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Abstract 
In this paper, a logistical regression statistical analysis (LR) is presented for a 
set of variables used in experimental measurements in reversed field pinch 
(RFP) machines, commonly known as “slinky mode” (SM), observed to travel 
around the torus in Madison Symmetric Torus (MST). The LR analysis is 
used to utilize the modified Sine-Gordon dynamic equation model to predict 
with high confidence whether the slinky mode will lock or not lock when 
compared to the experimentally measured motion of the slinky mode. It is 
observed that under certain conditions, the slinky mode “locks” at or near the 
intersection of poloidal and/or toroidal gaps in MST. However, locked mode 
cease to travel around the torus; while unlocked mode keeps traveling with-
out a change in the energy, making it hard to determine an exact set of condi-
tions to predict locking/unlocking behaviour. The significant key model pa-
rameters determined by LR analysis are shown to improve the Sine-Gordon 
model’s ability to determine the locking/unlocking of magnetohydrodyamic 
(MHD) modes. The LR analysis of measured variables provides high confi-
dence in anticipating locking versus unlocking of slinky mode proven by rela-
tional comparisons between simulations and the experimentally measured 
motion of the slinky mode in MST. 
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1. Introduction 

Plasma physics is a diverse field spanning many areas of science and technology. 
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A major application of plasma physics is magnetic fusion research, which has 
resulted in several toroidal magnetic confinement systems, such as the Madison 
Symmetric Torus (MST) reversed-field pinch (RFP). These toroidal magnetic 
confinement configurations are to date the most successful magnetic field con-
figurations in fusion experiments. Toroidal configurations are conveniently de-
scribed with a major radius R and a minor radius a.  

The MST is a large toroidal reversed-field pinch experiment, in which the 
plasma is confined by a combination of toroidal and poloidal magnetic fields. A 
drawing of the MST experiment is shown in Figure 1. The toroidal magnetic 
field is produced by driving poloidal current around the conducting vacuum 
vessel (shell). The conducting shell contains two insulated voltage gaps. The 
second gap, the poloidal gap, extends the short way around the poloidal circum-
ference of the shell to allow the poloidal magnetic field to enter.  

The first gap, the toroidal gap, extends the long way (at the inside mid-plane 
of the torus) around the shell to allow the generation of the toroidal magnetic 
field inside the shell.  

The poloidal magnetic field combines with the toroidal magnetic field to form 
a helical field, thus producing magnetic confinement of the plasma.  

In MST, the plasma is formed when initially all capacitor banks are charged. 
Next, hydrogen gas is introduced in the vacuum chamber. Then, an electrical 
switch is closed to connect a capacitor bank to the toroidal-field transformer 
which generates the toroidal field. In consequence, a second electrical switch is 
closed to connect another capacitor bank to the primary winding. The discharge 
in the primary winding causes a current to flow in the generating a change in 
magnetic flux in the iron core. The change in the flux generates a toroidal elec-
tric field. Seed electrons are then injected from hot-wire filaments. The toroidal  
 

 
Figure 1. The madison symmetric torus (The cutaway view). 
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electric field accelerates the electrons which make collisions with the neutral gas, 
forming the plasma. As the plasma becomes hotter, due to ohmic heating by the 
toroidal current, its conductivity increases thereby ramping up the toroidal 
plasma current. During this time, the plasma undergoes very strong reorganiza-
tion driven by MHD tearing instabilities [1]. The total toroidal flux increases 
while the toroidal magnetic field at the wall decreases and eventually becomes 
negative, (the field reversal parameter F becomes negative) forming an RFP. In 
MST, the reversal occurs in about 7 - 10 ms after the plasma is formed. In the 
standard-run condition, the current is maintained constant until about 40 ms 
after the discharge is started. This “flat-top” period the slinky mode is formed 
when most of the analysis in this paper is conducted. At 40 ms, the plasma cur-
rent is ramped down and eventually the plasma cools, recombines and the shot 
is over around 50 ms after plasma formation as shown in Figure 2.  

