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Abstract 
The multilayer microchannel flow is a promising tool in microchannel-based 
systems such as hybrid microfluidics. To assist in the efficient design of two- 
liquid pumping system, a two-fluid electroosmotic flow of immiscible power- 
law fluids through a microtube is studied with consideration of zeta potential 
difference near the two-liquid interface. The modified Cauchy momentum 
equation in cylindrical coordinate governing the two-liquid velocity distribu-
tions is solved where both peripheral and inner liquids are represented by 
power-law model. The two-fluid velocity distribution under the combined 
interaction of power-law rheological effect and circular wall effect is evaluated 
at different viscosities and different electroosmotic characters of inner and 
peripheral power-law fluids. The velocity of inner flow is a function of the 
viscosities, electric properties and electroosmotic characters of two power-law 
fluids, while the peripheral flow is majorly influenced by the viscosity, electric 
property and electroosmotic characters of peripheral fluid. Irrespective of the 
configuration manner of power-law fluids, the shear thinning fluid is more 
sensitive to the change of other parameters. 
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1. Introduction 

With the applications of microfluidic technologies, the microchannel flows have 
been frequently encountered when manipulating working liquids in the driving 
devices such as micropumps and micromixers [1] [2]. The remarkable rise of the 
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surface to volume ratio in microchannels and the immediate contact between the 
liquid and channel wall induce the formation of electric double layer (EDL) with 
free charged ions in the vicinity of channel wall. Under the interaction of the 
EDL and the applied electric field, the liquid molecules near the channel wall will 
migrate which render the bulk liquid moves forward by viscous shear stress, re-
sulting in the electroosmotic flow (EOF) [3]. On one hand, the EOF was studied 
in terms of the transport processing in different microchannels [4] [5] [6] [7]. 
Owing to the advantage of microcapillary geometry in microfluidics, both hy-
drodynamic and thermal behaviors of EOF in cylindrical microcapillary have 
been analytically or numerically studied [8] [9]. On the other hand, in biomedi-
cal and chemical applications, the liquids with nonlinear constitutive relation 
have been commonly operated. As compared to Newtonian fluid, the non-New- 
tonian fluid possesses nonlinear rheological relation between shear stress and 
shear rate. The fluid viscosity is an inherent characteristic of fluids, which is a 
function of shear rate for non-Newtonian fluid. Accordingly, the equations pro-
posed for non-Newtonian models are highly nonlinear and complicated. A 
number of researchers focused on the investigation concerning hydrodynamic 
behaviors in EOF for both Newtonian and non-Newtonian fluids. More specifi-
cally, the EOF considering different nonlinear rheological relations such as the 
power-law model [10] [11] [12], viscoelastic model [13], Maxwell model [14] 
and Casson model [15] has been studied. Recently, the studies on EOF were de-
veloped to that under various imposed conditions such as an external magnetic 
field or rotating environment [16] [17] [18]. In further, the advantages of EOF 
such as the plug-like pattern and convenience of being controlled and integrated 
in microdevices, were leveraged to develop electroosmotic pumping system (EOP). 
Using the porous polymer membrane, Gao et al. developed a miniature 2 cm3 
EOP [19] and established an analytical prediction method for porous glass EOP 
[20]. 

The previous literature focused on the single-fluid EOF of fluids. However, in 
microfluidic devices, the biofluids and chemical solutions with low electroos-
motic (EO) mobility like oil and organic solvents need to be manipulated. Brask 
et al. [21] developed a two-liquid pumping system where the low EO mobility 
fluid flow was assisted by high EO mobility fluid flow. To efficiently develop 
two-liquid pumping system, it is fundamentally important to provide an in-depth 
insight to the immiscible two-fluid flow in microchannel. In addition, the two- 
Newtonian fluid model was extended to that under varying wall shape and wall 
zeta potential [22]. A comprehensive analysis on the up to date literature indi-
cates that when two fluids meet at the two-liquid interface, the excess ions exist 
due to the ions adsorption and thus an EDL forms as a narrow region near the 
two-liquid interface. As a result, the corresponding electrical shear stress at liq-
uid interface was taken into account in two-liquid model [23]-[29]. In further, 
the zeta potential difference at two-liquid interface caused by the difference of 
two fluids properties is incorporated and thus the change in electric potential at 
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the two-liquid interface on the velocity distribution is discussed by treating two 
fluids as conducting [24] [25]. In this case, the two-fluid velocity profile exhibits 
asymmetry around the two-liquid interface. Furthermore, the microtubes due to 
the relatively large pumping area are popular in practical uses [19] [20]. There is 
a need for manipulating working liquid with varying viscosity including bioflu-
ids and DNA solutions. The relevant studies are confined to Casson-Newtonian 
(inner-peripheral) model in a microtube [30], power-law-Newtonian (upper-lower) 
model in a microparallel [28], and viscoelastic-Newtonian (upper-lower) model 
in a micoparallel [31]. In [30], the inner nonconducting Casson fluid is sur-
rounded by conducting Newtonian fluid. Compared to two-liquid flows through 
microparallels and rectangular microchannels, the wall effect of microtube leads 
to distinct transport behaviors for the inner flow and peripheral flow. 

