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Abstract 

This paper considers the compound Poisson risk model perturbed by Brow-
nian motion with variable premium and dependence between claims amounts 
and inter-claim times via Spearman copula. It is assumed that the insurance 
company’s portfolio is governed by two classes of policyholders. On the one 
hand, the first class where the amount of claims is high, and on the other 
hand, the second class where the amount of claims is low, this difference in 
claim amounts has significant implications for the insurance company’s 
pricing and risk management strategies. When policyholders are in the first 
class, they pay an insurance premium of a constant amount 1c  and when 
they are in the second class, the premium paid is a constant amount 2c  such 
that 1 2c c> . The nature of claims (low or high) is measured via random thre-

sholds { }, 1,2,i iΘ =  . The study in this work will focus on the determination 

of the integro-differential equations satisfied by Gerber-Shiu functions and 
their Laplace transforms in the risk model perturbed by Brownian motion 
with variable premium and dependence between claims amounts and in-
ter-claim times via Spearman copula.  
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1. Introduction 

For a long time, risk modeling in actuarial science was based on the compound 
Poisson risk model introduced by the Swedish actuary Filip Lundberg (1903) 
and relayed by Harald Cramér (1930). This model in its original version is based 
on the independence between the random variables involved in the risk model 
(see for example [1]-[6]). However, in certain practical contexts, this assumption 
is inadequate and too restrictive. For instance, in flood insurance, the occurrence 
of multiple floods in a short period can lead to significant damages and claim 
amounts due to the accumulation of water. In earthquake insurance, it is the 
opposite, as in a high-risk area, the longer the time between two earthquakes, the 
more significant the second earthquake due to the accumulation of energy. This 
observation will prompt actuarial investigations in order to take this dependence 
into account. Numerous research studies have considered a dependence between 
claims amounts and inter-claim time via Farlie-Gumbel-Morgenstern copula 
and have produced interesting results (see for example [7]-[16]). This copula al-
though commonly used in the literature, has certain limitations. It fails to model 
tail dependencies because it has an upper and lower tail dependence coefficient 
of zero. Based on this observation, authors will explore other copulas to express 
tail dependencies. Many works based on Spearman copula have produced satis-
factory results on this subject (see for example [17]-[22]). In this work, this co-
pula is retained as a tool for the dependence structure. 

The actuarial industry is increasingly confronted with multiple, complex and 
varied situations. This has led many authors to incorporate a perturbation com-
ponent via Brownian motion into the risk model in order to better reflect the 
growth pattern of insurance (see for example [23]-[31]).  

In order to enable insurance companies to face the challenges raised above 
and remain competitive in the insurance market, scholars have found that it’s 
important to vary the premium according to the intensity of claims in the port-
folio. Thus, Zhong Li and Kristina P. Sendova studied the classical risk model 
with variable premium and dependence between claims amounts and inter-claim 
times via Farlie-Gumbel-Morgenstern copula and without a disturbance com-
ponent (see [32]). Ying Shen studied the same model by adding a disturbance 
component through Brownian motion (see [33]). This work is intended to be a 
continuation of the approach adopted by Ying Shen but taking into account the 
tail dependence via the Spearman copula. In this approach, two states govern the 
policyholders in the portfolio: the first class where the amount of claims is high, 
and the second where the claim amounts accumulate slowly, which motivates 
the use of the Spearman copula to capture tail dependencies. The premiums paid 
by policyholders in a given class are homogeneous but different from one class 
to another class and depend on random thresholds { }, 1,2,i iΘ =  . It is as-
sumed that in the first class, the premium paid per unit of time is a constant de-
noted 1 0c >  and in the second, the premium paid per unit of time is a constant 
denoted 2 0c >  and 1 2c c> . 
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Denoting by ( )U t  the surplus process (with ( )0U u= ) and by ( )C t  the 
premium collected by the insurer until time t, in the Compound Poisson per-
turbed by Brownian motion with variable premium and dependence between 
claims amounts and inter-claim times via Spearman copula, the model follows 
the following dynamic:  

 
( ) ( ) ( ) ( )

( ){ } ( ){ } ( ) ( )1 02 20 1 d d
t

J J s

t

s

U t u C t S t B t

u c I s c I s S t B t

σ

σ= =

= + − +

= + + − +∫ ∫
 (1.1) 

where:  
 ( )U t  is the surplus process (with ( )0U u=  the initial surplus and 0u > ); 
 ( )C t  represents the premium collected by the insurer until time t and is a 

piecewise premium with , 1,2ic i = , the constant premium rate collected by 
the insurer per unit of time for each class for claims;  

 ( ) ( )
1 ii

N tS t X
=

= ∑  is the aggregated loss process with a compound Poisson 
distribution where: 

* ( ){ }, 0N t t ≥  is the total number of recorded claims up to time t, following a 
Poisson process (Note that ( ) 0S t =  if ( ) 0N t = ); 

*{ }, 1iX i ≥  is a sequence of random variables representing the individual 
claim amount with a common density function f and cumulative distribution 
function F assumed to follow an exponential distribution with parameter β and 
mean μ; 

*It is assumed that the distribution of the waiting time until the next claim 
depends on the amount of the previous claim via random threshold iΘ ,  

1,2,i =  . It is also assumed that the sequence { }, 1,2,i iΘ =   is a set of inde-
pendent identical distribution random thresholds with common cumulative dis-
tribution ( )L x , probability density ( )l x  and independent of the amount iX  
of claims. ( )J t  represents two classes of policyholders so that if the amount of 
claims jX  is such that j jX > Θ , the policyholders are placed in the first class 
and the waiting time 1V  until the next claim follows an exponential distribution 
with parameter 1 0λ >  and probability density ( ) 1

1 1e
tk t λλ −= . If j jX < Θ , the 

policyholders are placed in the second class and the waiting time 2V  until the 
next claim follows an exponential distribution with parameter 2 0λ >  and 
probability density ( ) 2

2 2e
tk t λλ −= ; 1 2λ λ≠ . 

 ( )B t  is a standard Brownian motion independent with the aggregate claims 
process ( )S t  and 0σ >  is the diffusion volatility;  

 AI  is an indicator function, which equals 1 if event A occurs and 0 other-
wise. 

The structure of dependence between premium and the number of claims 
mentioned in the risk model defined by the relation (1.1) was introduced by Al-
brecher and Boxman (2004) where the ultimate-survival probabilities are consi-
dered (voir [32]). 

The purpose of this work is to determine the integro-differential equations sa-
tisfied by Gerber-Shiu function and their Laplace transform in the risk model 
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defined by Equation (1.1). To achieve this, the rest of the article is organized as 
follows: In Section 2, the preliminaries related to the risk model defined by Equ-
ation (1.1) will be presented. In Section 3, the integro-differential equations sa-
tisfied by the Gerber-Shiu function in the risk model defined by Equation (1.1), 
are determined. Section 4 is devoted to the study of the Laplace transform for 
Gerber-Shiu function of the risk model defined by the relation (1.1). 

2. Preliminaries 
2.1. Instant of Ruin and Ruin Probability 

Let T be the instant of ruin of the insurance company. T is defined by:  

 ( ){ }inf 0, 0T t U t= ≥ <  (2.1) 

When the probability of ruin is always zero, by convention, we denote T = ∞  
and in this case, 

( ) 0 0.U t t≥ ∀ ≥  

The probability of ruin other a finite time horizon t is defined by:  

 ( ) [ ] ( ) ( ), Pr 0, , 0 | 0u t T t U t U uψ  = ∈ < =   (2.2) 

Similarly, the ultimate ruin probability is defined by:  

 ( ) ( ) ( ) ( ), Pr , 0 | 0u u T U t U uψ ψ= ∞ = < ∞ < =    (2.3) 

2.2. Expected Discounted Penalty Function of Gerber-Shiu 

The expected discounted penalty function of Gerber-Shiu, first appeared in the 
work of Gerber and Shiu in 1998 (see [5]). Nowadays, this function is of signifi-
cant interest in research. 

Its analysis remains a central question both in insurance and finance, as it is a 
valuable tool not only for studying the probability of ruin but also calculating re-
tirement and reinsurance premiums, option pricing, and more. In the risk model 
defined by the relation (1.1), this function is defined by:  

 ( ) ( ) ( )( ) ( ) ( )e , | 0 , 1,2iT
i i iiu E w U T U T I T U u iδφ −− = < ∞ = =   (2.4) 

where  
 iT  is the instant of ruin defined by Equation (2.1);  
 iT −  is the instant just before ruin;  
 δ is a interest force;  
 The penalty function ( ),w x y  is a positive function of the surplus just be-

fore ruin, ( )iU T −  and the deficit at ruin ( ) , , 0iU T x y∀ ≥ ; 
 AI  is a indicator function, wich equal 1 if event A occurs and 0 otherwise. 

Because of the perturbation term, the expected discounted penalty function of 
the Gerber-Shiu is decomposed according to wether ruin is caused by claims or 
oscillation, i.e. 

 ( ) ( ) ( ), , , 1,2i w i d iu u u iφ φ φ= + =  (2.5) 
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Where:  
 ( ),w i uφ  is the Gerber-Shiu when ruin is caused by claims and is defined by: 

 ( ) ( ) ( )( ) ( )( ) ( ), e , , 0 | 0 , 1,2iT
w i i i iiu E w U T U T I T U T U u iδφ −− = < ∞ < = =  (2.6) 

 ( ),d i uφ  is the Gerber-Shiu when ruin is due to oscillation and is defined by:  

( ) ( ) ( )( ) ( )( ) ( ), e , , 0 | 0iT
d i i i iiu E w U T U T I T U T U uδφ − − = < ∞ = =   

 ( ) ( ) ( )( ) ( ), 0,0 e , 0 | 0 , 1,2iT
d i i iu w I T U T U u iδφ − = < ∞ = = =   (2.7) 

with ( )0,0 1w = , where: ( ) ( ), , , , , ,i Ai i iT T I U T U Tδ− −  and ( ),w x y  are defined 

in the relation (2.4). 

