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Abstract

This paper considers the compound Poisson risk model perturbed by Brow-
nian motion with variable premium and dependence between claims amounts
and inter-claim times via Spearman copula. It is assumed that the insurance
company’s portfolio is governed by two classes of policyholders. On the one
hand, the first class where the amount of claims is high, and on the other
hand, the second class where the amount of claims is low, this difference in
claim amounts has significant implications for the insurance company’s
pricing and risk management strategies. When policyholders are in the first
class, they pay an insurance premium of a constant amount ¢, and when
they are in the second class, the premium paid is a constant amount ¢, such
that ¢, >c,. The nature of claims (low or high) is measured via random thre-
sholds {@i =1 2,---} . The study in this work will focus on the determination

of the integro-differential equations satisfied by Gerber-Shiu functions and
their Laplace transforms in the risk model perturbed by Brownian motion
with variable premium and dependence between claims amounts and in-
ter-claim times via Spearman copula.
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1. Introduction

For a long time, risk modeling in actuarial science was based on the compound
Poisson risk model introduced by the Swedish actuary Filip Lundberg (1903)
and relayed by Harald Cramér (1930). This model in its original version is based
on the independence between the random variables involved in the risk model
(see for example [1]-[6]). However, in certain practical contexts, this assumption
is inadequate and too restrictive. For instance, in flood insurance, the occurrence
of multiple floods in a short period can lead to significant damages and claim
amounts due to the accumulation of water. In earthquake insurance, it is the
opposite, as in a high-risk area, the longer the time between two earthquakes, the
more significant the second earthquake due to the accumulation of energy. This
observation will prompt actuarial investigations in order to take this dependence
into account. Numerous research studies have considered a dependence between
claims amounts and inter-claim time via Farlie-Gumbel-Morgenstern copula
and have produced interesting results (see for example [7]-[16]). This copula al-
though commonly used in the literature, has certain limitations. It fails to model
tail dependencies because it has an upper and lower tail dependence coefficient
of zero. Based on this observation, authors will explore other copulas to express
tail dependencies. Many works based on Spearman copula have produced satis-
factory results on this subject (see for example [17]-[22]). In this work, this co-
pula is retained as a tool for the dependence structure.

The actuarial industry is increasingly confronted with multiple, complex and
varied situations. This has led many authors to incorporate a perturbation com-
ponent via Brownian motion into the risk model in order to better reflect the
growth pattern of insurance (see for example [23]-[31]).

In order to enable insurance companies to face the challenges raised above
and remain competitive in the insurance market, scholars have found that it’s
important to vary the premium according to the intensity of claims in the port-
folio. Thus, Zhong Li and Kristina P. Sendova studied the classical risk model
with variable premium and dependence between claims amounts and inter-claim
times via Farlie-Gumbel-Morgenstern copula and without a disturbance com-
ponent (see [32]). Ying Shen studied the same model by adding a disturbance
component through Brownian motion (see [33]). This work is intended to be a
continuation of the approach adopted by Ying Shen but taking into account the
tail dependence via the Spearman copula. In this approach, two states govern the
policyholders in the portfolio: the first class where the amount of claims is high,
and the second where the claim amounts accumulate slowly, which motivates
the use of the Spearman copula to capture tail dependencies. The premiums paid
by policyholders in a given class are homogeneous but different from one class
to another class and depend on random thresholds {@i,i =1,2,---}. It is as-
sumed that in the first class, the premium paid per unit of time is a constant de-
noted ¢, >0 and in the second, the premium paid per unit of time is a constant
denoted c,>0 and ¢, >c,.
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Denoting by U(t) the surplus process (with U(0)=u) and by C(t) the
premium collected by the insurer until time ¢ in the Compound Poisson per-
turbed by Brownian motion with variable premium and dependence between
claims amounts and inter-claim times via Spearman copula, the model follows

the following dynamic:

U (t)=u+C(t)=S(t)+oB(t)

! t (1.1)
—u+cf |y (o) 85 + ) li5(6)d5 =S () + oB(1)

where:

* U(t) is the surplus process (with U(0)=u the initial surplusand u>0);

. C(t) represents the premium collected by the insurer until time #and is a
piecewise premium with ¢;,i =12, the constant premium rate collected by
the insurer per unit of time for each class for claims;

. S(t)zzi'i(lt)xi is the aggregated loss process with a compound Poisson
distribution where:

* { N (t),t > 0} is the total number of recorded claims up to time £ following a
Poisson process (Note that S (t) =0 if N (t) =0);

*{X;,i=1} is a sequence of random variables representing the individual
claim amount with a common density function fand cumulative distribution
function Fassumed to follow an exponential distribution with parameter S and
mean (g

*It is assumed that the distribution of the waiting time until the next claim
depends on the amount of the previous claim via random threshold ©,,
i=12,---. It is also assumed that the sequence {@i =1 2,---} is a set of inde-
pendent identical distribution random thresholds with common cumulative dis-
tribution L(X), probability density I(x) and independent of the amount X,
of claims. J(t) represents two classes of policyholders so that if the amount of
claims X; is such that X;>®;, the policyholders are placed in the first class
and the waiting time V, until the next claim follows an exponential distribution
with parameter 4 >0 and probability density K, (t) = ﬂle_ﬂlt. If X;<0;, the
policyholders are placed in the second class and the waiting time V, until the
next claim follows an exponential distribution with parameter A, >0 and
probability density K, (t) = 1e " M#EA.

* B(t) isa standard Brownian motion independent with the aggregate claims
process S (t) and >0 is the diffusion volatility;

* 1, is an indicator function, which equals 1 if event A occurs and 0 other-
wise.

The structure of dependence between premium and the number of claims
mentioned in the risk model defined by the relation (1.1) was introduced by Al-
brecher and Boxman (2004) where the ultimate-survival probabilities are consi-
dered (voir [32]).

The purpose of this work is to determine the integro-differential equations sa-

tisfied by Gerber-Shiu function and their Laplace transform in the risk model
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defined by Equation (1.1). To achieve this, the rest of the article is organized as
follows: In Section 2, the preliminaries related to the risk model defined by Equ-
ation (1.1) will be presented. In Section 3, the integro-differential equations sa-
tisfied by the Gerber-Shiu function in the risk model defined by Equation (1.1),
are determined. Section 4 is devoted to the study of the Laplace transform for
Gerber-Shiu function of the risk model defined by the relation (1.1).

2. Preliminaries
2.1. Instant of Ruin and Ruin Probability

Let 7be the instant of ruin of the insurance company. 7'is defined by:

T =inf {t=0,U(t)<0} 2.1)

When the probability of ruin is always zero, by convention, we denote T =o0

and in this case,

U(t)=0 vt>0.
The probability of ruin other a finite time horizon ¢is defined by:
w(ut)=Pr[T [0,t],U(t)<0|U(0)=u] (2.2)
Similarly, the ultimate ruin probability is defined by:
w(u)=y(u%)=Pr[T<oo,U(t)<0|U(0)=u] (2.3)

2.2. Expected Discounted Penalty Function of Gerber-Shiu

The expected discounted penalty function of Gerber-Shiu, first appeared in the
work of Gerber and Shiu in 1998 (see [5]). Nowadays, this function is of signifi-
cant interest in research.

Its analysis remains a central question both in insurance and finance, as it is a
valuable tool not only for studying the probability of ruin but also calculating re-
tirement and reinsurance premiums, option pricing, and more. In the risk model
defined by the relation (1.1), this function is defined by:

¢ (u)= E[eﬂ.w(u (T ) ()1 (T <o) U (o)=u],i =12  (24)

where
e T, isthe instant of ruin defined by Equation (2.1);

i

e T, isthe instant just before ruin;

* Jisainterest force;

* The penalty function W(X, y) is a positive function of the surplus just be-

fore ruin, U (Ti’) and the deficit at ruin |U (T, )|,VX, y>0;

* |, isaindicator function, wich equal 1 if event A occurs and 0 otherwise.
Because of the perturbation term, the expected discounted penalty function of

the Gerber-Shiu is decomposed according to wether ruin is caused by claims or

oscillation, ze.

(u)=4,; (U)+ ¢y, (u),i=12 (2.5)
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Where:
* ¢,;(u) isthe Gerber-Shiu when ruin is caused by claims and is defined by:

s (u) = E[ & w(U (T7) U (T)])1 (T <00 (T)) <0)|U (0) =u |.i =1.2(2:6)
* ¢,,(u) isthe Gerber-Shiu when ruin is due to oscillation and is defined by:
o, (1) = E[ e w(U (1) Ju (T)])1 (T, <, (T,) =0)1U (0) =u]
#y, (u)=w(0,0)[ e 1(T, <o0,U (T,)=0)|U (0)=u],i=12 2.7)

with w(0,0)=1, where: T,,T,",6,1,,,U (Ti_),|U (T, )| and W(X,y) are defined
in the relation (2.4).

To guarantee that ruin will not be a certain event, the model must verify the

following solvency condition:

%P{X >¢9}+;2—2}P’{X <0} > u (2.8)

2.3. Dependence Structure
2.3.1. Copulas

Copulas introduced by Abe Sklar in 1998, are an innovative and relevant tool for
introducing dependence between multiples random variables. Given the mar-
ginal distribution functions of several random variables, copulas allow us to es-
tablish their joint distribution function. Nowadays, they are fundamental in
modeling multivariate distributions in finance, insurance and hydrology. Key
references on copulas theory include Joe [7] and Nelsen [13].

Definition 2.1. A bivariate copula C is a non-decreasing, right-continuous

function defined from [0,1]2 into [0,1] and satisfying the following proper-

ties:
1) lim, ,C(u,u,)=0? and lim, ,,C(u;,u,)=0 vu,u, €[0,1];
2) lim, ;C(u,u,)=u, and lim, ,C(u,u,)=u, Vvu,u,e[0,1];
2

3) V(u,u,)e[01] (v, V,)e [0,1]2 such that u, <v, and u, <v,, Cverifies
C(V;,V,)—C(Vy,U, )= C(uy,v, ) +C(uy,u,)>0.