In every RFP experiment, nonlinear interactions are central to the determina-
tion of plasma behavior. In particular, the interactions between the modes lead 
to their phase locking and forming a fully nonlinear phenomenon known as the 
“slinky” mode [2] [3] [4] [5] [6]. The slinky mode is a toroidally localized helical 
deformation of the plasma column.  

The slinky modes have been observed to lock (freeze and cease to rotate until 
discharge termination) at the poloidal and/or toroidal gaps due to the appear-
ance of error fields at the gaps [3] [4] and as well as to an electromagnetic force 
[3] [7] [8] [9] [10].  

Most experimental and theoretical studies of magnetic fluctuations, and the 
slinky mode in RFP experiments have relied on spatial Fourier decomposition of  
 

 
Figure 2. Plasma current for the entire discharge. 
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the fluctuations as a function of time and has been restricted to a small number 
of modes. Mode coupling mechanisms in RFP are due to nonlinear interaction 
of different Fourier MHD modes inside the plasma [2] [6] [10]. Unfournunitly, 
Fourier methods are difficult to apply when the fundamental equations are fully 
nonlinear due to the appearance of additional cross-coupling terms between the 
Fourier modes. Moreover, linearized models in dispersive medium do not sup-
port solitary waves. In contrast, the model studied in this paper is an alternative 
approach addresses the full nonlinearity and does not rely on Fourier decompo-
sition. Furthermore, the dynamics of the sine-Gordon (SG) equation cannot be 
completely understood using Fourier methods. The slinky-mode dynamics are 
coherent structures that emerge from the nonlinear SG equation that are pro-
posed to play a central role. 

This paper is a continuation of our previous paper under the title “Modeling 
of the mode dynamics generated by Madison Symmetric Torus machine utiliz-
ing a modified sine-Gordon equation” [11]. In [11], it was shown that the slinky 
mode is a kink soliton which presented a more comprehensive and more accu-
rate model that avoided the complexities of the alternative approach utilizing 
Fourier spectral methods. The modified model was analyzed thoroughly in the 
phase plane using multiple time-scale perturbation analysis to accurately fit the 
experimental measurements produced by MST. Our objective in this paper is to 
study and analyze the parameters in the data associated with the Slinky mode 
from MST experiments using Logistic Regression and determine the significance 
of each of the seven parameters associated with experiment and utilize them in 
the modified Sine-Gordon dynamic model [11] [12] [13]. Furthermore, the 
model is solved numerically and compared to the data analyzed from MST as 
well as to the data detection of magnetic signals in MST experiments. In addi-
tion, we aim to emphasize the strength of each parameter and or combination of 
such parameters in identifying a more realistic model for causing the different 
phenomena for the slinky mode. The paper is organized as follows: In Section I, 
Experimental measurements and theoretical studies on various RFP concepts is 
introduced, and the formation of the mode and its mode-locking phenomena is 
described. In Section II, a statistical analysis of experimental measurements data 
to determine the significance of the various measured variables, and to deter-
mine whether the probability of locking could be predicted based on the ob-
tained data from MST is presented. In Section III, the key significant parameters 
determined in section II is utilized to the dynamical equation for the MHD 
mode and apply numerical analysis to describe the response of the observed 
MHD mode in MST in accord to the experimental data.  

2. Background  

Theoretical studies [2] [5] [6] [7] [14] [15] [16] [17] and experimental mea-
surements [3] [9] [18] [19] on mode fluctuation, magnetic field errors were per-
formed on several RFP experiments among are MST, RFX, and TPE-RX. 
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In MST, dynamos are one of the most mysterious mechanism that are respon-
sible for generating the reversed magnetic field, continually exhibit a sawtooth 
behavior as a function of time [20]. The sawtooth amplitude increases gradually 
until is reached to a critical value at which a sawtooth crash is triggered and ar-
rests the rotation of the plasma. After the crash, the process may repeat itself.  