To guarantee that ruin will not be a certain event, the model must verify the 
following solvency condition:  

 { } { }1 2

1 2

c cX Xθ θ µ
λ λ

> + < >    (2.8) 

2.3. Dependence Structure 
2.3.1. Copulas 
Copulas introduced by Abe Sklar in 1998, are an innovative and relevant tool for 
introducing dependence between multiples random variables. Given the mar-
ginal distribution functions of several random variables, copulas allow us to es-
tablish their joint distribution function. Nowadays, they are fundamental in 
modeling multivariate distributions in finance, insurance and hydrology. Key 
references on copulas theory include Joe [7] and Nelsen [13].  

Definition 2.1. A bivariate copula C is a non-decreasing, right-continuous 
function defined from [ ]20,1  into [ ]0,1  and satisfying the following proper-
ties:  

1) ( )
1

2
0 1 2lim , 0u C u u→ =  and ( )

2 0 1 2lim , 0u C u u→ =  [ ]1 2, 0,1u u∀ ∈ ; 
2) ( )

1 1 1 2 2lim ,u C u u u→ =  and ( )
2 1 1 2 1lim ,u C u u u→ =  [ ]1 2, 0,1u u∀ ∈ ; 

3) ( ) [ ] ( ) [ ]2 2
1 2 1 2, 0,1 , , 0,1u u v v∀ ∈ ∈  such that 1 1u v≤  and 2 2u v≤ , C verifies 

( ) ( ) ( ) ( )1 2 1 2 1 2 1 2, , , , 0C v v C v u C u v C u u− − + ≥ . 
Theorem 2.1. (Sklar’s theorem). Let two random variables 1U  and 2U  and 

F their joint distribution function with 1F  and 2F  their marginal. Then, there 
exists a copula C defined from [ ]20,1  into [ ]0,1  such that for all 1u  and 2u  
in  , ( ) ( ) ( )( )1 2 1 1 2 2, ,F u u C F u F u= . 

2.3.2. Tail Dependence Concept 
The concept of tail dependence relates to the amount of dependence in the up-
per-right-quadrant tail or lower-left-quadrant tail of a bivariate distribution. It is 
a concept that is relevant for the study of dependence between extreme value. 

Definition 2.2. If 𝐶𝐶 is a bivariate copula such that the limit: 

 
( ) ( )

1 1

, 1 2 ,
lim lim

1 1 Uu u

C u u u C u u
u u

λ− −→ →

− +
= =

− −
 exists, then C has an upper 

tail dependence if ( ]0,1Uλ ∈  and has upper tail independence if 0Uλ = . 
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 ( )
0

,
lim

1 Lu

C u u
u

λ+→
=

−
 exists, then C has a lower tail dependence if ( ]0,1Lλ ∈  

and has lower tail independence if 0Lλ = . 

The real numbers Uλ  and Lλ  are called tail dependence coefficients. 
Remark 2.1. 

 From a probabilistic point of view,  
( ) ( )2 1 2 1

1 0
lim | ; lim |U L
u u

U u U u U u U uλ λ
− +→ →

= > > = < <  . 

 The Farlie-Gumbel-Morgenstern copula defined for all ( ) [ ]21 2, 0,1u u ∈  by  
( ) ( )( )1 2 1 2 1 2 1 2, 1 1FGMC u u u u u u u uθ= + − − , 

where [ ]1,1θ ∈ −  is a dependency parameter, has the tail dependence coeffi-
cients 0Uλ =  and 0Lλ = , hence its inability to measure tail dependencies. 

2.3.3. Model of Dependence Based on Spearman Copula 
In this article, the structure of dependence is ensured by the Spearman copula. Il 
is defined for all ( ) [ ]2, 0,1u v ∈  and [ ]0,1α ∈  as follow:  

 ( ) ( ) ( ) ( ), 1 , ,I MC u v C u v C u vα α α= − +  (2.9) 

where: ( ),IC u v uv= ; ( ) ( ), min ,MC u v u v=  and α is a dependency parameter. 
The Spearman copula allows for the introduction of positive dependence as 

well as tail dependencies in many situations. It is suitable for modelling depen-
dence on extreme values because Lλ α=  and Uλ α= . It also includes inde-
pendence when 0α = . Using Formula (2.9), the random vectors of claim 
amounts and inter-claim times ( ), iX V  has the joint distribution function given 
by  

( ) ( ) ( )( )
( ) ( ) ( )( ) ( ) ( )( )

, , ,

1 , ,
i i

i i

X V X V

I X V M X V

F x t C F x F t

C F x F t C F x F t

α

α α

=

= − +
 

 ( ) ( ) ( ) ( ), , ,, 1 , ,
iX V I i M iF x t F x t F x tα α= − +  (2.10) 

where ,
iX VF F  are the marginal distributions of the random variables X and 

iV , respectively. 
The support of the copula MC  is ( ) [ ]{ }2, 0,1 :D u v u v= ∈ =  (see Nelsen [13]). 

On [ ]20,1 D , ( )
2

, 0MC u v
u v

∂
=

∂ ∂
 and on D, ( ),MC u v  is the uniform distri-

bution.  
Since the dependence structure between the random variables X and iV   

( 1,2i = ) is described by the copula MC , they are monotonic and there is almost 
certainly an increasing function l such that ( )iX l V=  (see Nelsen [13], Page 
27). The distribution function of X is  

( ) ( )( )1
iX VF x F l x−=  

( )1
1 e 1 e il xx λβ −−−⇔ − = −  

( )1
e e il xx λβ −−−⇔ =  

( )1

0 0
e d e dil xx x xλβ −−∞ − ∞

⇔ =∫ ∫  
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( )1

0

1 e dil x xλ

β
−∞ −⇔ = ∫ . 

We deduce that:  

 ( ) il t tλ
β

=  (2.11) 

The joint distribution ( ), ,
iX VF x t  of the random vector ( ), iX V  is singular, 

whose support is the set ( ) ( ) ( ){ } ( ) ( ){ }, : , :
iX VD x t F x F t x t x l t′ = = = = . Its dis-

tribution is:  

( ) ( )( ), , 1 e it
i M iG t F l t t λ−= = −  on the set ( ), : iD x t x tλ

β
 ′ = = 
 

. 

2.3.4. Some Functions an Operators 
Before moving on the next section, let’s introduce some functions and operators 
that will be used in this work. 
 The function ( )f uϕ  is defined by:  

 ( ) ( ) ( ), df u
u u y u f y yϕ ω

∞
= −∫  (2.12) 

 The Laplace transform of a function f is defined by:  

 ( ) ( )
0

ˆ e d , 0syf s f y y s
∞ −= ≥∫  (2.13) 

 The Dickson Hipp operator , 0rT r ≥  and some of its properties are given 
by:  

 ( ) ( ) ( )e dr y x
r x

T f x f y y− −∞
= ∫  (2.14) 

 ( ) ( )ˆ0 , 0rT f f r r= ≥  (2.15) 

 ( ) ( )
( ) ( )

1 2
1 2 2 1

2 1

r r
r r r r

T f x T f x
T T f x T T f x

r r
−

= =
−

 (2.16) 

 ( ) ( ) ( ) ( )
1 2 2 1

1 2

2 1

ˆ ˆ
0 0r r r r

f r f r
T T f T T f

r r
−

= =
−

 (2.16) 

where 2 1, 0r r ≥ , 2 1r r≠ . 
Many properties on Dickson Hipp operator can be consulted in [34] [35] [36] 

[37]. 

3. Integro-Differential Equations Satisfied by the  
Gerber-Shiu Function ( )w i u,φ  and ( )d i u,φ , i 1,2=  

The main goal of this section is to show that the Gerber-Shiu function ( ),w i uφ  
and ( ), , 1,2d i u iφ =  satisfy some integro-differential equation. To achieve that, 
some notations and preliminaries are introduced. 

3.1. Results and Preliminary 

Let’s put:  
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 ( ) ( ) , 1,2i iW t c t B t iσ= − − =  a Brownian motion starting from zero with drift 

ic−  and variance 2σ ; 
 ( ) ( )0supi s t iW t W s≤ ≤=  is the running supremum of ( )iW t ; 
 ( ){ }inf 0 :i it W t uτ = ≥ =  is the first hitting time of the value 0u > . 

By Formula (2.0.2) of ([34], pp. 295), we have for 0δ ≥ ,  

 e ei iuE δτ η− −  =   or 
2

2 2 4
2 ; 1,2.i i

i
c c iδη
σ σ σ

= + + =  (3.1) 

For 0δ ≥ , we define the following potential measure  
 ( ) ( ) ( )( ),d ,d e , d , d ,iV

i i i i iu y x E I W V u W V y X xδ− = < ∈ ∈   (3.2) 

where:  
 ( ) , 1,2iW t i =  is a Brownian motion starting from zero with drift ic−  and 

variance 2σ ; 
 X is a random variable representing the amount of claim when a disaster oc-

curs. 
 , 1,2iV i =  is a random variable representing the inter-claim time of expo-

nential law with parameter iλ ; 
 AI  is an indicator function, which equals 1 if event A occurs and 0 other-

wise;  
 u is the initial surplus with: 0u > ; 0x > ; y u< . 

The potential measure ( ),d ,di u y x  plays an important role in analyzing the 
Gerber-Shiu functions ( ),w i uφ  and ( ), , 1,2d i u iφ = . 

In order to determine the potential measure in relation (3.2), let’s first calcu-
late the following measure:  
 ( ) ( ) ( )( ), ,d , dq i i q i qu y W e u W e y= < ∈  (3.3) 

where:  
 qe  is a random variable of exponential law with parameter q; 
 u is defined in relation (3.2), with 0u > ; y u< ; 1,2i = . 

