symmetrical positions on both sides of the origin except the main peak. As w is 
small, the secondary peaks appear farther from the origin and the coherence re-
gion is relatively large. When w increases, the positions where the two secondary 
peaks appear become closer to the origin. The coherence region decreases and 
the two secondary peaks become smaller. In the far-field, the distribution of co-
herence is Gaussian shape. When w is small, the DOC reduces slowly and the 
coherence region is large. With the growth of w, the DOC decreases faster and 
the coherence region reduces. 

5. Discussion 

For a long time, unlike a large number of literatures about laser turbulent prop-
agation in the atmosphere, ocean turbulence has received less attention due to its 
complexity. Oceanic turbulence has an influence on the propagation properties 
of random beams by both temperature and salinity fluctuation. Two kinds of 
fluctuation have been researched respectively for a long time until an analytical 
model for a spatial power spectrum combining both salinity and temperature 
fluctuation has been proposed. This model can better simulate some characteris-
tics of realistic ocean turbulence with the consideration of both two factors.  

6. Conclusion 

In summary, we first derive the general expression for the CSDF of MHSC 
beams propagating through oceanic turbulence on the basis of the extended 
Huygens–Fresnel principle. Then the expressions of spectral density and degree 
of coherence (DOC) are easily obtained. Unlike the dark-hollow shape in free 
space and the flat-topped profile in a turbulent atmosphere [27], our numerical 
simulation shows that the distribution of spectral density will evolve from a 
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dark-hollow shape into a Gaussian-like profile and the distribution of DOC will 
converge from a three peaks shape into a Gaussian-like profile through the 
propagation in the oceanic turbulence. During the propagation process, the 
beams are influenced by both the light source and the oceanic turbulence. In a 
short propagation distance, the light source dominates the distribution of spec-
tral density and DOC of MHSC beams. When the MHSC beams propagate into a 
relatively far distance, oceanic turbulence has a great influence. The beams will 
spread more slowly and the coherence region would decrease more slightly with 
the increase of the dissipation rate of turbulence kinetic energy in unit mass liq-
uid or the decrease of the relative intensity of temperature and salinity fluctua-
tions, mean square temperature dissipation rate. Our study will be helpful for 
the operation of communication, imaging, and sensing systems involving turbu-
lent underwater channels. 
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