The dominant source of field errors in MST is the poloidal gap where a high 
localized error field occurs [20]. The gap error field has significant effect on the 
plasma; hence, reducing the error field resulted in lower plasma loop voltage and 
plasma current enhancement. 

In the TPE-RX experiment [9], it was found under certain experimental con-
ditions that the probability of locking decreased by 25% by lowering the plasma 
current IP, decreasing the plasma current rise time, and decreasing the filling 
pressure of the deuterium gas. 

3. Logistic Regression Model 

In this section, LR analysis of the data used to determine the significance of the 
variables obtained from the MST experiment is presented. The first approach 
was to determine whether there were any features of a discharge in MST that 
could be used to predict mode locking. An initial analysis of the data, obtained 
from several years of operation of MST, was not able to explicitly predict wheth-
er a given discharge would lock or not based on explicit values of a set of control 
variables. Accordingly, the analysis was modified to determine whether the 
probability of locking could be predicted from an analysis of the data. To deter-
mine the probability of locking, a common statistical method known as logistic 
regression (LR) is utilized [21] [22] [23]. The method of LR, often used for “bi-
nary” results (locking or not locking, passing or failing, etc.) to estimate the pa-
rameters of the LR model which provides a means to determine the statistical 
significance of any model parameters that increase or decrease the probability of 
locking. 

To obtain a statistically significant sample of data, the LR was employed on a 
set of 4492 MST experimental discharges. The control (regressor) variables that 
were used in this analysis were Ip, the plasma current, Vloop, the loop voltage 
around the torus, N_CO2, the plasma density measured with a CO2 laser, BTAVE, 
the volume averaged toroidal field in the plasma, BTW, the toroidal field on the 
plasma surface, VPG, the voltage across the poloidal gap and VTG, the voltage 
across the toroidal gap. The statistical analysis indicates which of the seven con-
trol variables have the strongest effects on the probability of locking. An iterative 
method is used to find the set of fitting parameters B’s for the predictor. The 
four most significant control variables determined to be Ip, VTG, VPG, and Vloop 
are taking for consideration.  

In Table 1, the values of the fitting parameters give the estimated increase or 
decrease in the probability of locking when the control variables are incremented 
by one unit. For example, for each unit of increment in Vloop, the probability of  
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Table 1. Coefficients of control variables obtained with logistic regression analysis.  

Predictor 
Fitting  

Parameter B 
Standard 
Deviation 

Z-value P-value 

VTG +0.07147 0.01177 6.07 <0.001 

Vloop −0.05329 0.006660 −8.0 <0.001 

Ip +0.051093 0.006946 7.36 <0.001 

VPG +0.0333640 0.0004958 6.79 <0.001 

BTAVE −0.029859 0.002874 −10.39 <0.001 

BTW −0.00228 0.001651 −1.38 0.167 

N_CO2 −0.00184 0.002074 −0.89 0.375 

 
locking will decrease by 0.05329. Similarly, Ip increases the chances of locking by 
0.051093 for each unit of increment, whereas VPG and VTG increase the probabil-
ity of locking by 0.0333640 and 0.07147, respectively. The Z and P values deter-
mine whether the control variables are statistically significant or not. In this 
analysis, any Z-value greater than two in magnitude and any P-value less than 
0.05 in magnitude are considered statistically significant. In summary, the analy-
sis shows that increasing IP, VPG, VTG increases the probability of locking while 
increasing Vloop, decreases the probability of locking. The variable BTAVE in the 
preliminary analysis is not included because it is the 5th most significant varia-
ble; however, it will be examined in detail in subsequent work. Use of statistical 
technique does not provide a physical picture of locking phenomenon; nonethe-
less, it does provide significant guidance toward which variables should be in-
cluded in an analysis.  