Lemma 3.1 ([34]). Assume that qe  is independent of ( ){ }, 1,2iW t i = . Then 
the following variables ( )i qW e  and ( ) ( )i q i qW e W e−  are independent and ex-
ponentially distributed with respective rates:  

 
2 2

1, 2,2 2 4 2 2 4
2 2eti i i i

i i
c c c cq qν ν
σ σ σ σ σ σ

= + + = − + +  (3.4) 

For 0 y u≤ < , 1,2i = , 

( ) [ ) ( ) ( ) ( )( )
( )

[ )
1, 2,

, ,

1, 2,,

,d d , d

e e d di i

q i i q i q i q i qx y u

x x y
i ix y u

u y W e x W e W e W e y

x yν νν ν

∈

− − −

∈

 = ∈ − + ∈ 

=

∫

∫


 

 ( ) ( )( )1, 2, 2,1,1, 2,
,

1, 2,

,d e e di i ii u yyi i
q i

i i

u y yν ν ννν ν
ν ν

− + +−= −
+

  (3.5) 

For 0y < , 1,2i = , 

( ) [ ) ( ) ( ) ( )( )
( )

[ )
1, 2,

, 0,

1, 2,0,

,d d , d

e e d di i

q i i q i q i q i qx u

x x y
i ix u

u y W e x W e W e W e y

x yν νν ν

∈

− − −

∈

 = ∈ − + ∈ 

=

∫

∫


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 ( ) ( )( )1, 2, 2,2,1, 2,
,

1, 2,

, e e i i ii u yyi i
q i

i i

u dy dyν ν ννν ν
ν ν

− + += −
+

  (3.6) 

Relations (3.5) and (3.6) show that for 0u > , the potential measure  
( ), ,dq i u y  is absolutely continuous w.r.t Lebesgue measure. 

From (3.5) and (3.6), we can obtain the following result:  
Lemma 3.2: For 0 y u≤ < , the measure ( ),d ,di u y x  has a density given by  

 ( )
( )( )

( )( ) ( )1, 2, 2,1,1, 2,

1, 2,

, , e e i i ii u yyi i i
i

i i i

p u y x f xη η ηηλη η
λ δ η η

− + +−= −
+ +

 (3.7) 

For 0y < , the measure ( ), ,d ,di u b y x  has a density given by  

 ( )
( )( )

( )( ) ( )1, 2, 2,2,1, 2,

1, 2,

, , e e i i ii u yyi i i
i

i i i

p u y x f xη η ηηλη η
λ δ η η

− + += −
+ +

 (3.8) 

where:  

 
( ) ( )2 2

1, 2,2 2 4 2 2 4

2 2
;i ii i i i

i i
c c c cλ δ λ δ

η η
σ σ σ σ σ σ

+ +
= + + = − + +  (3.9) 

Proof. En conditioning on the value of iV , we have: 

( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( )( ) ( )
( ) ( ) ( )( ) ( )

|0

0

0

,d ,d e , d d d

e , d d d

e , d d d

i i

i

i

t
i V X V t i i

t
i i i

t
i i i

u y x f t f x W t u W t y x t

W t u W t y f x x t

W t u W t y f x x t

δ

λ δ

λ δ

λ

λ

−
=

− +

− +

∞

∞

∞

= < ∈

= < ∈

= < ∈

∫

∫

∫









 

 ( ) ( ) ( ),,d ,d ,d d
i

i
i i

i

u y x f x u y xλ δ
λ

λ δ +=
+

   (3.10) 

By combining this last relation with relations (3.5) and (3.6), the expected re-
sult is obtained.  

3.2. Integro-Differential Equations Satisfied by the Functions  
( )w i u,φ , i 1,2=  

Theorem 3.1. The Gerber-Shiu functions ( ), , 1,2w i u iφ =  in the risk model 
defined by relation (1.1) verify the following integro-diffferential equations.  

 
( ) ( )

( )( ) ( ) ( ) ( )( )

( ) ( ) ( )( )

1,1
2,1

1,1
2,1

1 1,1 2,1
,1 1,1 1,1 1,1 2,1

1 1,1 2,1

1,1 2,1
2,1 2,1 2,1 2,1

1,1 2,1

1 ˆe

ˆe

u
w

u

u m u T v

m u T v

η
η

η
η

λη η α
φ η

δ λ η η

αβη η
η

η η

−

−

−
= + ϒ − ϒ

+ +

+ + ϒ − ϒ
+

 (3.11) 

 
( ) ( )

( )( ) ( ) ( ) ( )( )

( ) ( ) ( )( )

1,2
2,2

1,2
2,2

2 1,2 2,2
,2 1,2 1,2 1,2 2,2

2 1,2 2,2

1,2 2,2
2,2 2,2 2,2 2,2

1,2 2,2

1 ˆe

ˆe

u
w

u

u m u T v

m u T v

η
η

η
η

λ η η α
φ η

δ λ η η

αβη η
η

η η

−

−

−
= + ϒ − ϒ

+ +

+ + ϒ − ϒ
+

 (3.12) 

where  

 ( ) ( ) ( ) ( )1 1;L x x L x x= > Θ = < Θ   (3.13) 
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( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

1,1 2,1

1,2 1,1 2,2 2,1

; ;

;

x L x f x x L x f x

x x x x

χ χ

χ χ χ χ

= =

= =
 (3.14) 

 ( )
( )

( )
( )1 2

1 2
1 2e ; e

x x

h x h x
β δ λ β δ λ

λ λ
− + − +

= =  (3.15) 

 
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

1,1 1 2,1 1

1,2 2 2,2 2

; ;

;

x h x L x x h x L x

x h x L x x h x L x

ζ ζ

ζ ζ

= =

= =
 (3.16) 

 ( ) ( ) ( ) ( ) ( )( ) ( )1,1 1,1 ,1 2,1 ,20
dw w f

y
y x y x x y x x yχ φ χ φ ϕϒ = − + − +∫  (3.17) 

 ( ) ( ) ( ) ( ) ( )( ) ( )
12,1 1,1 ,1 2,1 ,20

dw w h
y

y x y x x y x x yζ φ ζ φ ϕϒ = − + − +∫  (3.18) 

 ( ) ( ) ( ) ( ) ( )( ) ( )1,2 1,2 ,1 2,2 ,20
dw w fx

y
y x y x x y x x yχ φ χ φ ϕ

=
ϒ = − + − +∫  (3.19) 

 ( ) ( ) ( ) ( ) ( )( ) ( )
22,2 1,2 ,1 2,2 ,20

dw w h
y

y x y x x y x x yζ φ ζ φ ϕϒ = − + − +∫  (3.20) 

 ( ) ( ) ( ) ( ) ( ) ( )1,1 1,1
1,1 1,1 2,1 2,10 0

e d ; e du v uu u vm u v v m u v vη η− − − −= ϒ = ϒ∫ ∫  (3.21) 

 ( ) ( ) ( ) ( ) ( ) ( )1,2 1,2
1,2 1,2 2,2 2,20 0

e d ; e du v uu u vm u v v m u v vη η− − − −= ϒ = ϒ∫ ∫  (3.22) 

 Proof of relation (3.1)  
By conditioning on the time and the amount of the first claim and taking into 

account the fact that ruin may occur or not, he follows:  

( ) ( )
{ }

( )

( ) { } ( )

( )( ) { } ( )

1
, ,1 1 1 1 1

1
1 1 1 1 1

1
1 1 1

,1 ,1 1 1 1 1

,2 1 1 1 1, ,

1 1 1 1 1,

|

|

e ,

e ,

e , | ,

X u W W u X

V
w w

V
w X u W W u X

V
X u W W u

u u W X I V X

u W X I V X

w u W X u W I V X

δ

δ

δ

φ φ

φ

< − < <Θ

−

−
< − < <Θ

−
> − <

  = − −    
  + − −   
  + − − −   

 

 

 

 

        

( ) ( )

( ) ( ) ( ) ( ) ( )
( ) ( )( )
( )( ) ( )

1 10

1 ,1 1 ,2 10

1 10

1

e , d

d ,

e , d

, d ,

t
t y

u y
w

u

wx

t
t y

u

x u y

W t u W t y

x u y x x u y x F x t

W t u W t y

w u y x u y F x t

δ

δ

φ φ

−

= =−∞
−

=

−

= =−∞

= −

∞

∞

∞

 = < ∈ 

 × > Θ − − + < Θ − − 

+ < ∈

× − − −

∫ ∫
∫
∫ ∫
∫



 


 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
( ) ( )

( ) ( )
( ) ( ) ( )

,1 1 10

1 ,1 1 ,2 ,10

1 10

1 ,10

1 ,2 ,1

1 e , d

d ,

, d

e

d ,

t
w t y

u y
w w Ix

t y
u y t

u

u

wx

w M

u W t u W t y

x u y x x u y x F x t

W t u W t y

x u y x

x u y x F x t

δ

δ

φ α

φ φ

α

φ

φ

−

= =−∞
−

=

= =

∞

−

−

=

∞

∞
−

 = − < ∈ 

 × > Θ − − + < Θ − − 

 + < ∈ 

× > Θ − −
+ < Θ − − 

∫ ∫
∫
∫ ∫

∫



 







 

( ) ( ) ( )( )
( )( ) ( )

( ) ( )( )
( )( ) ( )

1 10

,1

1 10

,1

1 e , d

, d ,

e , d

, d ,

t
t y

Ix u y

t
t

u

y

x

u

Mu y

W t u W t y

w u y x u y F x t

W t u W t y

w u y x u y F x t

δ

δ

α

α

−

= =−∞

= −

−

= =−∞

=

∞

∞

∞

−

∞

+ − < ∈

× − − −

+ < ∈

× − − −

∫ ∫
∫
∫ ∫

∫




                (3.23) 
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By setting: 

( ) ( )

( ) ( ) ( ) ( ) ( )

1,1 1 10

1 ,1 1 ,2 ,10

e , d

d ,

u t
t y

u y
w w Ix

I W t u W t y

x u y x x u y x F x t

δ

φ φ

−

= =−∞

−

=

∞
 = < ∈ 

 × > Θ − − + < Θ − − 

∫ ∫

∫



 
 

( ) ( )( )
( )( ) ( )

2,1 1 10

,1

e , d

, d ,

t
t y

Ix u y

u
I W t u W t y

w u y x u y F x t

δ−
= =−∞

−

∞

∞

=

= < ∈

× − − −

∫ ∫

∫


 

