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Abstract 
Perceiving harmonic information (especially weak harmonic information) in 
time series has important scientific and engineering significance. Fourier spec-
trum and time-frequency spectrum are commonly used tools for perceiving 
harmonic information, but they are often ineffective in perceiving weak har-
monic signals because they are based on energy or amplitude analysis. Based 
on the theory of Normal time-frequency transform (NTFT) and complex 
correlation coefficient, a new type of spectrum, the Harmonicity Spectrum 
(HS), is developed to perceive harmonic information in time series. HS is 
based on the degree of signal harmony rather than energy or amplitude anal-
ysis, and can therefore perceive very weak harmonic information in signals 
sensitively. Simulation examples show that HS can detect harmonic informa-
tion that cannot be detected by Fourier spectrum or time-frequency spec-
trum. Acoustic data analysis shows that HS has better resolution than tradi-
tional LOFAR spectrum. 
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1. Introduction 

Fourier transform [1] and time-frequency transform [2] [3] are commonly used 
tools for perceiving harmonic sub-signals in time series. However, since Fourier 
spectrum and time-frequency spectrum analysis are based on signal energy or 
amplitude, they often encounter difficulties in detecting weak harmonic sub-signals, 
especially in the presence of strong noise. For example, in passive detection of 
underwater targets, LOFAR spectrum is commonly used to perceive target line 
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spectra [4]. Since LOFAR spectrum is based on Fourier transform, on the one 
hand, it is often affected by noise interference, making the spectrum messy; on 
the other hand, the resolution of LOFAR spectrum is not high enough and its 
clarity is often not high enough as well. Other classic methods for perceiving har-
monic signals, such as correlation and statistical methods [5] [6], are also based on 
signal energy analysis, and face same difficulties in perceiving low-energy har-
monic signals. 

This study is based on the theory of Normal time-frequency transform (NTFT) 
[7] [8] and complex correlation coefficient to develop a new type of spectrum, 
the Harmonicity Spectrum (HS), to perceive harmonic information in time se-
ries, especially weak harmonic information. Compared with Fourier spectrum 
and time-frequency spectrum, HS has strong perceptual ability for weak har-
monic signals; compared with LOFAR spectrum, HS has good clarity and sensi-
tivity. The reason for these advantages is that HS analysis is based on the degree 
of signal harmony rather than energy or amplitude. 

2. Harmonicity Spectrum 

HS reflects the intrinsic degree of harmony of a time series, and we can perceive 
the presence or absence of harmonic signals based on this degree. The determi-
nation of HS of a time series f(t) is equivalent to measuring the complex correla-
tion coefficient between its NTFT and the unit harmonic function. 

2.1. Normal Time-Frequency Transform 

Normal Time-Frequency Transform (NTFT) is the normalized form of linear 
time-frequency transform. It unifies the three classical transforms in the field of 
time-frequency analysis, namely short-time Fourier transform, wavelet trans-
form, and S-transform, and unifies their inverse transforms. NTFT has been 
widely applied in many fields such as oceanic tides [9] [10], Earth rotation [11] 
[12], Global Position System (GPS) [13], Inertial Navigation System (INS) [14] 
and so on. 

For a time function ( )f t C∈  in the real domain, its linear time-frequency 
transform 

( ) ( ) ( ), , d , ,
R

f f t t t Rτ ϖ ψ τ ϖ τ ϖΨ = − ∈∫              (1) 

is called its NTFT if the kernel function ( )tψ  satisfies 

( )
( )

ˆ , 1 when
ˆ , 1, when

ψ ω ϖ ω ϖ
ψ ω ϖ ω ϖ
 = =
 < ≠

，
                 (2) 

where “^” represents the Fourier operator, overline “-” represents the conjugate, 
and “  ” represents modulus. 