4. Utilization of Logistic Regression Model in the Modified 
Sine Gordon Equation  

In this section, the key parameters obtained from Logistic Regression analysis is 
employed in the Modified Sine Gordon equation and compared with experi-
mental data. The full nonlinear equation is solved numerically including all the 
effects dissipation Vloop, the driving term IP and the presence of the poloidal vol-
tage gap VPG, of which are used to describe the behavior of the localized slinky 
mode in MST. The advantages of the full numerical solution are: 1) details of the 
shape and dynamics of the kink mode are apparent, and 2) multiple kinks dy-
namics or combinations of kinks and antikinks can be examined.  

Recall that in [3] [7], the SM is an isolated magnetic island of finite length that 
travels in a helical path around the torus. The equation of motion of the SM is 
obtained [11] [12] [13] by summing torques acting on the mode about the mag-
netic axis of the main plasma, in addition to the presence of the dissipative term, 
the driving term and the poloidal gap term, the modified SG equation becomes 
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( )0sin sintt xx t GV x xφ φ φ γ αφ δ φ− + = − + −               (1) 

Equation (1) is derived and analyzed analytically in details in reference [11]. 
In Equation (1), it is assumed that α is the normalized dissipation and related to 
the loop voltage Vloop, γ is the normalized driving term and related to plasma 
current IP, VG is the normalized intensity of the gap-slinky-mode interaction and 
is related to the poloidal gap voltage, and 0x  is the location of the poloidal gap 
in the vacuum chamber. The interaction of the kink with the poloidal gap is 
proportional to the proximity of the kink to the gap, both axially and radially. 
The interactive torque is assumed to be generated by the plasma image currents 
in the conducting shell as described in [11]. 

In this paper, Equation (1) is solved numerically with all terms included. The 
initial conditions specified are the locations of the kink(s) and/or antikink(s) 
that comprise the slinky mode, and their normalized velocities. Once the initial 
locations and velocities are specified, the analytic solution for each of the kinks 
or antikinks is superimposed along a fixed distance which is assumed to be one 
revolution around the torus. The calculations are limited to this region to ensure 
numerical stability, reflecting boundary conditions are used. The representation 
of the derivative of the basic SG equation with respect to x is used for the fol-
lowing reasons: First, the derivative plot shows more clearly the details of the 
various interactions. Second, as the kink passes the magnetic pickup coils meas-
ure the integral of the induced current with respect to time which is similar to 
the derivative plot.  

Figure 3 shows the simulation of Equation (1) where all terms are included. 
The kink is launched with an initial velocity of 0.5. Recall that both in [11] and 
LR analysis, driving term which is proportional to plasma current accelerates the 
kink, dissipation term is proportional to loop voltage decelerates the kink at 
which balances kink velocity. As the kink travels towards the gap “potential hill” 
proportional to gap voltage will decelerate. After passing the gap, the kink will 
accelerate “down the hill” until it reaches steady state velocity U∞  as defined in 
[11].  

In Figure 4, the kink travels with its steady-state velocity until it nears the gap 
where it slows down and is bounced back because driving term cannot overcome 
effects of reflection.  

Figure 5 shows combinations (locking and passing the gap) of three kinks 
traveling with same initial velocity but at different positions. Conditions were set 
to achieve different phenomena. It can be seen two kinks pass through the gap 
while one kink locks at the gap.  

In what follows the measured data obtained from MST experiment is ex-
amined and were found to be statistically significant using LR analysis. Moreo-
ver, those key variables from LR analysis of Equation (1) were utilized and si-
mulated to replicate the data obtained from measurements for the slinky mode. 
In MST, the slinky mode was measured with a set of thirty-two magnetic pickup 
coils spaced evenly around the torus at a fixed poloidal angle [1] [3] [20]. Three 
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cases where the slinky mode locks, does not lock, or other phenomena that have 
been observed in experiments are investigated. The next goal is to show that the 
numerical analysis of nonlinear model accurately represents these phenomena. 

 

 
Figure 3. A plot of a kink that passes a potential hill (red line). tmax = 12,000, α = 0.03, γ = 
−0.01, VG = −1.35, and U = 0.3. 