Theorem 2.1. (Sklar’s theorem). Let two random variables U, and U, and
Ftheir joint distribution function with F, and F, their marginal. Then, there
exists a copula C defined from [0,1]2 into [0,1] such that forall u, and u,
in R, F(u,u,)=C(F(u).F,(y,))-

2.3.2. Tail Dependence Concept

The concept of tail dependence relates to the amount of dependence in the up-

per-right-quadrant tail or lower-left-quadrant tail of a bivariate distribution. It is

a concept that is relevant for the study of dependence between extreme value.
Definition 2.2. If C is a bivariate copula such that the limit:

C(u’u): im Mzﬂu exists, then C has an u

e 1y U1 1-u ’ Pper

tail dependence if 4, €(0,1] and has upper tail independence if 4, =0.

e lim
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C(u,u)

¢ lim  ——~=] exists, then Chasalower tail dependence if 4_e(0,1]
u—0 1 —-u

and has lower tail independence if 4 =0.
The real numbers 4; and A, are called tail dependence coefficients.
Remark 2.1.
* From a probabilistic point of view,
A :u“ﬂl]P(Uz >ulU, >u); A :uliﬁrcr)lIP)(U2 <ulU, <u).

* The Farlie-Gumbel-Morgenstern copula defined for all (u;,u,)e [0,1]2 by
Cram (Up, Uy ) =Uu, +6uu, (1-u,)(1-u,),
where 6e[-11] is a dependency parameter, has the tail dependence coeffi-

cients A4, =0 and A =0, hence its inability to measure tail dependencies.

2.3.3. Model of Dependence Based on Spearman Copula
In this article, the structure of dependence is ensured by the Spearman copula. 11
is defined for all (u,v) € [0,1]2 and o€ [0,1] as follow:

C,(u,v)=(1-)C, (u,v)+aCy (u,v) (2.9)

where: C, (u,v)=uv; C, (u,v)=min(u,v) and aisa dependency parameter.
The Spearman copula allows for the introduction of positive dependence as
well as tail dependencies in many situations. It is suitable for modelling depen-
dence on extreme values because A, = and 4, =«. It also includes inde-
pendence when o =0. Using Formula (2.9), the random vectors of claim

amounts and inter-claim times (X,V;) has the joint distribution function given
by
Frw (x1)=C, (F (x).F, (1))
=(1-a)C, (Fy (%).F, (1)) +aCy (Fe (%).F, (1))
Fev (xt)=(1-a)F; (xt)+aRy, (xt) (2.10)

where F,,F, are the marginal distributions of the random variables X and
V, , respectively.
The support of the copula C,, is D= {(u,v) IS [0,1]2 u= v} (see Nelsen [13]).

2
0 C;'\V'/ (u,v)=0 and on D, C,, (u,v) is the uniform distri-

on [01]\ D,

bution.

Since the dependence structure between the random variables Xand V,
(i=1,2) is described by the copula C,, , they are monotonic and there is almost
certainly an increasing function / such that X =1(V;) (see Nelsen [13], Page
27). The distribution function of Xis

Fy (x)=F, (17(x))
el-eP=1-eA" K
~417H(x)

se =g

N j;o e Pdx = J';O e A Mgy
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We deduce that:

I(t)="1t (2.11)

The joint distribution Fy (X,t) of the random vector (X,V;) is singular,
whose support is the set D'= {(x,t): Fy (x)=F, (t)} ={(xt):x=1(t)}. Its dis-
tribution is:

Gi(t)zI:M'i(l(t),'[)zl—efﬂ“'t on the set D’:{(X,t):x:%}.

2.3.4. Some Functions an Operators

Before moving on the next section, let’s introduce some functions and operators
that will be used in this work.

* The function ¢, (U) is defined by:

@, (u):.[:ca)(u,y—u)f(y)dy (2.12)
* The Laplace transform of a function fis defined by

f(s)=J';°e’Syf (y)dy,s>0 (2.13)

* The Dickson Hipp operator T,,r>0 and some of its properties are given
by:

T A ()= [0t (y)dy (2.19
T.£(0)=f(r),r>0 (2.15)

T f(x)—Trzf(x)

T.T,f(x)=T,T, f(x)=-" — (2.16)
T.T, f(0)=T.T, f(0) :M (2.16)
2

where 1,20, 1, #r.
Many properties on Dickson Hipp operator can be consulted in [34] [35] [36]
[37].

3. Integro-Differential Equations Satisfied by the
Gerber-Shiu Function ¢, ;(u) and ¢ ;(u), i=12

The main goal of this section is to show that the Gerber-Shiu function ¢, (u)
and ¢ ;(u),i=12 satisfy some integro-differential equation. To achieve that,
some notations and preliminaries are introduced.

3.1. Results and Preliminary

Let’s put:
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c W (t) =—Ct- GB(t),i =12 a Brownian motion starting from zero with drift
—¢, and variance o°;
. W, (t) =SUPoee W, (S) is the running supremum of W, (t);
e 7, =inf {t >0:W,(t)= u} is the first hitting time of the value U>0.
By Formula (2.0.2) of ([34], pp. 295), we have for 620,

E[e‘g’i]=e"’i” or ni:i+ E+—'; i=12. (3.1)

2 2 4
o o o

For 6 20, we define the following potential measure
R (u,dy,dx) = E[ e ™1 (W, (V) <u,W, (V) dy, X edx)], (3.2)

where:
* W(t),i=12 is a Brownian motion starting from zero with drift —¢; and
variance 0"2;
* Xis a random variable representing the amount of claim when a disaster oc-
curs.
* V,,i=12 is a random variable representing the inter-claim time of expo-
nential law with parameter A, ;
* 1, is an indicator function, which equals 1 if event A occurs and 0 other-
wise;
* uis the initial surplus with: u>0; x>0; y<u.
The potential measure 7 (u,dy,dx) plays an important role in analyzing the
Gerber-Shiu functions ¢,;(u) and ¢,;(u),i=12.
In order to determine the potential measure in relation (3.2), let’s first calcu-

late the following measure:
Uy, (u,dy)= ( ( )<uW( )edy) (3.3)

where:
* €, isarandom variable of exponential law with parameter ¢
e yis defined in relation (3.2), with u>0; y<u; i=12.
Lemma 3.1 ([34]). Assume that €, is independent of {Wi (t)} ,i=12. Then
the following variables W, (eq) and W, (eq)—Wi (eq) are independent and ex-

ponentially distributed with respective rates:

2
_:C_ 2_q+_ et v :_C_i2+ 2_(2]+C_i4 (3.4)
O' V O VO‘ o
For 0<y<u, i=12

U, (u,dy)= JXE[y,u)P[Wi (eq e dx,W, (e, )~ W, (e, )+ W, (e, ) € dy)}

_ VX —v2.i(x-y)
= IXE[y,u)VLie v, dxdy
Z’{q,i (u,dy) _ Vl,ivz,i (e—v1,i)’ _ e—(V1,i+V2,i)U+V2,iy )dy (3‘5)
Vi T Vs

For y<0, i=12,
Uy (u.dy) = Jxe[o,u)P[Vv‘ (e < ax.Wi (e )W (e, )+ W (e, ) < dy)}

- J'XE[QU)vlvie'vlvixvzyie'v“(X‘y)dxdy
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ViiVai i =\vitVveiu+vai
U, (udy)=—""2 (e”"y gl 2"y)dy (3.6)
Vii tVa
Relations (3.5) and (3.6) show that for U >0, the potential measure
U,;(u,dy) is absolutely continuous w.r.t Lebesgue measure.
From (3.5) and (3.6), we can obtain the following result:

Lemma 3.2: For 0<y<u, the measure F,(u,dy,dx) has a density given by

_ AM i, iy a(mitmiuen,iy
pi(Uly,X)_(ﬂi +5)(’71,i +772,i)(e ° )f(X) G2

For y <0, the measure R (u,b,dy,dx) has a density given by

ﬂ1’71i772i ( iy *(771'“72')”“72‘)’)
pi (U, y,x)= o g’ —g VEITRUTTEAIT f (X (3.8)
( ) (/11 +5)(’71,i +772,i) ( )
where.
C. 2(4+8) ¢ G 2(4+8) ¢
Mi=—5+ #"'_4; =7+ (—2)+_4 (3.9)
o o o o 1o} o

Proof. En conditioning on the value of V, , we have:
7 (u,dy,dx) = [ "&£, () fp (X)P(W, (t) <u,W, (t) e dy)dxdt
N e TP (W (1) <u W (t) e dy) f(x)dxdt

N e TP (W (1) <u, W (t) e dy) (x)dxdt
Pi(u,dy,dx):—}bl 5 (X)U,, 5 (u,dy)dx (3.10)

By combining this last relation with relations (3.5) and (3.6), the expected re-

sult is obtained.

3.2. Integro-Differential Equations Satisfied by the Functions

¢, (u), i=12

Theorem 3.1. The Gerber-Shiu functions ¢in (u),i =1,2 in the risk model
defined by relation (1.1) verify the following integro- diffferential equations.