( ) ( )

( ) ( ) ( ) ( ) ( )

3,1 1 10

1 ,1 1 ,2 ,10

e , d

d ,

t
t y

u y

u

w w Mx

I W t u W t y

x u y x x u y x F x t

δ

φ φ

−

=

∞

=−∞

−

=

 = < ∈ 

 × > Θ − − + < Θ − − 

∫ ∫

∫



 
 

( ) ( )( )
( )( ) ( )

4,1 1 10

,1

e , d

, d ,

t
t y

Mx u y

u
I W t u W t y

w u y x u y F x t

δ−
= =−∞

−

∞

∞

=

= < ∈

× − − −

∫ ∫

∫


 

Relation (3.23) becomes:  

 ( ) ( )( ) ( ),1 1,1 2,1 3,1 4,11w u I I I Iφ α α= − + + +  (3.24) 

Let’s calculate 1,1 2,1I I+ , 
( ) ( ) ( )

( ) ( )
( ) ( ) ( )

( ) ( ) ( )( )
( )( ) ( )

1

1

1,1 2,1 1 1 10

1 ,10

1 ,2

1 1 10

e , d

Θ

Θ d d

e , d

, d d

t

t y

u y
wx

w

t

t y

x u y

u

u

I I W t u W t y

x u y x

x u y x f x x t

W t u W t y

w u y x u y f x x t

δ λ

δ λ

λ

φ

φ

λ

− +

= =−∞

−

=

− +

= =−∞

=

∞

∞

−

∞
 + = < ∈ 

× > − −

+ < − − 

+ < ∈

× − − −

∫ ∫

∫

∫ ∫

∫









 

        

( ) ( )

( ) ( ) ( )
( ) ( ) ( )( )

( )( ) ( )
( ) ( ) ( )( )( )

1

1

1 1 ,10

1 ,2

1 10

1

1 10

Θ

Θ

e , d d d

,

e , d d d

u u y
wy x

w

t

t

y x u y

t

u

t

x u y x

x u y x f x

W t u W t y t x

w u y x u y f x

W t u W t y t x

δ λ

δ λ

λ φ

φ

λ

−

=−∞ =

− +

=

=−∞ =

∞

−

− +

∞

∞

=

= > − −

+ < − − 

 × < ∈ 

+ − − −

× < ∈

∫ ∫

∫

∫ ∫

∫









 

 

( ) ( )((
( ) ( )) ( ) ( )

( )( ) ( ) ( )
1

1

1
1,1 2,1 1 ,10

1

1 ,2 ,1

,1

Θ

Θ ,d d

, ,d d

u y
wy x

w

y x u y

u

u

I I x u y x

x u y x f x u y x

w u y x u y f x u y x

δ λ

δ λ

λ
φ

δ λ

φ

−

=−∞ =

+

+=−∞ = −

∞

+ = > − −
+

+ < − −

+ − − −

∫ ∫

∫ ∫



 



 (3.25) 

By relation (3.13), relation (3.25) becomes:  

 

( ) ( )((
( ) ( )) ( ) ( )

( )( ) ( ) ( ) )
1

1

1
1,1 2,1 ,10

1

,2 ,1

,1

,d d

, ,d d

u y
wy x

w

y x u y

u

u

I I L x u y x

L x u y x f x u y x

w u y x u y f x u y x

δ λ

δ λ

λ
φ

δ λ

φ

−

=−∞ =

+

+=−∞ = −

∞

+ = − −
+

+ − −

+ − − −

∫ ∫

∫ ∫





 (3.26) 
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By relation (3.14), relation (3.26) becomes: 

 

( ) ( )((
( ) ( )) ( )

( )( ) ( ) ( )
1

1

1
1,1 2,1 1,1 ,10

1

2,1 ,2 ,1

,1

,d d

, ,d d

u y
wy x

w

y x u y

u

u

I I x u y x

x u y x u y x

w u y x u y f x u y x

δ λ

δ λ

λ
χ φ

δ λ

χ φ

−

=−∞ =

+

+=−∞ = −

∞

+ = − −
+

+ − −

+ − − −

∫ ∫

∫ ∫





 (3.27) 

By lemma 3.2, relation (3.27) can be put in the form:  

( )( ) ( ) ( )((
( ) ( )) ( )( )

( ) ( ) ( ) ( )( )
( )( )

( )( )

1,1 2,1 2,11,1

1,1 2,1 2,12,1

1,1

1 1,1 2,1
1,1 2,1 1,1 ,10 0

1 1,1 2,1

2,1 ,2

1,1 ,1

0

0
2,1 ,20

e e d d

e e d d

, e e

u y
wy x

u yy
w

u y
w wy x

u yy

y

I I x u y x

x u y x y x

x u y x x u y x

y x

w u y x u y

η η ηη

η η ηη

ηη

λη η
χ φ

δ λ η η

χ φ

χ φ χ φ

−

= =

− + +−

−

=−∞ =

− + +

−−

+ = × − −
+ +

+ − − −

+ − − + − −

× −

+ − − − −

∫ ∫

∫ ∫

( )( ) ( )

( )( ) ( )( ) ( ) )
1,1 2,1 2,1

1,1 2,1 2,12,1

0

0

0
d d

, e e d d

u y

y x u y

u yy

y x u y

f x y x

w u y x u y f x y x

η η

η η ηη

+ +

= = −

− + +

=−

∞

∞ =

∞

−
+ − − − −

∫ ∫

∫ ∫
(3.28) 

Let’s calculate 3,1I  and 4,1I . 
The distribution ( ),1 ,MF x t  of the random vector ( )1,X V  is a comonotonic 

distribution whose support is the set:  

( ) ( ) ( ){ } ( ) ( ){ } ( )
1

1
1 , : , : , : .X VD x t F x F t x t x l t x t x tλ

β
 ′ = = = = = = 
 

 

The distribution ( ),1 ,MF x t  is ( ) ( )( ) 1
1 ,1 , 1 e t

MG t F l t t λ−= = −  on  

( ) 1
1 , :D x t x tλ

β
 ′ = = 
 

. 

Let’s calculate 3,1I , 

( ) ( ) ( ) ( )

( ) ( ) ( )

3,1 1 ,1 1 ,2

1 1 ,10 0

e Θ Θ

, d d ,

t
w wy

u y

x

u

Mt

I x u y x x u y x

W t u W t y F x t

δ φ φ−

=−∞

−

=

∞

=

 = > − − + < − − 

 × < ∈ 

∫

∫ ∫

 


 

 
( ) ( )

( ) ( ) ( ) ( ) ( )
1

3,1 1 1

1 ,1 1 ,2 1

e , d

Θ Θ d

t
y K

w w

u
I W t u W t y

x u y x x u y x G t

δ

φ φ

−

=−∞
 = < ∈ 

 × > − − + < − − 

∫ ∫ 

 
 (3.29) 

where:  

1
1 | 0K t x t u yλ

β+
 

= ∈ ≤ = ≤ − 
 

  

 ( )1
1

| 0K t t u yβ
λ+

 
= ∈ ≤ ≤ − 
 

  (3.30) 

By injecting relation (3.30) into relation (3.29), he follows:  
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( ) ( ) ( )( )

( ) ( )

( ) ( ) ( )

( ) ( )

11

1

1

3,1 1 1 10

1 1
1 ,1 1 ,2

1 1 10

1 1
1 ,1 1 ,2

0

e , d

Θ Θ d

e , d

Θ Θ

u y t

y

w w

t

y

w w
t

u

u

u

I W t u W t y

x u y t x u y t t

W t u W t y

x u y t x u y t I

β
δ λλ

δ λ

β
λ

λ

λ λ
φ φ

β β

λ

λ λ
φ φ

β β

− − +

=−∞

− +

=−∞

≤ ≤

∞

 = < ∈ 

    
× > − − + < − −    

    

 = < ∈ 

    
× > − − + < − −    

    

∫ ∫

∫ ∫



 



 
( )

d
y

t  − 
  

 

( )( ) ( )( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( )

1 1

1

1

1 1

1

1
1 1

1

1
1 ,1

1
1 ,2

0

11
1 ,1

1

1 ,

, d

Θ

Θ

y

w

w
e u y

wy

w

u

u

W e u W e y

e
x u y

e
x u y I

e
x u y

x

δ λ

δ λ δ λ

δ λ

δ λ

β
λ

δ λ

λ
δ λ

λ
φ

β

λ
φ

β

λλ
φ

δ λ β

φ

+

+ +=−∞

+

+

  ≤ ≤ − 
  

+

=−∞


 = < ∈ + 

  
× > − −    

 
+ < − −     

  
= > Θ − −  +   

+ < Θ

∫

∫

 





 

 ( )

( ) ( )
( )1

1
1 1

1
2 ,1

0
,d

e u y

e
u y I u y

δ λ

δ λ
δ λβ

λ

λ

β +

+
+  ≤ ≤ − 

  

 
− −     


 

 

( ) ( )

( ) ( )

( ) ( )
( )

1

1

1
1 1

11
3,1 ,1

1

1
,2 ,1

0
,d

wy

w
e u

u

y

e
I L x u y

e
L x u y I u y

δ λ

δ λ

δ λ
δ λβ

λ

λλ
φ

δ λ β

λ
φ

β +

+

=−∞

+
+  ≤ ≤ − 

  

  
= − −  +   

 
+ − −     

∫ 



 (3.31) 

By lemma 3.2, relation (3.31) can be written:  

( )( )

( )( ) ( ) ( )

( ) ( )
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( )( ) ( )

11,1 2,1 2,11,1

1

1 1

1,1 2,1 2,12,1

1 1,1 2,
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d

e e

u yy
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e u y
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u
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I
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L x u y
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L x u y I y

L x

δ λ

δ λη η ηη
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β
λ

η η ηη

λη η
δ λ η η

λ
φ

β

λ
φ

β

φ

+

+− + +−

=

+

  ≤ ≤ − 
  

− + +

=−∞

=
+ +

   
 × − × − −     

 
+ − −     

+ − ×

∫

∫



 ( )