NTFT has an interesting property, namely Inaction principle: for a harmonic 
signal 

( ) ( ) ( )( )exp exph t A i t A i tβ β= = + ∆             (3) 
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where A represents the complex amplitude, Rβ ∈  represents the frequency, 
and [ ]0,2∆∈ π  represents the initial phase, we have 

( ) ( )
( ) ( )

,

, ,

h Max h R

h h R

τ ϖ τ ϖ β τ

τ β τ τ

 Ψ = = ⇔ = ∀ ∈

Ψ = ∀ ∈

，
           (4) 

where “ ⇔ ” represents “if and only if”, and “∀ ” represents “for any”. The Inac-
tion principle means that NTFT can directly perceive a harmonic signal without 
inverse transform. The Inaction principle in fact manifests NTFT’s harmonic 
invariance. Such harmonic invariance can be used to develop the HS to perceive 
harmonic information in time series based on signal harmony degree, and has 
better performance than other methods based on signal amplitude or energy 
analysis. 

2.2. Complex Correlation Coefficient 

For complex time series ( )1z t  and ( )2z t , there are two ways to define their 
correlation coefficient. The first one is given by equation 

( ) ( )

( ) ( )

1 2

2 2
1 2

d

d d

D

D D

z t z t t

z t t z t t
ρ =

∫

∫ ∫
                  (5) 

and the second one is given by equation 

( ) ( )
( ) ( )
1 2

1 2

d

d
D

D

z t z t t

z t z t t
γ =

⋅
∫
∫

                     (6) 

where D represents the integration time interval. It can be verified that the cor-
relation coefficient takes values in the range [0, 1]. Moreover, when ( )1z t  and 

( )2z t  are harmonic signals with the same frequency, their correlation coefficient 
is equal to 1. The first definition is useful for suppressing interference, while the 
second definition is useful for highlighting harmonic information. 

2.3. Definition of HS 

Let ( )f t  be a time series, and define its HS as given by equation 

( )
( ) ( )

( ) 2

, exp d
, , ,

, d

t

t D
f t

t D

f i
t t R

f D

τ ϖ ϖτ τ
ρ ϖ ϖ

τ ϖ τ

−

−

Ψ −
= ∀ ∈

Ψ

∫

∫
         (7) 

Or 

( )
( ) ( )

( )

, exp d
, , ,

, d

t

t D
f t

t D

f i
t t R

f

τ ϖ ϖτ τ
γ ϖ ϖ

τ ϖ τ

−

−

Ψ −
= ∀ ∈

Ψ

∫

∫
         (8) 

where D  represents the length of the time interval D (as in Equation (6)). 
Here, the HS can be regarded as the complex correlation coefficient between the 
( )1z t  and ( )2z t  as defined by 
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( ) ( ) ( ) ( )1 2, ; expz f z iτ τ ϖ τ ϖτ= Ψ =                (9) 

As a result of the Inaction principle (i.e. NTFT’s harmonic invariance), the 
NTFT of a time series with harmonic information will also contain this har-
monic information. However, this harmonic information may not be apparent 
in the NTFT spectrum due to its small amplitude. The HS, on the other hand, 
eliminates the influence of energy on harmonic information by implementing a 
normalization process. Therefore, in theory, HS will highlight any harmonic in-
formation, regardless of its energy level. This is similar to the fact that a flower 
must bloom, regardless of its size. 

Furthermore, HS exhibits strong anti-interference ability in detecting har-
monic information. Interference is usually non-harmonic and therefore does not 
contribute significantly to the harmonic structure, making it difficult to leave a 
trace in the HS. 

3. Simulated HS Analysis 

To verify the effectiveness of HS, this paper designed a simulation experiment. 
In the simulation experiment, four methods, namely FT, LOFAR, NTFT, and HS, 
were used to analyze the simulated signal. 