A1, (1 - 0‘)

_ PR LAY
huall)= (5+ﬂi)(771,1+nz,l)(m“(u)”’hvlnvl(v) ¢ YM(”ZJ)) b
af Thala T
—_ T Y —e Y
* Ty + 711 (mzvl(u)+ My 21 (V) e 2,1(772,1))
ﬂqnlzﬂzz(l_a) EPIRTRS
Pu2 (u): — 7 (ml,Z(u)—i_qulel,z (V)_e " T, (’72,2 ))
(5;)‘2)(771‘2 +’72,2) (3.12)
(7 %Y ¥ —p U<
— b2 Tq Y,,(v)- " Y, (72,
" Thy T, (m' (U)+ 2z (V) ° ' (77’ ))
where
L(x)=P(x>0,); L(x)=P(x<®,) (3.13)

DOI: 10.4236/0js.2024.141001 9 Open Journal of Statistics


https://doi.org/10.4236/ojs.2024.141001

D. A.-K. Kafando et al.

20 (¥) = L) T (%); 222 (x) =L () T (x);

200 = 200 222(0) = 224() .
W(=e 5 n(me A 619
(X =R OL(X); €2u(X) = (R)E(3) 16

12 (X) =Ny (X)L(X); o2 (x)=h, (X)L(x)
Y1 (¥) =, (22 () s (Y =X)+ 220 () ho (Y= X)) X+ 0 () (3.17)
Vo0 (V)= (600 () s (Y= 3) + S0 () o (Y =) )dx+ 0, (y)  (3.18)
Yoo (¥) = (22 () s (Y =)+ 120 () (Y= X)) dx+ 0 () (3.19)
Yoo (¥) =[] (62 () s (Y =X)+ G0 (X) by (Y= X))dX + 0, (¥)  (3.20)

m,(u)=| e Y (v)dv; m,, (U )=[ e Y, (V)dv (321)

my, (u) =, e ™2, (v)dv; m,, (u)=[Te ™ Yy, (vidv  (3.22)

e Proof of relation (3.1)

By conditioning on the time and the amount of the first claim and taking into

account the fact that ruin may occur or not, he follows:

—oV
¢w,1 (U) = E|:e 1E|:¢W,l (U _Wl - Xl) I{Xl<u—W1,VV1<U,X1<@1} | (Vll Xl ):|:|

+ E[G_ME[%,z (U=W, - X,) |- i <0, %, <0 | \Z Xl)ﬂ
+ E[e‘é\’lE[w(u W X = (U)o | xl)ﬂ

_Lof;w "“IP[ )< u,W, ( t)edy]
j [P(x>0,) ¢, (u-y-%)+P(x<©,)d,, (u-y-x)]dF (xt)
+_|'IZOJ'HC e P (W, (t) <u,W,(t) edy)

(t
<7, w(u-y,x-(u-y))dR (xt)

=(l-a Lojy e P[W,(t) <u,W,(t)edy]

xJ'::_ [P(x>0, )¢W (u=y=X)+P(x<®,)d,, (u-y-x)]dF,(xt)

+af’ jy?w [W, (t) <u,W, (t) e dy]

><.|‘::_Oye’f"t [P(X > ®1)¢w,1(u -y-X)
+P(x<©,)d,,(u-y- x)]dFle(x,t)
+(l—a)'|':OI;:7we""‘IP’(VV1 (t)<u,w,(t)edy)

xj':iu_yw(u —y,x=(u=y))dF,, (xt)

o (3.23)
+ ajlzojyﬂe P (W, (t) <u,W, (t) e dy)
xJ':u_yw(u —y,x=(u=y))dRy,, (x.t)
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By setting:
.L Of e 'P[W, () <uW,(t)edy]
xj.:;O []P’(x >0,)¢,. (U—y—X)+P(x<0,)d,,(u-y- x)]dFm(x,t)
1= f:ojyu:me’b“P(VVl(t) <u,W, (t)edy)
XJ.Zu,yW(u —y,x—(u-y))dF, (x.t)
Iy, = Lioj::_w e "P[W, (t) <u,W,(t)edy]|
x.[:goy[]lh(x >0,)d, (U-y—X)+P(x<©,)d,,(u-y- x)]dFle(x,t)
Lo =_|‘:O'[yu:me"”IP( L (t)<u,W,(t)edy)
xj:;uiyw(u —y,x—(u-y))dr, ,(xt)
Relation (3.23) becomes:
¢w,1(u) = (1_0‘)< I, + |2,1)+ a(|3,l + |4,1) (3.24)

Let’s calculate 1, +1,,,

ot 1oy =4 jy“_fwe*‘}“l)‘m{w( ) <uW,(t)dy]

XI:QOV[P(X>®1)¢\N1( -y- )
+P(X<©,)d,, (u-y-x)]f(x)dxdt

+ Al [ e B (W (1) <u W (t) e dy)
X[, w(u=y,x=(u=y))f(x)dxt
=4[, TR (>0)g,, (u=y-x)
+P(x<O;)d,, (U-y-x) ]f X
X( [ e P (1) <uW (t) dy]dt)
i) 0, e yx(u=y) 1(x)

X( to:ooe_(ﬁﬁl)tp(vvl (t)<uW(t)e dy)dt)dx

I+ 1, = ﬁ(jy“_wj:_’oy(mx >0,) (U= y—x)
+P(x<O,)d,, (u—y—x))f(X)U,,,(udy)dx (3.25)
# L W=y X (U= ) (X)s (0l )
By relation (3.13), relation (3.25) becomes:
M(JMJ b0y
+L(X) o U=y~ X)) £ (%) Uy, (u, dy)dx (3.26)
I W= yx= (=) F (00U (udy )oK
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By relation (3.14), relation (3.26) becomes:

Iy +15,= 54_]1(_‘. ;w.[x 0 111 (U y- X)
+Zz,1( )¢w,2 (U - Y—X))U§+11_1(U,dy)dx (3.27)
+ .[::—OOJ.XOO:U—yW(u — Y. X _(u - y)) f (X)u5+/11,1(u1dy)dx

By lemma 3.2, relation (3.27) can be put in the form:

_ Attt S vy
= ey Wl (s 00 =y

+ X1 (X)¢w 2 (U -y- X))(eﬁh‘ly - 67(7]1'1+"2'1)u+n2’1y )dde
jy:imJ‘ }(11 ¢w1 U y X)"'zzl( )¢W,2(U—Y—X))
X (e'lz‘ly —e ('71,1“12,1)““72,1)' )dde
+ J‘::OJ‘::W)/W(U -y, X— (u - y))(e*’h,ly _ e*('h,ﬁnz,l)umz,ly ) f (X)dde

+j::7mj‘:iu7yW(U -V, X —(u — y))(e’h,ly _ e‘('h,1+772,1)u+'72,1)’) f (X)dydx)
(3.28)

Let’s calculate 1, and 1,;.
The distribution Fy,,(X,t) of the random vector (X,V;) is a comonotonic

distribution whose support is the set:
D, = {(x,t): Fe (X)=F, (t)} ={(xt):x=I(t)} = {(x,t) X = %t}
The distribution Fy,,(x,t) is G,(t)=F, '1(| (t),t) —1—e " on

D’={(x,t):x:%t}.

Let’s calculate g,
l5, :j:_ e [P(x>0,)d,,(U-y—X)+P(x<0,)4,,(u-y-x)]
It o.[ |: <UW( )EddeFM,l(X’t)

31 I;:—wIKl eiglp[v\_/l( <u, W e dy]

(3.29)
x[P(x>0,)d,,(u=y=x)+P(x<0,)d,, (u-y-x)]dG,(t)
where:
Klz{tel&l Osx—i t<u y}

s
Klz{teR+|Ost££(u—y)} (3.30)

A

By injecting relation (3.30) into relation (3.29), he follows:
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4y = 2’1_..5:700 J‘ﬁ(U-Y) e—(6+/11)tP|:VVl < u, W e dy]

x{}P’(x > @1)¢w’1(u— y—%tjﬂ?’(x <0,)d,, (u - y—%tﬂdt

_zijy [Ce P IW (1) < u Wy (1) e dy |

{P(x > @1)¢Wyl(u— y—%tjﬂ?’(x <0,)d,., (u - y—%tﬂ |

54_]1 y__w {P 1\ &) <UW (5+/11))€dy:|
y_

9
L

R
<€(5+4 7“

= 5_?_111 j:_wEHP(X >®1)¢Wvl(u_y_%j

€s X
+P(X<®l)¢w:2 {U—Y‘%J]I{Od) +4g) ﬁ(“*y)}
~ /'{1 u _ _/116(5%)
|3’1_5+21J'y_WE[[L(X)%,{U y 5 J

+E(X)¢wz U_y_ﬂiew%) I Us,, 1(u*dY)
' B {0<e(5+/11)—ﬂ(“ Y)} v

By lemma 3.2, relation (3.31) can be written:

u§+,11 1 (U dy)

(3.31)

ATa7p
(5 + j'1)(771,1 + 772,1)

x Iu (e may _ a~Unitm2a U+'721V)XE ) u—y— ﬂie(éwil)
y=0 w _ﬂ

31 =

+E(X)¢Wz u y- 2 BI ] y
0<e(5+/11)
+J'O:700(e7721y ~(ma+ma U+’721V)X [[ wl(u y— ile(;”l)]
( )¢W2[u y_ 6+/11 ]]I ] yJ
0<e(§+/11)
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- /11771’1772’1 u “may ~(ma+m21)utnagy
(5+21)(7711+7721)(Iy0(e ¢ )

f (c’>‘+21) (o+A)t L(x)¢w‘1[u—y—%tj

DOI: 10.4236/0js.2024.141001

+L(X)dh, (u -y —%H dtdy + jy:%(e”zv1y —e‘(”l-“"zvl)”“’zv”)
)i
Xf()g(u—y)(ngﬂi)e—(&ml)t {L(x)%{u y—%tj
+E(x)¢w2(u y—%ﬂdtdy]
_ Al ﬁ u( mmay  a(matmea)utmany
s g et
oy —p(5+4)x
x.[o e A [L ) (U—y—x)+L(x )(/ﬁwyz(u—y—x)]dxdy (3:32)
+ J‘O:iw (efiziy _ e—(’h,1+’72,1)U+’72,1y )
—-B(5+7)x
xj':_ye A [L(x)¢w,1(u—y—x)+E(x)qﬁw,z(u—y—x)]dxdyj
Let’s calculate 7;:
Ly, = Jﬁoj'yu?we‘&IP(VVl (t)<u,W,(t)edy)
xj:iuiyw(u—y,x—(u—y))dFM,l(x,t)
:jy“?w RAKle"“IE”[ N, (t) < u,W, (t) e dy
xw[u—y,%t—(u—y)jdGl(t)
Al L ) <o ()]
jrotoe)
xWlu—-y,—=t—(u-y)|dt
( gty
=4 ff, e BIW (1) <uW (t) e dy ]
jroto-)
wu-y,—=t—(u- | dt
" [ "p (u=y) [eLuy)
_ A v
L4z 5+ﬂ1_|.y}w [ [ 1(9(5+11))<U’W1(e(a+1)>€dyJ
XW[U Y, (6+4) (U Y)Jl{e( )Zﬁ(u y)}:|
O+ 2
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— A _ ﬂie(b‘wll)_ B q
la 5+ﬂ1J.y_wE{W(u Y B (U y)]I{e(ml)zﬂ(u—y)duﬁ%i(u’ y)