( ) ( )

( ) ( )

1

1

1 1

1
,1

1
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0
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e u y

e
u y

e
L x u y I y

δ λ
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β
λ
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λ
φ

β +

+

+

  ≤ ≤ − 
  

  
 − −    

  + − −      
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β
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β

λ
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β

λ
δ λ φ

β

− + +−
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∫

∫

∫

∫
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φ
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
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+ − −  

 




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( ) ( ) ( ) ( )
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λ
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−
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−


= −
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
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

∫

∫

∫

∫

 (3.32) 

Let’s calculate I4,1: 

( ) ( )( )

( )( ) ( )

( ) ( )

( ) ( )
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u
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δ

λ
β

+

−

= =−∞
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−

=−∞

∞

∞
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 
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 

∫ ∫

∫

∫ ∫
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
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λ
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β
λ

λ

λ
β

λ

λ
β
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=−∞

  ≥ − 

∞

∞

  
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δ λ δ λ

δ λ

β
λ

λ
δ λ

λ

β +

+ +=−∞

+

  ≥ − 
  


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 
× − − −     

∫  
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( ) ( )

( )1

1
1 1

11
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u
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e
I w u y u y I u y
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 = − − −  +    

∫  

(3.33) 

By lemma 3.2, relation (3.33) becomes:  
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∫

∫

∫

∫
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=
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=
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


∫

∫

∫

∫

 (3.34) 

Let’s calculate 3,1 4,1I I+ . 
Using relations (3.28) and (3.34), we have:  

( )( )
( )

( ) ( ) ( ) ( )
( )( )
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∫
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(3.35) 

By Formulas (3.28) and (3.35) the function ( ),1w uφ  can be put in the form:  
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(3.36) 

where ( )1,1 xζ  and ( )2,1 xζ  are defined in relation (3.16). 
A change of variable v u y= − , brings (3.36) into:  
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=
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=

=
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∫

∫

∫

∫

 (3.37) 

By relations (3.17) and (3.18), relation (3.37) can be put in the form:  
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∫

∫
 (3.38) 

Relation (3.38) can be written: 
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2,1 1,1 2,1

1 1,1 2,1
,1 1,1 1,10

1 1,1 2,1

1,1 2,1
1,1 2,10 0

1,1 2,1

2,1 2,10

1
e d e d

e d e d
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 Proof of relation (3.12): 
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δ
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By setting: 
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Θ Θ d ,

t
t y

u y
w I

u

wx

I W t u W t y

x u y x x u y x F x t

δ

φ φ

−

= =−∞
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Relation (3.39) becomes:  

 ( ) ( )( ) ( ),2 1,2 2,2 3,2 4,21w u I I I Iφ α α= − + + +  (3.40) 

Let’s calculate 1,2 2,2I I+ . 
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 (3.41) 

By relation (3.13), relation (3.41) can be written: 
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 (3.42) 

By relation (3.14), relation (3.42) becomes:  
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 (3.43) 
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By lemma 3.2, relation (3.43) can be put in the form: 

( )( )
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( ) ( ) ( ) ( )( ) ( )( )
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 (3.44) 

Let’s calculate 3,2I  and 4,2I . 
The distribution ( ),2 ,MF x t  random vector 2( , )X V  is a comonotonic dis-

tribution whose support is the set:  

( ) ( ) ( ){ } ( ) ( ){ } ( )
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Let’s calculate 3,2I . 
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where:  
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By injecting relation (3.46) into relation (3.45), he follows:  
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 (3.47) 

By lemma 3.2, relation (3.47) can be written:  
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(3.48) 

Let’s calculate 4,2I . 
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(3.49) 

By lemma 3.2, relation (3.49) becomes:  
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 (3.50) 

Let’s calculate 3,2 4,2I I+ . 
Using relations (3.48) and (3.50), we have:  
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By Formulas (3.44) and (3.51), the function ( ),2w uφ  can be put in the form:  
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By relation (3.16), relation (3.52) becomes:  
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A change of variable v u y= − , brings relation (3.53) into 
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 (3.54) 

By Formulas (3.19) and (3.20), relation (3.54) becomes:  
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Relation (3.55) can be in the form: 
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δ λ η η

αβη η
η η

−

∞ ∞

∞ ∞

−

− − −

− −

− − −

=

−
= ϒ

+ +

+ ϒ − ϒ

+ ϒ
+

+ ϒ − ϒ

∫

∫ ∫

∫

∫ ∫

 

( ) ( )
( )( ) ( ) ( ) ( )( )

( ) ( ) ( )( )

1,2
2,2

1,2
2,2

2 1,2 2,2
,2 1,2 1,2 1,2 2,2

2 1,2 2,2

1,2 2,2
2,2 2,2 2,2 2,2

1,2 2,2

1 ˆe

ˆe

u
w

u

u m u T v

m u T v

η
η

η
η

λ η η α
φ η

δ λ η η

αβη η
η

η η

−

−

−
= + ϒ − ϒ

+ +

+ + ϒ − ϒ
+

  

3.3. Integro-Differential Equations Satisfied by the Function  
( )d i u,φ , i 1,2=  

Theorem 3.2. The Gerber-Shiu function ( ), , 1,2d i u iφ =  verifies the following 
integro-differential equations:  
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( ) ( )

( )( ) ( ) ( ) ( )( )

( ) ( ) ( )( )

1,1
2,1

1,1 1,1
2,1

1 1,1 2,1
,1 1,1 1,1 1,1 2,1

1 1,1 2,1

1,1 2,1
2,1 2,1 2,1 2,1

1,1 2,1

1 ˆe

ˆe e

u
d

u u

u m u T v

m u T v

η
η

η η
η

λη η α
φ η

δ λ η η

αβη η
η

η η

−

− −

−
= + ϒ − ϒ

+ +

+ + ϒ − ϒ +
+

  

  

 (3.56) 

 
( ) ( )

( )( ) ( ) ( ) ( )( )

( ) ( ) ( )( )

1,1
2,1

1,1 1,2
2,1

1 1,1 2,1
,2 1,2 1,2 1,2 2,1

1 1,1 2,1

1,1 2,1
2,2 2,2 2,2 2,1

1,1 2,1

1 ˆe

ˆe e

u
d

u u

u m u T v

m u T v

η
η

η η
η

λη η α
φ η

δ λ η η

αβη η
η

η η

−

− −

−
= + ϒ − ϒ

+ +

+ + ϒ − ϒ +
+

  

  

 (3.57) 

where: 
 ( )L x  and ( )L x  are defined in relation (3.13);  
 ( ) ( ) ( ) ( )1,1 2,1 1,2 2,2; ; ;x x x xχ χ χ χ  are defined in relation (3.14);  
 ( )1h x  and ( )2h x  are defined in relation (3.15);  
 ( ) ( ) ( )1,1 2,1 1,2; ;x x xζ ζ ζ  and ( )2,2 xζ  are defined in relation (3.16). 

 ( ) ( ) ( ) ( ) ( )( )1,1 1,1 ,1 2,1 ,20
d

y
d dy x y x x y x xχ φ χ φϒ = − + −∫  (3.58) 

 ( ) ( ) ( ) ( ) ( )( )2,1 1 ,1 2,1 ,20
d

y
d dy x y x x y x xζ φ ζ φϒ = − + −∫  (3.59) 

 ( ) ( ) ( ) ( ) ( )( )1,2 1,2 ,1 2,2 ,20
d

y
d dy x y x x y x xχ φ χ φϒ = − + −∫  (3.60) 

 ( ) ( ) ( ) ( ) ( )( )2,2 1,2 ,1 2,2 ,20
d

y
d dy x y x x y x xζ φ ζ φϒ = − + −∫  (3.61) 

 ( ) ( ) ( ) ( ) ( ) ( )1,1 1,1
1,1 1,1 2,1 2,10 0

e d ; e d
u uu v u vm u v v m u v vη η− − − −= ϒ = ϒ∫ ∫     (3.62) 

 ( ) ( ) ( ) ( ) ( ) ( )1,1 1,1
1,2 2,2 2,2 2,20 0

e d ; e d
u uu v u vm u v v m u v vη η− − − −= ϒ = ϒ∫ ∫     (3.63) 

 Proof of relation (3.56) 
By a similar approach as in subsection (3.2), and by contioning on whether or 

not ruin occurs due to oscillation before the first claim, he follows: 

( ) ( ) { } ( )

( ) { } ( )

( )

1 1 1 1

1 1 1

, ,1 1 1, , Θ

,2 1 1, , Θ

e ,

e ,

e , 1, 2

|

.

|

i
i

i
i i

i

V
d i d i iX u W W u X

V
d i iX u W W u X

i i

u u W X I V X

u W X I V X

I V i

δ

δ

δτ

φ φ

φ

τ

−
< − < >

−
< − < <

−

  = − −   

  + − −   

 + < = 

 

 



. 

where ( ){ }inf 0 :i it W t uτ = ≥ =  is the first instant when the process ( )iW t  
reaches value u. 