 

 
Figure 4. A plot of a kink that reflects back from a potential hill. tmax = 12,000, α = 0.001, 
γ = −0.006, VG = −0.0079, and U = 0.3. 
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Figure 5. A plot of three kinks launched at separate positions toward the gap. tmax = 
12,000, α = 0.03, γ = −0.01, VG = −1, and U = 0.3.  

 
Figure 6 shows an experimental measurement of the slinky mode at MST. In 

the figure, different phenomena are observed such as a slinky mode traveling in 
the opposite direction and bounces back (reflecting) from the poloidal gap at 
time nearly 20 ms, as well as, a traveling slinky mode through the gap with near-
ly constant velocity shown at time 20.5 ms, and an oscillating mode at the gap 
until it locks between the time 22 - 24 ms. It is assumed that the structure of the 
slinky mode shown in Figure 6 is a chain of connected kinks, each one rotating 
about the magnetic axis by 2π  radians. Note that time is the horizontal axis 
and distance around the torus is the vertical axis.  

In Figure 7, the effect of the gap (poloidal gap) is examined, mainly the loop 
voltage and the plasma current on the slinky mode for which all the three phe-
nomena occur. 

The data obtained from MST for IP, Vloop, VPG, and VTG are examined with 
their effect on the slinky mode at the instant of all three phenomena occurs are 
used to accurately represents the dynamical model. Recall from reference [3] [9] 
an increasing Vloop, VPG, VTG increases the probability of locking while increasing 
IP, decreases the probability of locking. In Figure 7, the significant control va-
riables are correlated to the phenomena seen in Figure 6 as was predicted by LR 
and observed in MST experiments. In Figure 6, prior to time 20 ms, a reflection 
of a rotating slinky mode is observed traveling in the opposite direction and in-
teracts with radial magnetic field at the poloidal gap. Figure 7 features the sig-
nificant variables for the fluctuation shown in Figure 6, at the time of reflection, 
the magnitude of the voltage VPG rise (13 V) across the poloidal gap which  
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Figure 6. Detection of magnetic signals from the Thirty-two pickup coils in the MST ex-
periment showing three different phenomena for the slinky modes (1) moving in the op-
posite direction and bounces back from the poloidal gap at time 19.75 ms, (2) Traveling 
and passing through the gap (non-locking) at time 20.5 ms, and (3) Traveling while oscil-
lating at the gap until it locks. 
 

 
Figure 7. Plot for IP, Vloop, VPG, and VTG data obtained from the MST for the same dis-
charge shown in Figure 6. 

 
is proportional to the strength of the interaction at gap, while the plasma current 
IP drops 3 kA, and the loop voltage Vloop is increased by 6 V. Moreover, at time 
20.5 ms a rotating slinky mode is observed traveling with a steady state velocity 
thru the poloidal gap with no significant effects on LR variables. Between time 
22 - 24 ms the rotating slinky mode oscillates in the vicinity of the poloidal gap 
until the field error rises gradually and a sawtooth crash is triggered eventually 
terminating the discharge in an equivalent way to LR analysis and experimental 
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measurements in MST. In Figure 7, during the time 22 - 24 ms, VPG and IP os-
cillates with positive slope, while Vloop average out to a constant. 

In Figure 8, Equation (1) is simulated to model the bouncing kink as thir-
ty-two samples in an equivalent way to the experimental results shown in Figure 
9. At time prior to 20 ms, the effect of the poloidal gap on the slinky mode is 
examined, for example, as VG increases on a rotating kink traveling in the oppo-
site direction and bounces back from the gap.  

Figure 8 models a bouncing slinky mode from the gap represented in an 
equivalent way to the experimental results shown in Figure 9. The axes are the 
same as those in Figure 9 and are used to compare numerical results to experi-
mental results more easily. In Figure 9, at time 20.5 ms the slinky mode is trav-
eling with steady state velocity passing thru the gap with no effects on the four 
LR variables due to a balance between driving and dissipation terms.  