A
(3.33)
By lemma 3.2, relation (3.33) becomes:
_ A1 U emay | a(matmaa)utmaay
41 = o\€ e
(6+ ’11)(771,1 + 772,1) =
J'ﬂ §+/11 ~(o+4) w[u—y,ﬂ—(u—y)jdt
B
+ I (efluy _ e*('h,l*'lz,l)”“iz,ﬂ )
y=-0
jﬁ 5+ﬂ1 (ovA (u—y,ﬂ—(u—y)Jdt
B
I4,l = mﬁ Iu (efﬂlyly _ e_(ﬂl,1+’72,1)u+’72,1)’)
Mty A0
—-B(5+2)x
<[Te A wlu-y,x—(u-y))dx
o (u=-y.x=(u-y)) 631

+ J‘O (e'IZ,ly _e*(771,1+’12,1)u+772,1Y)
y=—0

-B(5+7)x

xf:iye A w(u-y,x—(u- y))de

Let’s calculate I, +1,;.
Using relations (3.28) and (3.34), we have:

|3,1 + I4,1 =

,331771,1772,1 [J': 0(e*771,1y _ e*('h;*’lza)““lziy)

Tha T,
—B(5+4)x

<e A (L0 (U= y =2+ LX) (u-y ) Joy

0 (14701 Ju+
+ (eﬂz;y —e (71,1 '72,1) '72,1)/)
y=—o

—B(5+2)x

X-[:fye A [L(x)gﬁwvl(u - y_X)+ E(X)qu‘z (u - y—X)]dXdyJ

i ﬂiﬁmﬂz; u (e”h,ly _ e*('h,l*'lz,l)“*ﬂzay )
That, {77

—ﬁ(§+ll))(
xJ':iye A w(u-y,x—(u-y))dx

+ J‘U (e"z*” _e*(’h,ﬁ’?zi)“*'lzﬂ)
y=-0

xJ':iye A w(u-y,x—(u- y))dx]
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_ ATl E(J'” (e*ﬂmy _e*(’l1.1+'72‘1)“+772,1Y)
Tty A4 Y70

><'[0Hh1 ) L(X) s (u—y—x)+L(X)4,, (u—y—x)]dxdy
0 may —( +'72,1)U+'72,1y
+J.y:’°c(e y € " ) (335)
X2 ([ L(X)hun (U= Yy =X)+ L(X)h, , (u—y—x) Jdxdly
4 ::O(e—my _ g (matmaa)usmaay )x Iu_y h (x)w(u=y,x—(u-y))dx
+ J‘::_w(enzay _ e*(’h1+z72,1)umz,1y)x J.:iy h1 (X)W(U —y, X —(U _ y))dx)

By Formulas (3.28) and (3.35) the function ¢,,(u) can be put in the form:

_ j'177117721 1 a
¢W1(U) (5"'21)(7711‘”721 (Iy OJ. le U - X)

+ 201 (X) b2 (U-Y - x))(e"’my — g (mamasemay )dydx
+ .[:—0 J.:O_u yW U Y, X— (u — y))(e”h‘ly _ e*(’h,ﬁ’lz.l)”*’lzly ) f (X)dde

Iy__wjx 0(7(11 ¢w1 U y- X)"‘Zzl( )¢w,z(u_y_x))

x (e'lziy —e ('71‘1+ 72‘1)“+ m21Y )dde

* .[Oz_w .[:O:u—yw(u —y,x=(u- y))(e"z*1y - ef('”‘””z‘l)wz‘ly) f (x)dydx)

N apnn,, J“ ey _ e’(’h,l*’h,l)u*'lz,ly
y=0

Thy T2
xJ':f by (X)[ L(X) s (u—y—x)+L(x )¢W2(u—y—x)}dxdy
+j::0(e my _ g ~(ma+m21) U+7721Y)><J‘u yhl U Y, X— (u—y))dxdy

4 I:;w(enz,ly _ e’(’?l,l*’lz,l)“*’lz,ly )
xJ':f by (X)[ L(X) s (u=y=X)+L(X)4,, (u—y—x)]dxdy
+ '[::7<)O(e’72'1y _g )y ) x f:iy h (x)w(u—y,x—(u- Y))dx)

s

(5 + j1)(771,1 +17,, )\ 0
X ‘[::—Oy ((7(1,1 (X)¢w,1 (U -y- X) + X1 (X)¢W,z (U -y- X)) dX + o (U - y))dy

+ j::%(e’lz.ﬂ _ e’('ll,l*’lzi)”*’lz‘l)')
xJ‘:;OV((}m (X) Bz (U=y=X)+ 251 (X) B, (U-y - X))dx+(pf (u- y))dy)

N aﬂ’71,1’72,1 ( u O(G’”l.ly _ e*(ﬁﬁ'lz;)“*"ziy)
Tyt \*Y
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<fo O[O0 =y =)+ D) (0 =y =) Jay
(e et o [ (xw(u - yox—(u-y) ey
<[y O[O0 =y )+ L) (0 -y - ) Jay

N J‘:?w(enz,ly _ g (marma)usnaay ) X J:iy h, (X)W(u —y,x=(u- y))dX)

S o L

X j:;oy((11,1(x)¢w,1(u -y- X) + Zz,l(x)¢w,z (u -y- X))dx + @5 (U - y))dy

i J‘O (enz,ly _e’('ll,lJr’iZ,l)u*’lz,ly)
y=—0

X j:;oy((ll,1(x)¢w,1(u -y- X) + Zz,l(x)¢w,2 (U —-y- X))dx + @5 (U - Y))dY)

+ apn . (f“ (e—rmy _ e’('ll,l*’lZ,l)“*ﬂZ,lY)
Tha t 1, y=0

% .[Oljiy((é/l,l(x)¢w,l(u -y- X) +&2 (X)¢W,2 (U -y- x))dX+ P (u B y))dy

0 - u
+I (e'luy —e (ma+m2.1) +'72,1y)
y=—0

(3.36)

x J.;iy((§1,1(x)¢w,1(u -y- X) + é’Z,l(X)¢w,2 (u -y- X))dX + Py (u B y))dy)

where {;,(X) and ¢,;(X) are defined in relation (3.16).
A change of variable V=U-Y, brings (3.36) into:

Attt (1- u —ma(u-v —TnAU=T2 1V
¢w,1(u)=(5+77ﬂ:)7(v’751+21)(fv_0(e aluv) _ gmmau=e, )

% J.xv:o((ll,l (%) Bz (V=X) + 222 (X) 2 (V= X))dx + s (V))dv

+ J‘” (eﬂz,l(“*") _e”h,lu’VZ,lV)
v=u

<[ 0 (v =20+ 222 (1) (v =) 4 0, ()i

+ 0‘,3771,1’72,1 (J‘“ (e—rym(u—v) _ e*’?l,1“*772,1v)
M+ 15y V0

x LVZU((Q;(XWW; (V=X)+&p1 (X) B2 (V—X))dx+ 3, (v))dv (3.37)
o7 e g
x I::u((§1,1 (X) Bz (V=X)+ &5 (X) 8,0 (V=) )dX + 3, (v))dv)

By relations (3.17) and (3.18), relation (3.37) can be put in the form:

11771’1772’1 (1_ (Z) u —ma(u-v —Mmau=122v
(5+ﬂ1)(nl,1+772'1)(f0(e " e )Yl,l(V)dv

+ .[00 (erlzvl(u—v) - e_m'lu_qz‘lv ) Yll (V)dv)

¢w,1 (U) =
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v=0

Thy T2 (3.38)
+ « (e'lz,l(U*V) — g a2 )Yz,l ( y) dV)

v=u

Relation (3.38) can be written:

At (1_ a) U —ma(u-v) ® J2(u-v)
Gos(U)= (5+/71)(771,1 +772,1)(J.0 e Yl,l(v)dv+_|'u e Y, (v)dv

- j: e MY (V) dv) + —fyﬁnﬁ?’]]j ( j: e'”lvl(“'V)szl (v)dv

+ J':c e"‘“”’V)YZ1 (v)dv— j: e MY, () dv)