According to the knowledge of authors, the configuration manner of power- 
law fluid in microtubes, namely, the difference of transport features for EOF 
between inner power-law fluid and peripheral power-law fluid has not been 
carefully investigated yet. Since the microtube is frequently adopted to transport 
both Newtonian and non-Newtonian fluid [32] and the operation of power-law 
fluid in biomedical uses [33], the two-layer flow in microtubes needs to be care-
fully treated. The study [34] focused on the combined pressure driven and elec-
troosmotic flow of two layer power-law fluids by evaluating velocity and flow 
rate at different electroosmotic characters where the coupling effect of elec-
troosmotic characters and fluid permittivity on EOF has not been covered. In 
addition, according to the electrostatic theory, as two fluids interact with each 
other, an electric double layer and zeta potential difference occur near the 
two-fluid interface, which play important role on the two-fluid velocity due to 
the existence of both shear stress and the Maxwell stress at the two-fluid inter-
face based on the studies [24] [35]. Therefore, in this context, the present paper 
aims to develop a model for two-fluid EOF of power-law fluids through a mi-
crotube in the presence of excess ions and zeta potential difference near the 
two-liquid interface. A fundamental understanding on the two-layer EOF under 
the interaction of electroosmotic characters, electric property, nonlinear consti-
tutive relation and circular wall effect is provided by evaluating the two-fluid 
velocity as a function of viscosities, fluid permittivity and electroosmotic char-
acters of two fluids. This model incorporates two-Newtonian model, Newto-
nian-power-law model, power-law-Newtonian model and two power-law model. 

2. Mathematical Modeling 

A two-layer EOF of immiscible power-law fluids in a microtube is considered. It 
is considered that two liquids are conducting, which are ideally symmetric elec-
trolyte solutions with the permittivity ε1 and ε2, the net charge density ρe1 and ρe2, 
the bulk ion concentration n01 and n02, respectively. The presence of excess ions 
near the two-liquid interface results in the formation of EDL where the zeta po-
tential difference is expressed by ΔZ and charge density jump is expressed by Qs, 
as sketched in Figure 1. 
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Figure 1. Schematic of two-fluid EOF of power-law fluids in a microtube with the radius 
of  where the two-liquid interface is characterized by 0. 

2.1. The Case of Two-Power-Law Fluids 

An incompressible and fully developed two-layer EOF is considered. It is as-
sumed that the length of microtube is much longer than the radius, and thus the 
radial velocity is ignored and the axial velocity of two-fluid can be expressed as 
Ui(R) where i = 1 implies liquid I, i = 2 implies liquid II. In further, the two-layer 
flow is laminar, the gravitational force in microscales is neglected and the 
two-liquid interface remains stable. Considering that the EDLs near the solid 
surface and two-liquid interface will not overlap, and in accordance with the 
electrostatic theory, the net charge densities can be expressed by ρei = 
−2ezn0isinh[ezψi/(kBT)] where the electric potential distribution Ψi inside liquid I 
and liquid II over the cross section of microtube can be represented by Pois-
son-Boltzmann (P-B) equation [3] [26]. The velocity distribution of inner pow-
er-law fluid and peripheral power-law fluid can be expressed by the modified 
Cauchy momentum equation as 
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in which e, kB, T and z represent the elementary charge, Boltzmann number, ab-
solute temperature and the ion valence, respectively. 