The random variable iV  and the processes ( ) , 1,2iW t i =  being indepen-
dent, he follows: 

( ) ( ) ( )( )
( )( )

1 1

1 1

1,1

1 1 1 1 1e e |

e

=e u

I V I V W tδτ δτ

δ λ τ

η

τ τ− −

− +

−

   = ≤ ≤ 

=

  



           

(3.64) 
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( ) ( ) ( )( )
( )( )

2 2

2 2

1,1

2 2 2 2 2e e |

e

e u

I V I V W tδτ δτ

δ λ τ

η

τ τ− −

− +

−

   = <   

=

≤

=

  

              (3.65) 

where 1,1 1,2;η η  are defined in relation (3.9). 
So  

( ) ( ) ( )

( ) ( )
( ) ( ) ( ) 1,1

,1 1 10 0

1 ,1

1 ,2 1

e , d

Θ

Θ d , e

u y t
d t y x

d

u
d

u
u W t u W t y

x u y x

x u y x F x t

δ

η

φ

φ

φ

− −

= −∞ =

−

∞

=
 = < ∈ 

× > − −

+ < − − +

∫ ∫ ∫ 





 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( ) 1,1

,1 1 10

1 ,1 1 ,2 ,10

1 10

1 ,10

1 ,2 ,1

1 e , d

d ,

, d

e

d , e

t
d t y

u y

u

u

d d Ix

t y

u y t
dx

u
d M

u W t u W t y

x u y x x u y x F x t

W t u W t y

x u y x

x u y x F x t

δ

δ

η

φ α

φ φ

α

φ

φ

−

= =−∞

−

=

=

∞

∞

=−∞

− −

=

−

 = − < ∈ 

 × > Θ − − + < Θ − − 

 + < ∈ 

× > Θ − −

+ < Θ − − +

∫ ∫

∫

∫ ∫

∫



 






(3.66) 

By the similar approach as in subsection (3.2), we have:  

( ) ( )
( )( )

( )( )(
( ) ( ) ( ) ( )( )( )
( )( )
( ) ( ) ( ) ( )( )( ) )

1,1 1,1 2,1

2,1 1,1 2,1

1 1,1 2,1
,1 0

1 1,1 2,1

1,1 ,1 2,1 ,20

1,1 ,1 2,1 ,20

1
e e

d d

e e

d d

u u v u v
d v

v
d dx

u v u v

v u

v
d dx

u

x v x x v x x v

x v x x v x x v

η η η

η η η

λη η α
φ

δ λ η η

χ φ χ φ

χ φ χ φ

− − − −

=

=

−

=

∞ − −

=

−
= −

+ +

× − + −

+ −

× − + −

∫

∫

∫

∫

 

( )( )(
( ) ( ) ( ) ( )( )( )
( )( )
( ) ( ) ( ) ( )( )( ) )

1,1 1,1 2,1

2,1 1,1 2,1

1,1

1,1 2,1
0

1,1 2,1

1,1 ,1 2,1 ,20

1,1 ,1 2,1 ,2

e e

d d

e e

d d e

u u v u v

v

v
d dx

u v u v

v u

u
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v

x

x v x x v x x v

x v x x v x x v

η η η

η η η

η

αβη η
η η

ζ φ ζ φ

ζ φ ζ φ

− − − −

∞

=

=

− − −

=

−

=

+ −
+

× − + −

+ −

× − + − +

∫

∫

∫

∫

 (3.67) 

By Formulas (3.58) and (3.59), relation (3.67) becomes:  

 

( ) ( )
( )( )

( ) ( )(
( ) ( ) ( ) )

( ) ( )(
( ) ( ) ( ) )

1,1

2,1 1,1 2,1

1,1

2,1 1,1 2,1 1,1

1 1,1 2,1
,1 1,10

1 1,1 2,1

1,1 1,10

1,1 2,1
2,10

1,1 2,1

2,1 2,10

1
e d

e d e d

e d

e d e d e

u u v
d

u v u v

u

u u v

u v u v u

u

u v v

v v v v

v v

v v v v

η

η η η

η

η η η η

λη η α
φ

δ λ η η

αβη η
η η

− −

∞ ∞− − −

− −

∞ ∞− − − −

−
= ϒ

+ +

+ ϒ − ϒ

+ ϒ
+

+ ϒ − ϒ +

∫

∫ ∫

∫

∫ ∫



 



 

 (3.68) 
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( ) ( )
( )( ) ( ) ( ) ( )( )

( ) ( ) ( )( )

1,1
2,1

1,1 1,1
2,1

1 1,1 2,1
,1 1,1 1,1 1,1 2,1

1 1,1 2,1

1,1 2,1
2,1 2,1 2,1 2,1

1,1 2,1

1 ˆe

ˆe e

u
d

u u

u m u T v

m u T v

η
η

η η
η

λη η α
φ η

δ λ η η

αβη η
η

η η

−

− −

−
= + ϒ − ϒ

+ +

+ + ϒ − ϒ +
+

  

  

  

 Proof of relation (3.57): 

( ) ( ) ( )

( ) ( )
( ) ( ) ( ) 1,2

,2 2 20 0

1 ,1

1 ,2 2

e , d

Θ

Θ d , e

u y t
d t y x

d

u
d

u
u W t u W t y

x u y x

x u y x F x t

δ

η

φ

φ

φ

− −

= −∞ =

−

∞

=
 = < ∈ 

× > − −

+ < − − +

∫ ∫ ∫ 




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( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( )
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1 ,1 1 ,2 ,20

2 20

1 ,10

1 ,2 ,2

1 e , d

Θ Θ d ,
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e Θ

Θ d , e
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d t y

u y
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u
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u

u
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x u y x x u y x F x t

W t u W t y

x u y x

x u y x F x t

δ

δ

η
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φ φ

α
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−
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−

=
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− −

=

−

∞

∞

 = − < ∈ 

 × > − − + < − − 

 + < ∈ 

× > − −

+ <



− − +





∫ ∫

∫

∫ ∫

∫



 






(3.69) 

By a similar approach as in subsection (3.2), he follows:  

( ) ( )
( )( )
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u
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∫

∫

∫

∫

 (3.70) 

By Formulas (3.60) and (3.61), relation (3.70) becomes:  

 

( ) ( )
( )( )

( ) ( )(
( ) ( ) ( ) )

( ) ( )(
( ) ( ) ( ) )

1,1

2,1 1,1 2,1

1,1
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e d e d

e d

e d e d e

u u v
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u
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−
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+ +

+ ϒ − ϒ

+ ϒ
+

+ ϒ − ϒ +

∫

∫ ∫
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∫ ∫



 
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 

 (3.71) 
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αβη η
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η η

−

− −

−
= + ϒ − ϒ

+ +
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  

  

  

4. Laplace Transfors of the Functions ( ),w i uφ  and ( ),d i uφ ,  
1,2i =  

4.1. Laplace Transfors of the Functions ( )w i u,φ , i 1,2=  

Theorem 4.1. The Laplace transforms of the Gerber-Shiu functions  
( ), , 1,2w i u iφ =  verify the following relations: 

 

( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( )( )1 1

,1 1 2,1 2 2,1 ,2

1 2,1 2,1 ,2 2,1 2,1

2 2,1 2,1 ,2 2,1 2,1

ˆ ˆ ˆˆ

ˆˆ ˆ ˆ

ˆ ˆ ˆ ˆ

w w

w f f

w h h

s s s s

s

s

φ ε χ ε ζ φ

ε χ η φ η ϕ η ϕ

ε ζ η φ η ϕ η ϕ

+ +

= + −

+ + −

 (4.1) 

 

( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( )( )1 1

,2 3 1,2 4 1,2 ,1

3 1,2 2,2 ,1 2,2 2,2

4 1,2 2,2 ,1 2,2 2,2

ˆ ˆ ˆˆ

ˆˆ ˆ ˆ

ˆ ˆ ˆ ˆ

w w

w f f

w h h

s s s s

s

s

φ ε χ ε ζ φ

ε χ η φ η ϕ η ϕ

ε ζ η φ η ϕ η ϕ

+ +

= + −

+ + −

 (4.2) 

where:  
 2,1η  and 2,2η  are defined in relation (3.9); 
 ( ) ( )2,1 1,2;x xχ χ  are defined in relation (3.14);  
 ( )1h x  and ( )2h x  are defined in relation (3.15);  
 ( ) ( )2,1 1,2;x xζ ζ  are defined in relation (3.16): 

 ( )
( )( )( ) ( )( )

1 1,1 2,1 1,1 2,1
1 2

1 1,1 2,1 1,1 2,1

1
;

s s s s
λη η α αβη η

ε ε
δ λ η η η η

−
= =

+ + − + −
 (4.3) 

 ( )
( )( )( ) ( )( )

2 1,2 2,2 1,2 2,2
3 4

2 1,2 2,2 1,2 2,2

1
;

s s s s
λ η η α αβη η

ε ε
δ λ η η η η

−
= =

+ + − + −
 (4.4) 

 Proof of relation (4.1) 
Using Equation (3.11), he follows:  

 

( ) ( ) ( )
( ) ( )

( ) ( )

( ) ( )
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− −−

−

∞

∞ −−

− +

−

∞

∞

= ϒ

= ϒ

= ϒ
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= ϒ = ϒ
+ +

∫ ∫

∫ ∫

∫

∫

 (4.5) 

 
( ) ( )

2,1 2,11,1 1,10
e d 0su

sT v u T Tη η
∞ − ϒ = ϒ∫  (4.6) 

 
( ) ( ) ( ) ( )1,11,1

1,1 2,1 1,1 2,1 1,1 2,10 0
1,1

1ˆ ˆ ˆe e d e ds uvsu u u
s

ηη η η η
η

−∞ +−− ∞
ϒ = ϒ = ϒ

+∫ ∫  (4.7) 

https://doi.org/10.4236/ojs.2024.141001


D. A.-K. Kafando et al. 
 

 

DOI: 10.4236/ojs.2024.141001 30 Open Journal of Statistics 
 

 

( ) ( ) ( )
( ) ( )

( ) ( )

( )

( )

1,1

1,1

1,11,1

2,1 2,10 0

2,10 0

2,10
1,1

2,10
1,1

2,1
1,1

e e d d

e e d d

1 e e d

1 e d

1 ˆ

ˆ u vsu

u vsu

s vv

u

sv

u

s v v u

v v u

v v
s

v
s

s

m

v

s

η

η

ηη

η

η

η

− −−

− −−

−

∞

+

∞

∞

∞ −

= ϒ

= ϒ

= ϒ
+

= ϒ
+

= ϒ
+

∫ ∫

∫ ∫

∫

∫

 (4.8) 

 ( ) ( )
2,1 2,12,1 2,10

e d 0su
sT v u T Tη η

∞ − ϒ = ϒ∫  (4.9) 

 ( ) ( ) ( ) ( )1,11,1
2,1 2,1 2,1 2,1 2,1 2,10 0

1,1

1ˆ ˆ ˆe e d e ds uvsu u u
s

ηη η η η
η

−∞ +−− ∞
ϒ = ϒ = ϒ

+∫ ∫  (4.10) 