ATt (1_ 0()
(6+ j1)(771,1 +7,

afmn iy
+¢(m2,l(u)+Trlz,1Y2,l (V)_e 71,1“Y2’1 (772'1))
771'1 + ’72,1

* Proof of relation (3.12):
G (0) =B € B s (=W, =X gy (V2]
+B[ € B[ (U-Wa = X0y (V2 X0) |
+]E[e"’VZE[W(u W Xy = (U)o (Ve xl)ﬂ
= j:o.[:;m e 'P[W, (t) <u,W, (t)edy]
xj:;oy[IP’(X >0,)d,, (U—y—X)+P(x<O,)d,, (u-y-x)]dr,(xt)
+ Lioj::_we""IP(VVz (t) <u,W, (t) e dy)
%[, w(u=y.x=(u-y))dF, (x1)
B (U)=(1=a)[ jy”;wefﬁp[vvz () <uW, (t) edy]
x j:oy[IP(x >0,)dy, (U—Y—X)+P(x<0,)@,, (u-y-x)]dF, , (x.t)
+ aJ‘:O J‘::%JP’[VVZ (t)<u,W, (t) edy]
X[ e [P(x>0,)@,, (u=y=X)+P(x<©,)¢,, (u-y-x)]dRy , (x1)
+(1—a)JZO.f::_w e P (W, (t) <u,W, (t) e dy)
xj;iyw(u —y,x=(u=y))dF, ,(x.t)
+af” jy”w e P (W, (t) <u,W, (t) e dy)
%[, W(u=y.x=(u=-y))dRy ,(xt)
By setting;
l,, = j:o J.:}we“S‘IP’[VVZ (t)<uW,(t)e dy]

x'fxuz_oy[]P(x >0,) ¢, (U—y—X)+P(x<0,)d,, (u-y—-x)]dF ,(xt)

Pus (u) = (ml,l (u ) + T;m Y, (V) —e ™ Ym (772,1 ))
)

(3.39)
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|2,2:j:0jy“:_me*b‘19>( (1) <u,W, (t)edy)
xf . wlu=yx=(u=y))dF ,(x1)
=[5 e B (1) <uW, (t) e dy]
xszo [P(x>0,)d,,(u-y-Xx)+P(x<0,)4,,(u-y-x)]dFR, ,(x1t)
l,, = f:oj::_we""ﬁ”( (1) <uW, (t) e dy)
<[, Wu=y.x=(u-y))dR, , (xt)
Relation (3.39) becomes:

Bz (W) =(1=a) (1, +1,,)+a(l;, +1,,) (3.40)

Let’s calculate 1, +1,,.

L, + 15, = A,ijoj“ e URIP[W, () <uW, (t) e dy|

%[ o [P(X> 01 (u-y =)

+P(x<0,)4,, (u—y—x)] f(x)dxdt

4. 0-[*703 A ( N, (1) <uW, (t) e dy)

x [, w(u—y.x—(u=-y)) f (x)dxdt
:ﬂq.[::—w.[:;oy[]}p(x>®l)¢w,1(u_y_x)+P(X<®1)¢sz(u_y_x):|f(x)
X(f:oe‘””?)tP[vVZ t) <u,W, ( edy]dt)dx

# 200 I w(u=yx=(u=y)) f(x)

x (Lioe_(MZ”P(VVz ()<uW,(t)e dy)dt)dx

= (L P00y )
+P(x<0,)d,,(u=y—X)) f (X)Us,,,, (u,dy)dx (3.41)
+I;:_m[:iu_yw(u —y.x=(u=y)) f (X)Us,, , (u,dy)dx)
By relation (3.13), relation (3.41) can be written:
l,+1,,= S+, (J.y_fwjh ( ¢w1( —y—x)
+L(x )¢W,2(u—y—x))f(x)L{5+ﬂz’2(u,dy)dx (3.42)
+I::,wjiu,yw(u —y.x=(u=y)) F () U, , (u,dy)dx)

By relation (3.14), relation (3.42) becomes:

l,+1

l,+1,,= 5+;?(J'y_mj‘ Z12 (X) By (U—y—x)
+Zzz( )¢w2(u y- X)) 5+7p.2 (U dy)dx (3.43)
+I;:—wjx:u—yw U - y,X—(u - y)) f (X)u5+/12~2 (U,dy)dX)
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By lemma 3.2, relation (3.43) can be put in the form:

Aot o152
(5+}“2 )(771,2 +772,2)

X(J.y o.[ le wl u y-— X)+Zzz( )¢ 2 (U—y—X))(e”’l’” —ei(ﬂl’zmz'z)umz’zy)dde
+_[ 7_mJ. (7(11 ¢w1 u y- X) T X2 ( )¢w,z (U -y- X))(enz.zy - e*('h,z*'lz,z)U“lz,zy )dydx (3.44)
J.y OJ-X oy U Y, X U y))( ~m2y _e*('71,z+'72,z)u+'72,zy) f (X)dde

+ J-:?OC J.:;kaw(u —-Y,X —(U _ y))(eﬂz,zy _e’(’h,zﬂiz,z)UH]z,zy) f (X)dydx)

Let’s calculate 1, and |I,,.

|1,2 + |2,2 =

The distribution R, ,(X,t) random vector (X,V,) is a comonotonic dis-

tribution whose support is the set:
D; ={(x.t): Fy (x) =R, (1)} ={(x.t):x=1(1)} :{(x,t):x :%t}.
The distribution F, ,(x,t) is G,(t)=F,, (| (t),t) —1_e on

D; :{(x,t):x:%t}.

Let’s calculate |5, .
I3, :I;_, e [P(x>0,)@,,(U-y—X)+P(x<0,)4,,(u-y-x)]

L Oj P[w )<u,W, (t)edy |dR, ,(xt)

sy = J:}JKZ e’““]P’[VV2 () <uW,(t)e dy}

(3.45)
x[P(x>0,),, (U-y-X)+P(x<0,)d,, (u-y-X)]dG,(t)
where:
K :{teR |0sx:ﬁtsu—y}
B
Kzz{te&mstsﬁ(u—y)} (3.46)
%
By injecting relation (3.46) into relation (3.45), he follows:
Afl [ e B[ (1) <uw, (1) e ]
x ]P’(x >0 )¢W1(u - y—&thP’(x <0,)d,, [u - y—ﬁtj dt
B ' B )]
_%I;J rRIPIW, (1) <u,W, (t) e dy]
2 znl
x _IP’(x >0,) . (u - y—;tjﬂ?’(x <0,)d,, [u - y—;t}_ I{Ostgﬁ(u—y)}dt
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5+,1,Z y-—w [ 2\&o+2) <UW((5+42))€dY}

[ X>® ¢W1( é+/12J
e§+/1
+IP(X < ®l)¢w,2 {u - y_%j] I{ogew 2 )<ﬁ(uy)}]
~ /12 " _ _ﬂ2e(5+/12)
_5+22J.__WE[[IP(X>®1)¢W,1£U y ﬂ J
+P(x<®l)¢W,2{U—y—MBI{
Ose(-

A qu B _/128(5%2)
|3,2 - 5_'_&2 J.y_ooEI:[L(X)¢W,1[U y ﬂ j

ﬂ"ZE(é-% )
| I{Oge(é 1)< —(u- y)} U§+/12'2( ' y)
+42 l

By lemma 3.2, relation (3.47) can be written:

(3.47)

+ E(x)qﬁw,z[u —y-

32 =

22’71,2772,2 J‘“ (e—m,zy _e*(fh,ﬁﬂz,z)u*ﬂz,ﬂ)
=0
(5"'/12)(771,2‘*‘772,2) Y

ﬂze(ﬁJrﬂQ) J
xE|| L Ju—y- )
[[ b [u s
#2851 J]
+L(x o | U=y ————— | dy
b ( B {Ose(awz)ﬁf(ufy)}
+ .[0:700 (e'lz,zy _ e’('h,z*'lz,z)uﬂlz,zy ) X E[( L(X)¢w,l (U -y _MJ

B
_ 22e(5+12)J
L 2 YT I d
+ (X)¢W, [u y ﬂ j {059(5442) Z.ﬁ(u y)}:| y}

_ /12771,2772,2 u “mpy  a-(matm2)utnay
_(5+/12)(7712+7722){Iy0(e ' ) )

o[ (54 2,) L<x>¢w,1[u-y_%tj

+L(X) 4, (U -y —ﬁ) dtdy + 'f:ﬂ(e"zvzy —e’(”l’z“’z'z)“*"z'zy)

oo fors )

+T(0)d, [u - y_ﬂ): dtdyj
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_ oMM B .[U (e—m,zy _e*('h.zﬂiz,z)“wazy)
Moty 4| 770

—ﬂ(5+/12
x_[; "o % [L(X) @1 (u=y=x)+L(X)d,, (u—y—x)]dxdy

+ J‘O (eﬂz,zy _ e*(’h,z“h,z)“*'lz,ﬂ)
y=—00

(3.48)

-B(5+27)x

x L“-Ye P I:L(X)¢Wyl(u —y=x)+L(x)d,,(u-y- x)]dxdy}
Let’s calculate |,,.
2= J.tjo'[::_we"’tP(VVZ (t)<u,W,(t)edy)
xfiu_yw(u -y, x—(u- y))dFM ,(x.1)
:.[::_J]R " e"“IP[VVZ( <uW,(t)e dy]
x w(u - y,%t —(u- y)jdG2 (1)

—ﬂzj,,wjlﬂuy O RIPIW, (t) <u,W, (t) e dy |

xw[u y— - ) |dt

6s)
_ﬂzL_wI o+t [z(t)<uW edy]
6,

xw[u—y, |

v L LI )<u,wz<ew)edﬂ

lze(o‘wz)
xWju-y,———————(u-y)|l
[ I ( ) {e((wz)zé(“’y)}

A qu 3 ﬂ'ze((smz)_ _
'4’2‘6+%IY'”EMU " < y)jl{%w

By lemma 3.2, relation (3.49) becomes:

22771,2772,2 ( u (e—nlyzy _ e‘('h,z“iz,z)““lz,z)’)
(5 +4 )(771,2 + 772,2) e

fﬂuy (5+2,)e" ) (u—y%—(U—y)jdt

+J' (e772,zy _ e*('71.2+772‘2)u+772,2y)
y=—0

(u-y)

Juswz 2 (U dY)

(3.49)

B
)

42 =

ijﬁz(u (5+2,)e ") (U—y,%—(u—y)jdtJ
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4,2