( ) ( ) [ ]
1

5exp 2 140 10 12,17

0 else

i t t
f t

  π ⋅ + ∈  = 


           (10) 

( ) ( ) [ ]
2

5exp 2 150 20 6,20

0 else

i t t
f t

  π ⋅ + ∈  = 


           (11) 

( ) ( ) [ ]
3

5exp 2 160 5 5,10

0 else

i t t
f t

  π ⋅ + ∈  = 


            (12) 

The simulated signal is composed of 3 complex sub-signals and strong com-
plex Gaussian white noise. The three sub-signals, namely ( )1f t , ( )2f t , ( )3f t  
as are shown in Equation 10-Equation 12, are single-frequency signals with dif-
ferent frequencies of 140 Hz, 150 Hz, and 160 Hz, and with different initial 
phases and different durations as well . The noise lasts for the entire sampling 
period with a standard deviation of 200 which make the signal-to-noise ratio 
(SNR) of the sub-signals to be −36.81 dB, −32.34 dB, and −36.81 dB, respectively. 
The sampling frequency is 4800 Hz and the total duration is 30s. 

From the time-domain graph of the simulated signal (Figure 1(a)), no ob-
vious signal can be seen, indicating that the signal-to-noise ratio of the signal is 
very low. In the FT spectrum of the simulated signal (Figure 1(b)), a sharp peak 
appears at 150 Hz, and there is no spectral leakage at this peak, indicating the 
presence of a single-frequency signal at 150 Hz in the simulated signal. However, 
there are three single-frequency signals at 140 Hz, 150 Hz, and 160 Hz in the si-
mulated signal, and no peaks appear at 140 Hz and 160 Hz in Figure 1(b), indi-
cating that FT cannot detect these two single-frequency signals. There is no ob-
vious single-frequency signal in the NTFT (Figure 1(c)). From the HS (Figure 
1(d)), three obvious line spectra with frequencies of 140 Hz, 150 Hz, and 160 Hz 
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exist in the simulated signal. The time resolution of each line spectrum is still 
acceptable, and the duration of the line spectra can be determined from the HS. 
The frequency resolution of each line spectrum is high, which is represented by 
the thin line spectra in Figure 1(d). Combined with the simulated signal con-
structed by formulas (10)-(12), it can be concluded that HS can detect these 
three single-frequency signals. 

When the signal-to-noise ratio is greater than −35 dB, both FT and HS can 
detect this line spectrum (150 Hz); when the signal-to-noise ratio is less than 
−35 dB, FT cannot detect this line spectrum (140 Hz, 160 Hz), while HS can. 
This indicates that HS proposed in this paper has better ability to detect weak 
harmonic signals than FT. 

4. Underwater Acoustic Data Analysis 

In order to demonstrate the harmonic signal detection capability of the HS, the 
present study conducted corresponding LOFAR spectrum analysis and HS anal-
ysis using passive sonar data obtained in a certain sea area of the South China 
Sea in 2015 (see Figure 2(a)). 
 

 
Figure 1. Analysis results of the simulated signal. (a) Represents the simulated signal; (b) represents the FT spectrum 
of the simulated signal; (c) represents the NTFT spectrum of the simulated signal; (d) represents the HS of the simu-
lated signal. 
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Figure 2. Results of underwater acoustic data analysis. (a) shows acoustic observation data; (b) shows 
LOFAR spectrum of the data; (c) shows HS of the data. 

 
As shown in Figure 2(b) and Figure 2(c), the HS clearly displays the tempor-

al variation of the line spectra signal, which is more distinct compared to the 
LOFAR spectrum, indicating that the resolution of HS is stronger than that of 
LOFAR spectrum. Additionally, HS is more resistant to interference than LOFAR 
spectrum. The numerous vertical lines in the LOFAR plot are all caused by in-
terference or environmental changes, while there is no such interference in HS. 
Furthermore, as depicted in Figure 2(c), the value of the line spectra reflects the 
harmonic degree of the signal, and a larger HS value implies a higher possibility 
of the signal's existence. This ability of the HS can be used as the basis for deter-
mining whether a target exists. This ability is little affected by the environment, 
which is of great significance for target detection and real-time tracking. 

5. Conclusion 

A new spectrum called HS is developed, based on the NTFT and complex corre-
lation coefficient. HS is capable of perceiving harmonic information in time se-
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ries, especially weak harmonic information. HS has higher sensitivity than Fouri-
er spectrum and time-frequency spectrum in detecting weak harmonic signals. 
In terms of the ability to perceive line spectra, HS has better resolution and an-
ti-interference performance than LOFAR spectrum. 
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