By Formulas (4.5) to (4.10) he follows: 

( ) ( )
( )( ) ( ) ( ) ( )

( ) ( ) ( )

2,1

2,1

1 1,1 2,1
,1 1,1 1,1 1,1 2,1

1,1 1,11 1,1 2,1

1,1 2,1
2,1 2,1 2,1 2,1

1,1 2,1 1,1 1,1

1 1 1ˆ ˆ ˆ0

1 1ˆ ˆ0

w s

s

s s T T
s s

s T T
s s

η

η

λη η α
φ η

η ηδ λ η η

αβη η
η

η η η η

 −
= ϒ + ϒ − ϒ  + ++ +  

 
+ ϒ + ϒ − ϒ  + + + 

 

( ) ( )
( )( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1,1 1,1 2,1 1,1 1,1 2,11 1,1 2,1
,1

1,1 2,11 1,1 2,1

2,1 2,1 2,1 2,1 2,1 2,11,1 2,1

1,1 2,1 1,1 2,1

ˆ ˆ ˆ ˆ1ˆ

ˆ ˆ ˆ ˆ

w

s s
s

s s

s s
s s

η ηλη η α
φ

η ηδ λ η η

η ηαβη η
η η η η

 ϒ − ϒ ϒ − ϒ−
 = −
 + −+ +  

 ϒ − ϒ ϒ − ϒ
 + −
 + + − 

 

 

( ) ( )
( )( )( ) ( ) ( )( )

( )( ) ( ) ( )( )

1 1,1 2,1
,1 1,1 2,1 1,1

1 1,1 2,1

1,1 2,1
2,1 2,1 2,1

1,1 2,1

1ˆ ˆ ˆ

ˆ ˆ

w s s
s s

s
s s

λη η α
φ η

δ λ η η

αβη η
η

η η

−
= ϒ − ϒ

+ + −

+ ϒ − ϒ
+ −

 (4.11) 

Relation (4.11) can be put in the form: 

( )
( )( )( ) ( ) ( )( ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ))

( )( ) ( ) ( )( ( ) ( )

( ) ( ) ( )
1

1 1,1 2,1
,1 1,1 2,1 ,1 2,1 2,1 2,1 ,2 2,1

1 1,1 2,1

2,1 1,1 ,1 2,1 ,2

1,1 2,1
1,1 2,1 ,1 2,1 2,1 2,1 ,2 2,1

1,1 2,1

2,1 1,1 ,1 2

1ˆ ˆ ˆˆ ˆ( )

ˆ ˆˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ

ˆ ˆ ˆˆ

w w w

f w w f

w w

h w

s
s s

s s s s s

s s

s s

λη η α
φ χ η φ η χ η φ η

δ λ η η

ϕ η χ φ χ φ ϕ

αβη η
ζ η φ η ζ η φ η

η η

ϕ η ζ φ ζ

−
= +

+ + −

+ − − −

+ +
+ −

+ − − ( ) ( ) ( ))1,1 ,2
ˆ ˆw hs s sφ ϕ−

 (4.12) 

Using relation (4.11), we notice that ( ),1 2,1
ˆ 0wφ η = . By isolating ( ),1ŵ sφ  in 

relation (4.12), the expected result is obtained.  
 Proof of relation (4.2) 

Using Equation (3.12), he follows: 
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( ) ( ) ( )
( ) ( )

( ) ( )

( )

( )

1,2

1,2

1,21,2

1,2 1,20 0

1,20 0

1,20
1,2

1,20
1,2

1,2
1,2

ˆ e d d

e e d d

1 e e d

1 e d

1 ˆ

u vsu

u vsu

s vv

sv

u

u

m s e v v u

v v u

v v
s

v v
s

s
s

η

η

ηη

η

η

η

− −−

−

∞

∞ −−

− +

−

∞

∞

= ϒ

= ϒ

= ϒ
+

= ϒ
+

= ϒ
+

∫ ∫

∫ ∫

∫

∫

 (4.13) 

 ( ) ( )
2,2 2,21,2 1,20

e d 0su
sT v u T Tη η

∞ − ϒ = ϒ∫  (4.14) 

 ( ) ( ) ( ) ( )
1,2

1,2 2,2 1,2
ˆe e d

1,2 2,2 1,2 2,20 0
1,2

1ˆ ˆe d
usu u s u u

s

η η ηη η
η

−− ϒ − +∞ ∞
= ϒ = ϒ

+∫ ∫  (4.15) 

 

( ) ( ) ( )
( ) ( )

( ) ( )

( )

( )

1,2

1,2

1,21,2

2,2 2,20 0

2,20 0

2,20
1,2

2,20
1,2

2,2
1,2

ˆ e e d d

e e d d

1 e e d

1 e d

1 ˆ

u vsu

u vsu

s

s

u

u

vv

v

m s v v u

v v u

v v
s

v v
s

s
s

η

η

ηη

η

η

η

− −−

−

∞

∞ −−

− +

−

∞

∞

= ϒ

= Υ

= ϒ
+

= ϒ
+

= ϒ
+

∫ ∫

∫ ∫

∫

∫

 (4.13) 

 ( ) ( )
2,2 2,22,2 2,20

e d 0su
sT v u T Tη η

∞ − ϒ = ϒ∫  (4.17) 

( ) ( ) ( ) ( )1,21,2
2,2 2,2 2,2 2,2 2,2 2,20 0

1,2

1ˆ ˆ ˆe e d e ds uusu u u
s

ηη η η η
η

−∞ +−− ∞
ϒ = ϒ = ϒ

+∫ ∫  (4.18) 

By relations (4.13) to (4.18), he follows: 

( ) ( )
( )( ) ( ) ( ) ( )

( ) ( ) ( )

2,2

2,2

2 1,2 2,2
,2 1,2 1,2 1,2 2,2

1,2 1,22 1,2 2,2

1,2 2,2
2,2 2,2 2,2 2,2

1,2 2,2 1,2 1,2

1 1 1ˆ ˆ ˆ0

1 1ˆ ˆ0

w s

s

s s T T
s s

s T T
s s

η

η

λ η η α
φ η

η ηδ λ η η

αβη η
η

η η η η

 −
= ϒ + ϒ − ϒ  + ++ +  

 
+ ϒ + ϒ − ϒ  + + + 

 

( ) ( )
( )( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1,2 1,2 2,2 1,2 1,2 2,22 1,2 2,2
,2

1,2 2,22 1,2 2,2

2,2 2,2 2,2 2,2 2,2 2,21,2 2,2

1,2 2,2 1,2 2,2

ˆ ˆ ˆ ˆ1ˆ

ˆ ˆ ˆ ˆ

w

s s
s

s s

s s
s s

η ηλ η η α
φ

η ηδ λ η η

η ηαβη η
η η η η

 ϒ − ϒ ϒ − ϒ−
 = −
 + −+ +  

 ϒ − ϒ ϒ − ϒ
 + −
 + + − 

 

 

( ) ( )
( )( )( ) ( ) ( )( )

( )( ) ( ) ( )( )

2 1,2 2,2
,2 1,2 2,2 1,2

2 1,2 2,2

1,2 2,2
1,2 2,2 2,2

1,2 2,2

1ˆ ˆ ˆ

ˆ ˆ

w s s
s s

s
s s

λ η η α
φ η

δ λ η η

αβη η
η

η η

−
= ϒ − ϒ

+ + −

+ ϒ − ϒ
+ −

 (4.19) 
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( ) ( )
( )( )( ) ( ) ( ) ( ) ( )(

( ) ( ) ( ) ( ) ( ) ( ))

( )( ) ( ) ( )( ( ) ( )

( ) ( ) ( )
1

2 1,2 2,2
,2 1,2 2,2 ,1 2,2 2,2 2,2 ,2 2,2

2 1,2 2,2

2,2 1,2 ,1 2,2 ,2

1,2 2,2
1,2 2,2 ,1 2,2 2,2 2,2 ,2 2,2

1,2 2,2

2,2 1,2 ,1 2,2

1ˆ ˆ ˆˆ ˆ

ˆ ˆˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ

ˆ ˆ ˆˆ

w w w

f w w f

w w

h w

s
s s

s s s s s

s s

s s

λ η η α
φ χ η φ η χ η φ η

δ λ η η

ϕ η χ φ χ φ ϕ

αβη η
ζ η φ η ζ η φ η

η η

ϕ η ζ φ ζ

−
= +

+ + −

+ − − −

+ +
+ −

+ − − ( ) ( ) ( ))1,2
ˆ ˆw hs s sφ ϕ−

(4.20) 

Using relation (4.19), we notice that ( ),2 2,2
ˆ 0wφ η = . By isolating ( ),2ŵ sφ  in 

relation (4.20), the expected result is obtained.  

4.2. The Laplace Transforms of the Functions ( )d i u,φ , i 1,2=  

Theorem 4.2. The Laplace transforms of the Gerber-Shiu functions  
( ), , 1,2d i u iφ =  verify the following relations: 

 
( ) ( ) ( )( ) ( )

( ) ( )( ) ( ) ( )( )
,1 1 2,1 2 2,1 ,2

1 2,1 2,1 ,2 2,1 2 2,1 2,1 ,2 2,1
1,1

ˆ ˆ ˆˆ

1ˆ ˆ ˆˆ

d d

d d

s s s s

s

φ ε χ ε ζ φ

ε χ η φ η ε ζ η φ η
η

+ +

= + +
+

 (4.21) 

 
( ) ( ) ( )( ) ( )

( ) ( )( ) ( ) ( )( )
,2 3 1,2 4 1,2 ,1

3 1,2 2,2 ,1 2,2 4 1,2 2,2 ,1 2,2
1,2

ˆ ˆ ˆˆ

1ˆ ˆ ˆˆ

d d

d d

s s s s

s

φ ε χ ε ζ φ

ε χ η φ η ε ζ η φ η
η

+ +

= + +
+

 (4.22) 

where: 
 2,1η  and 2,2η  are defined in relation (3.9); 
 ( ) ( )2,1 1,2;x xχ χ  are defined in relation (3.14); 
 ( ) ( )2,1 1,2;x xζ ζ  are defined in relation (3.16); 
 1ε  and 2ε ; 3ε  are 4ε  are respectively defined by relations (4.3) and 

(4.4); 
 Proof of relation (4.21). 