The velocity distributions of two-liquid over the cross section area of micro-
tube are subject to the axisymmetric condition around the centerline, no-slip 
condition at the solid interface, continuity condition at the two-liquid interface. 
Furthermore, the shear stress balance condition at the two-liquid interface is ap-
plied, therefore, the boundary conditions of two-layer velocity distributions are 
written as 
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where the hydrodynamic shear stress τi and the electrical shear stress τei of liquid 
i are respectively given as 
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The following dimensionless parameters ( ) 2 1
2 1

n nm U mα −= − ℜ ,  

( )2
0 12i iG ezn E Uρ= ℜ , ( ) 1 1

1 1
nm Uµ −= − ℜ , 1 1Re Uρ µ= ℜ ,  
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( )Bez Z k Tζ∆ = ∆ , ( )1s s Bq ezQ k Tε= ℜ , ( )2 2
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i Be z n k Tκ ε =   , i iλ κ= ℜ ,  

2 1β ε ε= , 2 2λ λ β= , and the following dimensionless variables  
( )i i Bez k Tψ = Ψ , r R= ℜ , i iv V U=  have been introduced. Consequently, 

under the framework of Debye-Hückel approximation, namely sinhψ ≈ ψ for |ψ| 
≤ 1, the dimensionless modified Cauchy momentum equation and the boundary 
conditions are derived as 
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where U, UHS, ρ1, Gi and Re represent the reference velocity, Helmholtz-Smolu- 
chowski electroosmotic velocity, density of peripheral power-law fluid I, conver-
sion of electrical energy to fluid kinetic energy of liquid i (i = 1, 2) and Reynolds 
number, respectively. The dimensionless two-fluid electric potential distribution 
is given as [34] 

( ) ( ) ( )1 0 1 0 1r AI r BK rψ λ λ= +                   (7) 

( ) ( )2 0 2r CI rψ λ=                        (8) 

where the coefficients are presented in Appendix for conciseness and readability. 
Iν and Kν imply ν-th order modified Bessel function of first kind and second kind 
(ν = 0, 1), respectively. 1/κi implies the Debye length of EDL inside liquid i (i = 1, 
2), and β indicates fluid permittivity ratio. Specifically, λ1 denotes the electroki-
netic width of EDL near the solid interface, and λ2 denotes the electrokinetic 
width of EDL near the two-liquid interface. 

Solving Equations (4)-(8) yields the semi-analytical solutions for the two fluid 
velocities as below 
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Eventually one obtains the two-fluid velocity which is expressed as v for 0 ≤ r 
≤ 1 by incorporating v1 and v2. It can be seen from the expressions of electric 
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potential distribution given by Equation (7) and Equation (8) that electric po-
tential distribution and thus the velocity distribution experience rapid change 
near the interfaces, therefore, when numerically solving Equation (9) and Equa-
tion (10), the technique of variation substitution t = a + bexp(kr) is adopted to 
obtain denser points near the interfaces. The specific procedure of substitution is 
neglected for conciseness. Subsequently, the composite trapezoidal method and 
Matlab software have been used to obtain the numerical two-layer velocity dis-
tributions. 

2.2. The Case of Two-Newtonian Fluids 

To validate the numerical methods mentioned above, the analytical velocities of 
two-layer flow of Newtonian fluids need to be solved. Setting n1 = n2 = 1, one 
obtains the momentum equations for two-layer flow as below 
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Solving Equations (11)-(13) yields the following analytical solutions for veloc-
ities 
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3. Results and Discussions 

Two-layer EOF of power-law fluids is parametrically studied by evaluating the 
two-liquid velocities at different flow behavior index of peripheral fluid I n1, flow 
behavior index of inner fluid II n2, electrokinetic width of EDL near the solid in-
terface λ1, electrokinetic width of EDL near the two-liquid interface λ2, zeta po-
tential near the solid interface ζ, zeta potential difference near the two-liquid in-
terface Δζ, the fluid permittivity ratio β. The physical parameters take the fol-
lowing values E = 1 × 104 V/m, NA = 6.02 × 1023/mol, e = 1.6 × 10−19 C, kB = 1.38 
× 10−23 J/K, ρ = 1 × 103 kg/m3, m1 = m2 = 9 × 10−4 N∙m−2∙sn, ε1 = 7.08 × 10−10 
C2/Jm, T = 293 K, ℜ = 100 μm, r0 = 0.5, U = 1 × 10−4 m/s, respectively [23] [24] 
[36].  
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For two-layer Newtonian fluid flow, the numerical solutions of two-layer ve-
locity obtained from Equations (9) and (10) are compared with the correspond-
ing analytical solutions of velocity presented by Equations (11) and (12) in Fig-
ure 2(a). When r0 approaches to 1, the numerical solutions for single-layer ve-
locity are obtained from Equation (10) by using the same numerical integration 
method and they are compared with the existing data from [32] in Figure 2(b). 
The numerical velocities at different parameters show good agreement with the 
analytical velocities and thus it proves that the numerical methods applied are 
valid which can be used to solve velocity of two-layer flows of power-law fluids. 