_ j‘2771,2772,2 ﬁ J'“ (efih,zy _ e*(ﬂl,z“iz,z)“*ﬂz,z)/)
Mo+, Ay | 70
—ﬂ(é‘+/12)x
xJ'He w(u—y,x—(u-y))dx

+I° (e'lz‘zy _e*('h,z*ﬂz,z)U*ﬂz,QY)
y=—0

(3.50)

—B(5+2)x

x'[:iye 2 w(u-y,x—(u- y))dx]

Let’s calculate I, +1,,.
Using relations (3.48) and (3.50), we have:

Bomi o1, [J‘y O(e—m‘zy _ e—(m,z+nz,z)U+vz,zy)

I, +1,, =
Tho + 1,

ﬂ(§+12
xjo Yo % [L )br(U—y—x)+L(x )¢Wyz(u—y—x)}dxdy

+ J'O (eﬂz,zy _ e*(’h.z*ﬂz.z)“*'lz,zy )
y=—00

—B(5+2)x

<J e (LX) (uy =)+ L(x)g (u- V—XﬂdX"yJ

-B(5+22)x

N Bty o1, J‘U (e*m‘zy _ e’(’?l,Z*UZ,Z)““YZ,zy) % J‘°° e R w(u —y,x _(u — Y)) dx
Mo+, |77 o

—B(S+42)x
+J‘° (efiz,zy _e—(ﬂl.2+'72.z)u+'72,2y ) XJ“’O e A
y=—0 u-y

w(u-y,x—(u- y))dx]

_ Aot oMa E(J‘“ (e—'h‘zy _e‘(’71,2+772,2)“+'72,zy)
Tho +1ho A\

<y (O[L (s (U =y =3)+ T (X)dhz (u =y = %) Joxy

+ J'::_m(eflz,zy _ef(,hvzmu)uwz,ﬂ)

<Jo 1 COLL(X) ha (4 =y =)+ L(X)gh, (u =y =) Jedy

. I::O(e—rn,zy o (matm2)uem, Zy) I h, (X)W(U -y, x=(u- y))dX
+ J':?w(e'lz‘zy _e’(’71,2+'72‘2)”“]2'2y) (X)W(u - Y. X —(U - y))dx)

By Formulas (3.44) and (3.51), the function ¢,,(U) can be put in the form:

(3.51)

_ j-2’7127722 1 a 3
¢WZ(U)_(5+12 (7712'”722)('[3/ OI (le ¢W1 -y X)

+ X2 (X)¢w,2 (U -y- X))(eﬂh‘zy — e_(m'zwz'z)uw“y )dydx
ol -y )

o0 1 (e () au-y-x)
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2 (X)8 (0= y =) 6 e 2

+ J.;:_w J.:;u_yw(u —y,X— (U _ y))(e’lz‘zy _ e*(ﬂz*'lzz)““lz,z)’) f (X)dde)

" aﬂ’h,z’?z,z (J‘“ (e*m,zy _ e*(’hz +'72‘2)”+'72,2y )
Tha + 772 2 \ V0

I [L (u—y-x)+L(x )¢Wy2(u—y—x)]dxdy
+Iy:0(e may _ g ('71,2+'72,2)u+'72,zy)XJ'LIiyhz (X)W(U —y, X—(U _ y))dxdy

+ J‘O (eﬂz,zy _e*('h,z “72,2)““72,2)/)

xj':fy h, (X)[ L(X)d,, (u—y—x)+L(x)d,, (u—y—x)]dxdy
+'[;:m(e”2*2y —e'("l*2+”2'2)“+"2*2y)x'[:iyhz (X)w(u-y,x—(u- y))dx)
oMo, (l—a) U cmay  a(matm2)utmy

(5+ﬂz)(771,2 +772,2)(Iy0(e ¢ )

X J-::_Oy((ll,z (X)¢w,1 (u -y- X)"‘Zz‘z (X)¢w,z (U -y- X))dx"'(”f (u - Y))dy

ey (e e e o [ (2 () (0 y =)

+ o0 (X) oo (U= y - X))dx"'(pf(“ y))dY)

4 05,3771,2772,2 (J‘ (e—m‘zy _ e*('h,z +'72,2)U+'72.2Y)
Ty + 1, \77°

_[ [L (u—y-x)+L(x )¢W,2(u—y—x)}dxdy
+ (e may _e ("m"“)”“’z’zy)x'[ufyhz(x)w(u—y,x—(u— y))dxdy

y=0

. (<>) 652

P2 (u) =

I [L (u—y—x)+L(x )¢,2(u—y—x)}dxdy
+jy=7m( e _g (mzmzz)wnz,zy)xhyhz(x)w(u—y,x—(u— y))dx)

By relation (3.16), relation (3.52) becomes:

YYD (1_0‘) U mmay o (maia utmy
(5+22)(771,2 +’72,2)('[y_0(e ° )

J‘:ioy((zlz( )¢w1(u_y_x)+lz,2(x)¢w,2 (U_y_x))dx+¢7f (U_Y))dy
+J':_ ( 2y _g(matnza U+'722Y)
_[ ((le ¢w1(u y- X)"‘Zzz( )¢w,2(u_y_x))dx+(ﬂf (U_y))dY)

aﬂﬂlznzz( e 2y _ '112+'lzz)u+'lzz}’)
Tho +1,,

Io ((41,2( )¢W’1(u_y_x)+§2‘2(x)¢wyz(u—y—X))dX+§0h2 (u—y))dy (3.53)

+ J'O (e'iz_zy _ e*(’il.z +’iz.z)”*’iz,zy )
y=-00

x J.ou*y((gl,z (X)¢w,1 (U —-y- X)+ Ca2 (X)¢w,2 (u —y- X))dx+ Pr, (u - y))dy)

P2 (u) =
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A change of variable V=U-Y, brings relation (3.53) into

_ 212122 (1—0.’) U (a7 (u-v) = pu-mp v
¢W2(U)_ (5"'12)(771,2 ""772,2)('[\/0(e ° )

XI::o ((;(1,2 (X) s (V=X) + 255 (X) 2 (V= X)) dx + 0, (v))dv

n *© (eﬂz,z(U—V) _ e—’h,zu-ﬂz,zv)
v=u

% ,[xvzo((ll,z (%) ua (V=X)+ 22 (X) (V= X))dx + ¢ (V))dv)

+ apn ., (J‘“ (e—m,z(u-v) _ e"h,zU—'iz,zV)
Tho T, \7Y 0

xJ'XVO( G2 (X) By (V=X)+ &5 (X) by (V= X)) dX + g3, (v))dv (3.54)
+J'v°°u( 'Izz(U v) _ghav- 7722V)
< (62 (0 (V=30 G (R (v X))+ 3, (v)) i)
By Formulas (3.19) and (3.20), relation (3.54) becomes:
_ iz’71,z’72,2(1_0‘) U maUv) _ g mai-mav )y d
¢W'2(U) (5+j2)(7712+7722)('[0(e ° ) 1'2(\/) !
7122 u-v) _ *’hz”*??z‘zV le v)dv
+H ) 2(Y) ) (3.55)

N P, ( “(e-m,z(u-") _ e"’l‘zu‘”z‘z")szz (V)dV
Thy T,

+J' ( '722 (u-v) e*m‘zufﬂz‘zV)szz (V)dV)

Relation (3.55) can be in the form:

Ao, (l—a) U 2 (u-v)
¢w,2(u)_(5_{_/12)(77124_772,2)( oe Y‘1,2(V)dV

N J-uao EWZ’Z(U_V)Y]_YZ (V)dV _ J’:e-'?l,zu—ﬂz,zVYlyz (V)dV

Tho + 75,
+[7 ey (v)dv—[Te Y (v)dv
- 2,2 0 2.2
2277127722(1_“) TR,
el T Y, .
1) (5+lz)(771,2 +772,z>(m1'2( )+ " ) 1'2(7722))
a _ ~
JFM(mzyz(u)JrTmYzy2 (v)—e™"Y,, (7722))
Thy T,

3.3. Integro-Differential Equations Satisfied by the Function

¢i(u), i=12

Theorem 3.2. The Gerber-Shiu function ¢,;(u),i=12 verifies the following
integro-differential equations:
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ﬂ177117721(1_0‘) — U Tk
@, (U)= - myy (U)+T, Yii(v)—e "7 X7 (7,
o) G ) ) T T )
Q, —1 U ek —p 1U
+M(mgl(u)+T,mY;l(v)—e 3 Yz,l(ﬂz,l))+e &
Thy+ 1051 ’
/1177117721(1_0‘) N N TR
By, (U)= Sl m; +T721Y YT, (7,
) G e T T )
Q —1 Uk —1p oU
+M(m;2(u)+TnZlY;2 (v)—e ™ YZ‘Z(nM))+e "1*
Thy+ 1, '
where:
. L(X) and E(X) are defined in relation (3.13);
. Z1,1(X);Zz,1(x);7(1,2 (X);Zz,z (X) are defined in relation (3.14);
* h(x) and h,(x) are defined in relation (3.15);
* ((%);651(%);¢,(x) and &,,(X) are defined in relation (3.16).
Yl*,l(y):J.Oy(/’tll,l(x)¢d,1(y_X)+/’t/2,l(x)¢d,2(y_x))dx (3.58)

()= (6000 (y=X)+ Cn (i (y-X))k  (359)
(0 =], (e () (Y =20+ 22 (o (y-X))ox — (3.60)
(0 =] (G (0 (Y =)+ G (o (y=2))d (3.6D)

)=[ ey (v)dv; my (u)=[ e MU (v)dv (3.62)

m, (u)=[ e ™, (v)dvs my, (u)=[ e ™0, (V)dv - (3.63)

Proof of relation (3.56)
By a similar approach as in subsection (3.2), and by contioning on whether or

not ruin occurs due to oscillation before the first claim, he follows:

¢d,i (u) = E[ei(m E[¢d,1 (u —W; - Xl) I{><1<u7wi Wi <u, X, >0} | (Vi J Xl)ﬂ

+E[eib\/i E[¢d,2 (u -W; - Xl) I{x1<ufwi Wi <u, X1 <@y | | (Vi Xy ):|j| :
+E[e (5, <V,)] i=12
where 7, =inf{t>0:W,(t)=u} is the first instant when the process W (t)
reaches value u.