Using Equation (3.56), he follows: 

 

( ) ( ) ( )
( ) ( )

( ) ( )

( )

( )

1,1

1,1

1,11,1

1,1 1,10 0

1,10 0

1,10
1,1

1,10
1,1

1,1
1,1

ˆ e e d d

e e d d

1 e e d

1 e d

1 ˆ

u vsu

u vsu

s vv

sv

u

u

m s v v u

v v u

v v
s

v v
s

s
s

η

η

ηη

η

η

η

− −−

− −−

∞

− +

−

∞

∞

∞

= ϒ

= ϒ

= ϒ
+

= ϒ
+

= ϒ
+

∫ ∫

∫ ∫

∫

∫

 









 (4.23) 

 ( ) ( )
2,1 2,11,1 1,10

e d 0su
sT v u T Tη η

−∞
ϒ = ϒ∫    (4.24) 

 ( ) ( ) ( ) ( )1,11,1
1,1 2,1 1,1 2,1 1,1 2,10 0

1,1

1ˆ ˆ ˆe e d e ds uusu u u
s

ηη η η η
η

∞ +− ∞ −− ϒ = ϒ = ϒ
+∫ ∫    (4.25) 
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( ) ( ) ( )
( ) ( )

( ) ( )

( )

( )

1,1

1,1

1,11,1

2,1 2,10 0

2,10 0

2,10
1,1

2,10
1,1

2,1
1,1

e e d d

e e d d

1 e e d

1 e d

1

ˆ

ˆ

u vsu

u vsu

s vv

sv

u

u

s v v u

v v u

v v
s

v v
s

s

m

s

η

η

ηη

η

η

η

− −−

−

∞

∞ −

−∞

−

+

−∞

= ϒ

= ϒ

= ϒ
+

= ϒ
+

= ϒ
+

∫ ∫

∫ ∫

∫

∫

 









 (4.26) 

 ( ) ( )
2,1 2,12,1 2,10

e d 0su
sT v u T Tη η

−∞
ϒ = ϒ∫    (4.27) 

 ( ) ( ) ( ) ( )1,11,1
2,1 2,1 2,1 2,1 2,1 2,10 0

1,1

1ˆ ˆ ˆe e d e ds uvsu u u
s

ηη η η η
η

∞ +− ∞ −− ϒ = ϒ = ϒ
+∫ ∫    (4.28) 

By relations (4.23) to (4.28), we have:  

( ) ( )
( )( ) ( ) ( ) ( )

( ) ( ) ( )

2,1

2,1

1 1,1 2,1
,1 1,1 1,1 1,1 2,1

1,1 1,11 1,1 2,1

1,1 2,1
2,1 2,1 2,1 2,1

1,1 2,1 1,1 1,1 1,1

1 1 1ˆ ˆ ˆΥ 0

1 1 1ˆ ˆΥ 0

d s

s

s s T T
s s

s T T
s s s

η

η

λη η α
φ η

η ηδ λ η η

αβη η
η

η η η η η

 −
= ϒ + − ϒ  + ++ +  

 
+ ϒ + − ϒ +  + + + + 

  

  

 

( ) ( )
( )( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1,1 1,1 2,1 1,1 1,1 2,11 1,1 2,1
,1

1,1 2,11 1,1 2,1

2,1 2,1 2,1 2,1 2,1 2,11,1 2,1

1,1 2,1 1,1 2,1 1,1

ˆ ˆ ˆ ˆ1ˆ

ˆ ˆ ˆ ˆ 1

d

s s
s

s s

s s
s s s

η ηλη η α
φ

η ηδ λ η η

η ηαβη η
η η η η η

 ϒ − ϒ ϒ − ϒ−
 = −
 + −+ +  

 ϒ − ϒ ϒ − ϒ
 + − +
 + + − + 

   

   
 

 

( ) ( )
( )( )( ) ( ) ( )( )

( )( ) ( ) ( )( )

1 1,1 2,1
,1 1,1 2,1 1,1

1 1,1 2,1

1,1 2,1
2,1 2,1 2,1

1,11,1 2,1

1ˆ ˆ ˆ

1ˆ ˆ

d s s
s s

s
ss s

λη η α
φ η

δ λ η η

αβη η
η

ηη η

−
= ϒ − ϒ

+ + −

+ ϒ − ϒ +
++ −

 

 

 (4.29) 

 

( ) ( )
( )( )( ) ( ) ( )(

( ) ( ) ( ) ( ) ( ) ( ))

( )( ) ( ) ( )( ( ) ( )

( ) ( ) ( ) ( ))

1 1,1 2,1
,1 1,1 2,1 ,1 2,1

1 1,1 2,1

2,1 2,1 ,2 2,1 1,1 ,1 2,1 ,2

1,1 2,1
1,1 2,1 ,1 2,1 2,1 2,1 ,2 2,1

1,1 2,1

1,1 ,1 2,1 ,2
1,1

1ˆ ˆˆ

ˆ ˆ ˆˆ ˆ ˆ

ˆ ˆ ˆ ˆ

1ˆ ˆ ˆ ˆ

d d

d d d

d d

d d

s
s s

s s s s

s s

s s s s
s

λη η α
φ χ η φ η

δ λ η η

χ η φ η χ φ χ φ

αβη η
ζ η φ η ζ η φ η

η η

ζ φ ζ φ
η

−
=

+ + −

+ − −

+ +
+ −

− − +
+

 (4.30) 

Using relation (4.29), we notice that ( ),1 2,1
ˆ 0dφ η = . By isolating ( ),1d̂ sφ  in 

relation (4.30), the expected result is obtained.  
 Proof of the relation (4.22) 
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( ) ( ) ( )
( ) ( )

( ) ( )

( )

( )

1,2

1,2

1,21,2

1,2 1,20 0

1,20 0

1,20
1,2

1,20
1,2

1,2
1,2

ˆ e e d d

e e d d

1 e e d

1 e d

1 ˆ

u vsu

u vsu

s vv

sv

u

u

m s v v u

v v u

v v
s

v v
s

s
s

η

η

ηη

η

η

η

− −−

− −−

∞

− +

−

∞

∞

∞

= ϒ

= ϒ

= ϒ
+

= ϒ
+

= ϒ
+

∫ ∫

∫ ∫

∫

∫

 









 (4.31) 

 ( ) ( )
2,2 2,21,2 1,20

e d 0su
sT v u T Tη η

−∞
ϒ = ϒ∫    (4.32) 

 ( ) ( ) ( ) ( )1,21,2
1,2 2,2 1,2 2,2 1,2 2,20 0

1,2

1ˆ ˆ ˆe e d e ds uusu u u
s

ηη η η η
η

∞ +− ∞ −− ϒ = ϒ = ϒ
+∫ ∫    (4.33) 

 

( ) ( ) ( )
( ) ( )

( ) ( )

( )

( )

1,2

1,2

1,21,2

2,2 2,20 0

2,20 0

2,20
1,2

2,20
1,2

2,2
1,2

ˆ e e d d

e e d d

1 e e d

1 e d

1 ˆ

u vsu

u vsu

s vv

sv

u

u

m s v v u

v v u

v v
s

v v
s

s
s

η

η

ηη

η

η

η

− −−

− −−

∞

− +

−

∞

∞

∞

= ϒ

= ϒ

= ϒ
+

= ϒ
+

= ϒ
+

∫ ∫

∫ ∫

∫

∫

 









 (4.34) 

 ( ) ( )
2,2 2,22,2 2,20

e d 0su
sT v u T Tη η

−∞
ϒ = ϒ∫    (4.35) 

 ( ) ( ) ( ) ( )1,21,2
2,2 2,2 2,2 2,2 2,2 2,20 0

1,2

1ˆ ˆ ˆe e d e ds uusu u u
s

ηη η η η
η

∞ +− ∞ −− ϒ = ϒ = ϒ
+∫ ∫    (4.36) 

By relations (4.31) to (4.36) he follows:  

( ) ( )
( )( ) ( ) ( ) ( )

( ) ( ) ( )

2,2

2,2

2 1,2 2,2
,2 1,2 1,2 1,2 2,2

1,2 1,22 1,2 2,2

1,2 2,2
2,2 2,2 2,2 2,2

1,2 2,2 1,2 1,2 1,2

1 1 1ˆ ˆ ˆ0

1 1 1ˆ ˆ0

d s

s

s s T T
s s

s T T
s s s

η

η

λ η η α
φ η

η ηδ λ η η

αβη η
η

η η η η η

 −
= ϒ + ϒ − ϒ  + ++ +  

 
+ ϒ + ϒ − ϒ +  + + + + 

  

  

 

( ) ( )
( )( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1,2 1,2 2,2 1,2 1,2 2,22 1,2 2,2
,2

1,2 2,22 1,2 2,2

2,2 2,2 2,2 2,2 2,2 2,21,2 2,2

1,2 2,2 1,2 2,2 1,2

ˆ ˆ ˆ ˆ1ˆ

ˆ ˆ ˆ ˆ 1

d

s s
s

s s

s s
s s s

η ηλ η η α
φ

η ηδ λ η η

η ηαβη η
η η η η η

 ϒ − ϒ ϒ − ϒ−
 = −
 + −+ +  

 ϒ − ϒ ϒ − ϒ
 + − +
 + + − + 

   
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 (4.38) 

Using relation (4.37), we notice that ( ),2 2,2
ˆ 0dφ η = . By isolating ( ),2d̂ sφ  in 

relation (4.38), the expected result is obtained. 

5. Conclusion 

In this work, the integro-differential equations of Gerber-Shiu function and their 
Laplace transforms in a compound risk model perturbed by Brownian motion 
with variable premium and tail dependence via the Spearman copula are ob-
tained. Determining the ultimate ruins probabilities associated with this risk 
model remains a future investigation.  
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