The two-layer velocity distributions over the cross section area of microtube at 
different flow behavior index of peripheral fluid n1 and zeta potential difference 
Δζ are presented in Figure 3 where the inner fluid is shear thickening fluid. For 
a prescribed Δζ, the increase in n1 enhances the viscosity of peripheral fluid, 
leading to the reduction of two-liquid velocity in a whole. For a given peripheral 
fluid, namely when n1 is fixed, the zeta potential difference |Δζ| augments the 
inner fluid flow and affects the peripheral flow near the liquid interface, meaning 
that the EDL effect at liquid interface serves as a driving force for the inner fluid.  
 

  
(a)                                 (b) 

Figure 2. (a) The comparison between the numerical velocity and analytical velocity for 
two-layer EOF of Newtonian fluids and (b) the comparison between the numerical veloc-
ity when (r0 → 1), and the existing date in [32] for single-layer EOF of power-law fluid. 
 

 

Figure 3. The comparison of two-liquid velocity profiles v at different flow behavior in-
dex of peripheral fluid I n1 and at different zeta potential difference Δζ when λ1 = λ2 = 50, 
qs = 0, β = 1, ζ = −1. 
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As the flow behavior index of peripheral fluid n1 decreases, the effect of Δζ on 
inner fluid flow gets more and more noticeable. To note, when qs = 0 and Δζ 
becomes zero, namely the EDL effect near the two-liquid interface vanishes, ac-
cordingly, the inner velocity obtained from the EDL effect near the two-liquid 
interface vanishes, and the inner velocity becomes entirely dependent on the pe-
ripheral fluid flow. It can be explained by the fact that the circular effect, result-
ing from the axisymmetric condition of velocity around centerline and velocity 
continuity at the liquid interface in a microtube quantified as the constant term 
in Equation (10), drives the inner fluid with the same velocity as the peripheral 
velocity at the liquid interface. 

As shown in Figure 4, the variations of two-fluid velocity with flow behavior 
index of inner fluid n2 are presented for different zeta potential difference at the 
liquid interface Δζ. When qs = 0 and Δζ = 0, regardless of the inner fluid type, 
the inner fluid will achieve the identical velocity to the peripheral fluid near the 
liquid interface due to the circular effect. For a nonzero and prescribed Δζ, the 
increase in n2 clogs the inner flow and has no influence on the peripheral fluid 
flow. The increase in |Δζ| intensifies the EDL effect near the two-liquid interface 
and thus enhances the inner fluid velocity. Therefore, the electric property of 
two-liquid interface quantified by Δζ, exerts influence on the inner fluid as a 
whole and the peripheral fluid near the two-liquid interface. The effect of Δζ be-
comes more remarkable when inner fluid changes from shear thickening to 
shear thinning.  

The two-liquid velocity profiles for different zeta potential near the solid in-
terface ζ are plotted in Figure 5. It shows that with the increase of |ζ|, the elec-
troosmotic force near the solid interface of channel wall gets intensified, as a re-
sult the peripheral velocity and the inner velocity increases. Moreover, ζ = 0 cor-
responds to the vanishment of driving force of peripheral fluid, therefore, the 
peripheral bulk fluid is static and the fluid near liquid interface is dragged by the 
electrical shear stress since the continuity condition of shear stress is applied at 
two-liquid interface. 
 

 

Figure 4. The comparison of two-liquid velocity profiles v at different flow behavior in-
dex n2 of fluid II and at different zeta potential difference Δζ when λ1 = 50, λ2 = 30, qs = 0, 
β = 1, ζ = −0.6. 
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Figure 5. The comparison of velocity profiles v at different zeta potential at the solid 
interface ζ when Δζ = 1, λ2 = 30, qs = 5, β = 1, n1 = 0.8, n2 = 1.2. 
 

The two-liquid velocity profiles for different electrokinetic width of EDL near 
the solid interface λ1 are presented in Figure 6. The increase in λ1 augments the 
flow of peripheral shear thinning fluid and thus the constant term in Equation 
(10) is increased, thereby the inner shear thickening fluid acquires a higher ve-
locity. Consistent to single-fluid EOF, a larger λ1 will alters the peripheral veloc-
ity profile from parabolic to plug-like. A smaller λ1 means wider distribution of 
electroosmotic force inside peripheral fluid, leading to relatively gradual change 
of velocity profile in peripheral flow. 