The random variable V; and the processes W,(t),i=12 being indepen-

dent, he follows:

Ble 1 (7 <) | =B(Be ™1 (7 <) W, (1))

- (e’“”’l’“ ) (3.64)
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Ble 1 (7, <V) = B(Be 1 (7 <V2) Wi (1))
. (e‘(MZ)” ) (3.65)

— u
_ gt

where 7,,;7,, are defined in relation (3.9).

So
¢d1 -[t O.‘-y:—ooj.u ' 7é[P[W1(t)<U,W1(t)edy]
x[P(x>0,)d, (u-y-x)
+P(X<O;) gy, (u—y—x)]dF (x,t)+e ™"
doa(V)=(1-a) Oj}w P, (1) <u,W, (t) edy]

XLZ[ (x> ©,) gy (u=y=X)+P(x<0,)dy , (u=y-x)JdF, (x1)
vaf [0 B[ (t)<uw,(t)cdy]
x [ e M [P(x>0,)dy, (u-y-x)
+P(X<O)dy, (u=y—x)]dRy,, (xt)+e ™"
(3.66)

By the similar approach as in subsection (3.2), we have:

/11 11'72,1 1- u —ma(u-v —mau=m,1V
¢“(”)=<5+ﬂﬂ:)7(n51+21)(f“°(e e

o (220 ()2 (v =)+ 223 (X) o (v =)

+ “ (eﬂz,l(U—") _e-’h,1U—’72,1V)

v=u

X J.::o((llyl(x)% 1 (V - X) + X2 (X)¢d,z (V - X))dX)dV)

4 afm i, (J‘” O(ef'h‘l(uf") _ eq’l'1uwz'1v)
My + 10 VY

% I::o((§1,1(x)¢d,1 (V=X)+ &0 (%) 2 (V- x))dx)dv (3.67)

+ * (eﬂz,l(uf") _e*'71,1U*772,1V)
v=u

X J-::u((é/l,l (X)¢d,1 (V - X) + 42,1 (X)¢d'2 (V - X))dX)dV) 4o

By Formulas (3.58) and (3.59), relation (3.67) becomes:

ATl (1_ 0()
(5+ﬂ'1)<7711 1751

+J' gl VY* v)dv - .[ e’”ll“”’zvleil(v)dv)

i, (u)= )(J: e ™Y (v)dv

(3.68)
aﬂ77117721( U g ma(u- V)Y* ( )dV
Thit+1,

+_[ gl VY*l(v dv— j e MYy (v )dv)+e”71'1u
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Al (1_ 0{)
(5 +4 )(771,1 +77,

aﬂﬂ 77 * * —1 Uk —1qU
272 (mzyl(u)+TmY2vl(v)—e ' Yz,l(flz,l))"‘e 3
Thy + 10, '

g ()= )(m L(U)+T,, Y5y (v)—e 28 ()

* Proof of relation (3.57):
B ( .[t ij_iwj. _&P[VVZ (t)<u,W, (t)edy]
I:P X>®1)¢d,1(u_y_x)
+P(X<®1)¢d,2(u—y—x)]sz(x,t)+e”’1-2“
b2 (u)=(L-a)[ " [ e "B[W,(t)<uW,(t)edy]
XJ:QOY[P(X>®1)¢M(U —yY=X)+P(x<O,)d,(u- y—x)]dFI’z(x,t)
+aj':oj':}wIP>[VV2( )<uW, (t)edy]|
X.[::_oyeim[lp(x>®1)¢d,1(u_y—X)
+]P’(x<(6)1)¢d,2(u—y—x)JdFMvz(Xlt)Jre—m,zu

(3.69)
By a similar approach as in subsection (3.2), he follows:
_ A4, (1_ 0‘) U amma(u-v) [ —mau-ma v
¢dZ(U)_(5+ﬂi)(771,1+772,1)('[vO(e ) )
x Izzo((751,1 (X) s (V=X)+ 25, (X) s, (V- x))dx)dv
n \Zu (eflz‘l(U*V) _ gty )
x .[::0((;(1'1 (X) s, (V=X)+ 25, (X) s, (V— x))dx)dv)
APMAToa (¢ [ —ma(u—v UV
o U
x I: 0((411 X) g1 (V=X)+ &y (X) s 2 (V- X))dx)dv (3.70)
+J'V u(eflu u-v) g - '721V)
j ((g’ll Vo1 (V=X)+&,, (X )¢dvz(v—x))dX)dv)+e-m,zu
By Formulas (3.60) and (3.61), relation (3.70) becomes:
1'177117721(1 0‘) 1 (U=V) Nk
) = e VYT, (v)dv
dYZ( ) (5+/11)(7711+7721)(J‘ ( )
g “’V)Yf v)dv—[e Y (v)dv
e - )

104 - u-v *
e 1t (g
Thy+ 102,

+I ey (v)dv - _[:e”h'l”"’zvle;J (v)dv) +e
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Ay (1_ a )
(5 + A'l)(ﬁm +1,1

apmim. (. N U —_
S T Y, —e ™Y 2
+ Tha + Tl (mz,Z( )+ 21 ( ) e 2,2 (’72,1))"‘e

by (U) = (M () + T, Y2 (V) - T3, (7))
)

4. Laplace Transfors of the Functions ¢, ; (u) and ¢ ;(u),
i=1,2

4.1. Laplace Transfors of the Functions ¢, (u), i=1,2

Theorem 4.1. The Laplace transforms of the Gerber- Shiu functions
$,i(U),i=1,2 verily the following relations:

s (3)+ (8201 (5)+ €23 (5)) 2 (5)

= &1 ( 201 (72) Bz (120) + B¢ (12) ~ 81 (5)) (4.1)
+83($o1 (122) B (122) + B, (m2) — 84, (5))

Gz (5)+ (82702 (5)+ €612 () s (5)

= 23212 (122) Bus (122) + 1 (122) 64 (5)) (4.2)
+64(Go (722 (122) + @y, (1m2) = 3, (5))

where:

* 1, and 1,, aredefined in relation (3.9);

* 221 (X);x1,(X) are defined in relation (3.14);

* h(x) and h,(X) are defined in relation (3.15);
* $,1(X);¢1,(X)  are defined in relation (3.16):

217711’721(1—05) 0(,377117]21
1= - - ) 2 = - - (43)
- (5"'/11)(54‘771,1)(5_772,1) - (S+771,1)(5_772,1)

o210, (l—a) C = apn Ny (4.4)

83:(5+ﬂ’2)(s+’71,2)(3_772,2), ) (S+’71,z)(5_772,2)

* Proof of relation (4.1)
Using Equation (3.11), he follows:

hy, (s)=] e ju e ™™y, (v)dvdu

_I J’ e e ™y, (v)dvdu

1 mav ~(s+ma v (4.5)
= e'e Y,,(v)dv
S+7711'[ M( )
1 1 =
= ey dv= Y
S+77 '[ ll(V) ' S+, M(S)
j €T, Yy, (V)du=T.T, ¥, (0) (4.6)

J-: eisue_m'lvi‘l,l (772,1 ) du= Y‘1,1 (772,1)_'-;O e—(swm)udu = S%Yl'l (772,1) (4.7)
Tha
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M, (s)=["e™ [ e ™y, (v)dvdu

_Ij e e ™Y, (v)dvdu

= s+17711J. gni'g (-l Y,,(v)dv (4.8)
:s+17711I ¢ (V)
:s+—lr7m?2'1(s)

[ e™T, Yo (v)du=T.T, Y,,(0) (4.9)

1

s+—,714?2,1 (121) (4.10)

J':e’sue”’l'lvfzyl(nzyl)du = ?zyl(nzyl).[:e’(“”l-l)”du -

By Formulas (4.5) to (4.10) he follows:

dou()= 1) ( L EL(5)+ 1T, T (0) - ;mm,l)]

(5+A1)(’71,1+772,1) S+, >l S+,
048771,1772,1 1 = 1 =
" Tha T 1724 (S'Hh,l Yaals )+TST"21Y 1(0)- S+, YM(UM)]
n _ 21771,1772,1 (1_ a) Y‘1,1(5)_ Y‘1,1(772,1) 3 Y‘1,1(5) - ?1,1 (772,1)
¢w,1(s)_
(5+Z1)(’71,1 +772,1) S+, S—=1y
+a,3771,1772,1 Y‘2,1(5')_?2,1(772,1) 21( ) 21(7721)
Thy T2 S+, S—1,
" ﬂlﬂ117721(1_0‘) : :
Gua(s)= — Yy (770) = Yia (S
s nlon WO T
Pty : z ‘
. YZl 2,1 _YZI S
+(S+771,1)(5_772,1)( Y (77‘ ) ‘ ( ))
Relation (4.11) can be put in the form:
&Wl(s): 11771,1772,1(1_05) (111(7721)¢ (7721)+7521(7721)¢ (7721)
Y (5+Al)(s+771,1)(s_772,1) '
+ (772,1)_)21,1(5)&%1(5)_)22,1(3)&%2(S)_(‘A’f (5)) 4.12)

afn i, p n p 2
+ W<§M (772,1)¢w,1 (772,1) +Co1 (772,1)¢w,2 (772,1)

+ (/A7h1 (772,1) - 4?1,1(5)&%1(5) - 52,1(5)5\01,2 (5) - é’m (S))

Using relation (4.11), we notice that ¢?W’1(77211)=0. By isolating (I;w,l(s) in
relation (4.12), the expected result is obtained.
* Proof of relation (4.2)