Next, the effect of the gap on slinky mode is examined precisely on which an 
oscillation at the gap occurs. Figure 9 shows (at time of 22 ms) a slinky mode 
traveling and oscillate near the gap in MST. In Figure 10, the numerically calcu-
lated thirty-two sample signals is shown in an equivalent way to the experimen-
tal results shown in Figure 9 between the time 22 - 24 ms. As an example, the 
observed kinks cannot pass the gap and is reflected. Due to the driving term the 
kinks overcome the effects of the reflection and returns to the vicinity of the gap 
where it is reflected again. After a number of these reflections, the kinks even-
tually lock to the gap. In the example, the damping coefficient is increased even 
though kinks do not reflect and are locked at the gap. 
 

 
Figure 8. Thirty-two sampled signals for a rotating kink that bounces back from the gap. 
tmax = 8000, α = 0.001, γ = 0.01, VG = 25, and U = −0.5. 
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Figure 9. Thirty-two sampled signals for a kink passing the gap without locking. tmax = 
6000, α = 0.001, γ = −0.001, VG = −0.005, and U = 0.5. 

 

 
Figure 10. Thirty-two sampled signals for two kinks oscillating near the gap. tmax = 12,000, 
α = 0.008, γ = −0.006, VG = −0.0005, and U = 0.5. 
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Figure 11 shows the experimental results obtained in MST when the mode is 
locked at the gap. Figure 12 shows the effect of the key variables obtained from 
LR analysis on the slinky mode locked at the gap. Prior to locking, the plasma 
current IP gradually rises then averages to constant until it disappears with ter-
mination of discharge. The gap voltage VPG increases slightly with positive slope, 
while the loop voltage Vloop decreases with negative slope. In Figure 13, the dis-
sipation constant α is increased slightly to achieve locking near the poloidal gap.  
 

 
Figure 11. Experimental detection of locking of slinky mode in MST device. Note that the 
mode locks at 30 ms and disappears just slightly past the time 30.5 ms. 

 

 
Figure 12. Plot for IP, Vloop, VPG, and VTG data results obtained in MST for the same dis-
charge shown in Figure 11. 
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Figure 13. Thirty-two sampled signals for two kinks that lock just before crossing the gap 
at tmax = 12,000, α = 0.1, γ = −0.02, VG = −5, and U = 0.2. 

5. Conclusions 

In conclusion, this paper has demonstrated the application of logistical regres-
sion analysis (LR) to enhance the significance of key variables influencing the 
locking and unlocking modes in the Madison Symmetric Torus (MST) experi-
ment. By leveraging LR, the study has identified crucial machine variables, al-
lowing for the prediction of the high probability of locking in alignment with 
experimental results. The dynamical model was successfully fitted to experimental 
data, emphasizing the potential of LR in understanding and controlling the ob-
served phenomena in MST. 

The utilization of the modified Sine-Gordon dynamic equation model, in-
formed by LR analysis, showcased its ability to predict the behavior of the slinky 
mode in the MST experiment. The study explored three distinct phenomena: a 
rotating slinky mode bouncing back from the poloidal gap, a mode passing 
through the gap without locking, and a mode oscillating near the gap until lock-
ing. The numerical simulations aligned well with experimental data, confirming 
the effectiveness of the LR-informed model. 

Furthermore, the paper discussed the significance of key parameters, such as 
plasma current (IP), loop voltage (Vloop), poloidal gap voltage (VPG), and toroidal 
gap voltage (VTG), in influencing the behavior of the slinky mode. The LR analy-
sis provided insights into the impact of these variables on the probability of 
mode locking. The study successfully correlated LR-informed parameters with 
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experimental measurements, showcasing the potential for practical applications 
in controlling and optimizing plasma behavior in magnetic fusion research. 

Overall, this research contributes to advancing our understanding of the com-
plex dynamics in the MST experiment and provides a valuable framework for 
predictive modeling and control of magnetohydrodynamic modes. Future work 
may involve further refinement of the LR-informed model and experimental va-
lidations to enhance the accuracy and reliability of the predictive capabilities. 
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