The two-liquid velocity profiles for different electrokinetic width of EDL near 
the liquid interface λ2 are plotted in Figure 7. The EOF flow of inner shear thick-
ening fluid is augmented in a whole and exhibits plug-like profile as λ2 increases. 
Meanwhile, the peripheral shear thinning fluid is weakly influenced in the vicin-
ity of liquid interface by the change in λ2. 

The two-liquid velocity profiles for different fluid II permittivity ratio ε2 are 
compared in Figure 8. Specifically, the value of ε2 is improved by enhancing β 
and keeping the fluid I permittivity ε1 unchanged. The increase of inner fluid II 
permittivity leads to the enhancement of the inner fluid II velocity, which shows 
little influence on the peripheral fluid I velocity. The variation of two-liquid ve-
locity with λ2 and ε2 as shown in Figure 7 and Figure 8 can be explained by the 
fact that the change in λ2 and ε2 intensifies the electric potential in the vicinity of 
liquid interface, which enhances the electroosmotic force near the two-liquid in-
terface, in further, the inner bulk fluid flow. 

In Figure 9, the two-liquid velocity profiles for different fluid I permittivity ε1 
are presented. Specifically, the value of ε1 is improved by reducing β and simul-
taneously keeping the fluid II permittivity unchanged. As compared to Figure 8, 
the change in fluid I permittivity ε1 accounts for the uniform change of two-liquid 
velocity due to the circular effect of microtube, therefore, the change in electric 
property of peripheral fluid I dominates on the two-liquid velocity by affecting 
the driving force of two-fluid system. 
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Figure 6. The comparison of velocity profiles v at different electrokinetic width of EDL 
near the solid interface λ1 when λ2 = 30, qs = 5, β = 1, Γ = 0, n1 = 0.8, n2 = 1.2, ζ = Δζ = 1. 
 

 

Figure 7. The comparison of velocity profiles v at different electrokinetic width of EDL 
near the liquid interface λ2 when λ1 = 30, qs = 5, n1 = 0.8, n2 = 1.2, Δζ = ζ = −1. 
 

 

Figure 8. The comparison of velocity profiles v at different fluid permitivity ε2 when ε1 = 
7.08 × 10−10, λ1 = λ2 = 30, qs = 5, n1 = 0.8, n2 = 1.2, Δζ = ζ = −1. 
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Figure 9. The comparison of velocity profiles v at differnent ε1 when ε2 = 7.08 × 10−10, λ1 
= λ2 = 30, qs = 5, n1 = 0.8, n2 = 1.2, Δζ = ζ = −1. 

4. Conclusions 

The two-layer EOF of immiscible power-law fluids in the presence of the zeta 
potential difference near the two-liquid interface has been studied. The inner 
fluid and the peripheral fluid are represented by power-law model; thereby the 
effect of power-law rheology on the two-layer flow in a microtube has been in-
vestigated. Specifically, the two-liquid velocity profile is evaluated as a function 
of viscosity, electric property of both inner and peripheral fluid, as well as the 
electric property of two-liquid interface.  

The inner flow is not only dependent on the viscosity and electric property of 
fluid II represented by n2, λ2, ε2 and the electric property of liquid interface Δζ, 
but also the viscosity and electric property of fluid I quantified by n1, λ1, ζ, ε2. In 
contrast, the viscosity of fluid II shows no influence on peripheral fluid. The 
electric properties of fluid II and that of two-liquid interface only affect the ve-
locity of peripheral fluid near the liquid interface. It is noteworthy that the in-
fluence of fluid permitivity on velocity profile outweighs the influence of elec-
trokinetic width. Particularly, the increase in permitivity of peripheral fluid not 
only alters the peripheral flow but also significantly accelerates the inner flow. 
Therefore, in engineering, the fluid with high permitivity can be used as peri-
pheral driving liquid. In the meantime, the two-layer flow can be effectively ma-
nipulated by adjusting permitivities of two fluids. Moreover, due to the existence 
of circular effect, the peripheral flow assists in the inner flow. Irrespective of the 
configuration manner of power-law fluid in a microtube, the shear thinning flu-
id is more sensitive to the change in Δζ. When qs > 0 and Δζ < 0, the inner fluid 
II will achieve higher velocity than that of peripheral fluid I under the coupling 
effect of the external electric field and EDL effect. The peripheral fluid is driven 
by the electroosmotic force resulting from EDL effect near the channel wall, and 
the inner fluid is driven by the combined effect of electroosmtotic force owing to 
the EDL effect near the two-liquid interface and the peripheral flow. Therefore, 
in practical uses, irrespective of fluid type, the low EO mobility fluids can be 
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placed as in inner layer and assisted by the peripheral shear thinning fluid flow. 
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