Using Equation (3.12), he follows:
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My, (s)= J'Ow g™ fou e ™2y, (v)dvdu
- I: I: e e )y, (v)dvdu

s +1771_2 j: em‘zve_(SWZ)le,z (v)dv (4.13)
=3 +l’71,z L:O e, (v)dv
= )

[Ce™T, X, (vV)du=TT, Y,,(0) (4.14)

J‘ooefsueim'zuflvz(iyzvz )d

, —le 7722 j g (malgy =

Yy, (772,2) (4.15)

M, , ()= j: g j: e ™2y, (v)dvdu

= [ [ee™ Y, , (v)dvdu

:s+17712-[ R (LY (4.13)
e
=;$;tA9
Jo € T Yaa (VAU =TT, 2, (0) (4.17)
Jy & e T (2 )= oo () € du=$?zvz(n2,z) (4.18)

By relations (4.13) to (4.18), he follows:

n 1277127722(1_0‘) 1 =
S)= - Y,,(s)+T.T Y, (0)—
¢w,2( ) (5+/12)(771‘2+772'2) S+, 1,2( )+ s'naa 12( ) S+, 12(772,2)
apn . 1 = 1 -
+ s Y, +TST22Y 0 Y,,(7m,
Pal A5, <>S+m22x2»J
(/; (S): Aelhallaz (1—a) 12( ) 12(7722) Y‘1,2(3)_%1,2 (772,2)
" (5"'/12)(771,2 +772,2) S+, S=1,,
+ PN, Y‘2,2 (S) - Y‘2,2 (772,2) _ Y.2,2 (S)_%z,z (772,2)
Tho 1, S+1, S—=1,,

2 (s)= AT o105, (1_0‘) " ¥ (s
o) o mafo a2 ) Tal)

(5 +0:7i77)1’(2;7i27722 ) (Yl,z (’72,2 ) B ?2*2 (S))

(4.19)
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12’71,2772,2 (1—05) . ~ s i
((5+/12)(S+771'2)(s_nzvz)(?(1,2(772,2)¢w,1(772,2) )(2,2(772,2)%,2(772,2)

+ éf (772,2 ) - 721,2 (5)¢?w,1(5) _722,2 (S)&w,z (5) - éf (5))

afn 1., p In p n
(S T, )(S . ) ((1,2 (772,2 )¢w,1 (’72,2 ) +C (772,2 )¢w,2 (772,2 )

+ é}hl (772,2)_ 421,2 (S)é\w,l(s) - 4:2,2 (S)&w,z (S) - (ﬁhl (S))

¢?w,2 (s)=

+

(4.20)

Using relation (4.19), we notice that ¢?W‘2 (7]2'2)=0. By isolating 9’3\”,2(3) in
relation (4.20), the expected result is obtained.

4.2. The Laplace Transforms of the Functions ¢ (u), i=1,2

Theorem 4.2, The Laplace transforms of the Gerber-Shiu functions
¢y:(u),i=1,2 verify the following relations:

¢?d,1(5)+ (51722,1(5) + ‘92422,1(5))43(1,2 (s)

) ) ) ) (4.21)
=& (7(2,1 (772,1)¢d,2 (772,1)) +& (52,1 (772,1)¢d,2 (772,1)) + s +1771,1
&dz +( +54§12( ))&d,l(s)

R “ (4.22)
=& (7(12(77 ) (7722))+54 ({;1,2 (772,2)¢d,1(772,2))+ S+1771,2

where:
* 1,, and n,, aredefined in relation (3.9);
* 21 (X);x,(X) are defined in relation (3.14);
* (,.(X);¢,,(X) are defined in relation (3.16);
* & and &,; & are g, are respectively defined by relations (4.3) and
(4.4);
* Proof of relation (4.21).
Using Equation (3.56), he follows:

iy (s)=["e ™ [ e ™y, (v)dvdu

—f f e e ™7, (v)dvdu

1 je”lvlve‘(s“’lvl) Y1, (v)dv (4.23)

S+, 70

1

= I _SVYII (V)

S+,

1 -
= Y*
S+, - (S)

[Fe™T, X1y (v)du=T,T, Y, (0) (4.24)

S M

[Tee™ Yy (0 )du =5, (m0) [ g (= mligy = iy (m,1) (4.25)

S+,
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My, (s)=[Ce ™ [T 3, (v)dvdu

_J' J' ee ™y (v)dvdu

‘rl,,uf e Iy, (v)dv (4.26)
:s+1;711.[ &5, (v)dv
:rl,mh,l(s)

Jo T Xoa(v)du =TT, X3,(0) (4.27)

_[: e_sueim'lv?;,l(nz,l)du = Y‘;,l(nz,l)f;ei(ﬂm)udu = Y‘;,1(772,1) (4.28)

S 11

By relations (4.23) to (4.28), we have:

" _ AT, (1_05) 1 =, ) ~ -
()~ (o, v (0T )
aﬂ’?l,lnz,l 1 = B " 1
T Thy + 772, (S"_’]l,l K ( )+TST”21Y21(0) Tha YM(UM)J S+,
p (s)= Aty (1- @) Yil(s)_?ﬁl(ﬂz,l)_Yfl(s)‘?l*,l(ﬂz,l)
" (5+ﬂ1)(771,1 +772,1) S+, S=1,,
+aﬁ771,1772,1 Y;,l(s)_Y;,l (772,1)_?2,1(5)_?;,1 (772,1) + 1
Thy + 124 S+, S—=15. S+,
j17711772,1(1_05) Sk S
¢d l( ) (5+j1)(s+771y1)(s_nz’l)(YLl(TIZJ) Yl,l(s)) ( )
4.29
affmi,, Sk S
" (S+771,1)(S —Uz,l)(rz’l (’72'1) YM(S))-F S+,
ﬂ177117721(1 0!) ~ ~
¢d1( ) (54_%)(5_’_7711)(5 7721)(7(1,1(772,1)¢d,1(772,1)
+722,1 (772,1)¢d,2 (772,1)_721,1(S)(;d,l(s)_fz,l (S)&d,z (S))
(4.30)

afnn,, > 2 > 2
m(&; (772,1)¢d 1 (772,1> +¢o1 (772,1)¢d,2 (’72,1)

- 421,1 (S)&d,l (S)_é’;Z,l (S)&d,Z (S))+

1
S+,

Using relation (4.29), we notice that q;d,l(nzyl)zo. By isolating ggdvl(s) in
relation (4.30), the expected result is obtained.
* Proof of the relation (4.22)
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My, (s)= J'we‘s“ .[u e ™2y, (v)dvdu
= [7[ e ey, (v)dvdu

l MoV —(S+ *
= [ e malys (v)dv (4.31)

S+,
1

— *© -y d
5+ﬂlzjoe LZ(V) '

= 12()

S+,

2,2 S22

[ e™T, Y, (v)du=T.T, Y, (0) (4.32)

1

S+, i, (1,2 (433)

[y e ™ T, (o )du = T, (1) [ e 2 u -

iy, (s) = j ’S“.[ue”’““VY;z()dvdu

Lo,
- s+177 .f gnatg (+me)! Y5, (v)dv (4.34)
1,2
1

— 7SVY* d
5+’712I 22( ) '

1 =,
= Y;,(s)

S+,

S 12,2

[Fe™T, Y5, (v)du=T,T, ¥;,(0) (4.35)

?2,2 (772,2) (4.36)

.[: efsuef'h'zui‘;,z (772,2 )du = Y‘;2 (77212 )J.: ei(SW‘Z)Udu - S+,

By relations (4.31) to (4.36) he follows:

¢?dz( s)= ol flsa (1) ( 1 ?1*2( )+TST,]22Y* (0)- ! Yfz(’]zz)j

(5+ﬂ2)(7712+7722) S+, S+,
aﬂan']ZZ 1 ok * 1 Jrx 1
+ = Y +T,T, Y5,(0 Y;,(n +
Tha T 175 (S+771,2 2’2( ) s ( ) S+, 22( 22)] S+,
¢? (S): /12771,2772,2(1_05) Y;Z(S)_%IZ(UZ,Z)_YIZ(S)_YIZ(UZ,Z)
o (54‘12)(’71,2 +’72,2) S+, S—1,,
+aﬁ’71,z772,z Y‘;2(5)_%;,2(772,2) 22() 22(7722) N 1
T, 12, S+, S—1,, S+,
" )“277127722(1_61) Sk Sk
S)= == Y -Y/.,(s
o2 o) (5"'12)(5"'771,2)(5—772,2)( 1'2(772'2) i )) )
afin 1, , - Sk '
= Y, (17, )—Y5,(8))+
(S+771,2)(S_’72,2)( 1’2( 2’2) 22 )) S+,
DOI: 10.4236/0js.2024.141001 34 Open Journal of Statistics


https://doi.org/10.4236/ojs.2024.141001

D. A.-K. Kafando et al.

P (s)= AT o1, (1_0‘) -
¢d,2( ) (5+AZ)(S_HA’Z)(S_’722)(11,2(772,2)¢d,1(772,2)

+ X2 (’72,2 )&d,z (772,2 ) - X2 (S)&d,l ()= Za. (S)&d,z (S))
(S +?7i77)1'(2;7i2772‘2 ) (4:1,2 (772,2 )¢?d 1 (772,2 ) + Cj’z,z (772,2 )¢?d,2 (’72,2)

() (9)-oa () ()

S+,

(4.38)

Using relation (4.37), we notice that ¢?d,2(772,2)=0' By isolating &dvz(s) in
relation (4.38), the expected result is obtained.

5. Conclusion

In this work, the integro-differential equations of Gerber-Shiu function and their
Laplace transforms in a compound risk model perturbed by Brownian motion
with variable premium and tail dependence via the Spearman copula are ob-
tained. Determining the ultimate ruins probabilities associated with this risk

model remains a future investigation.
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