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Abstract 
The study of multiphase flow consisting of liquid and air bubbles has been at-
tracting the interest of many researchers. Numerical methods for such a sys-
tem are, however, facing difficulty in numerical accuracy and a heavy computa-
tional load. In this paper, we made corrections to the modified force-coupling 
method in our previous papers and applied it to the numerical studies of a 
single air bubble rising near a vertical wall and two interacting air bubbles ris-
ing in line in quiescent liquid. Corrections were made to the effective ranges 
of the force-coupling method. The calculation results showed that the lift force 
acting on an air bubble obtained by the experimental data was more accurately 
reproduced than those by our previous method. We accurately calculated the 
time evolution of the velocities of interacting two air bubbles rising in line 
obtained in the previous experiments and resolved the physical mechanism of 
the relative movement of two bubbles. We also found the present method is 
much quicker and needs much smaller memory capacity than other methods, 
such as the volume of fluid method. 
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1. Introduction 

The study of multiphase flow of liquid (water) and air bubbles has been attract-
ing the interest of many researchers. Experimental investigations of the flow in-
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cluding microbubbles are now well developed regarding engineering applications, 
such as drag reduction of pipe flow [1], cleaning of polymer ink [2] and separa-
tion of carbon fibers [3] using microbubbles. However, numerical investigations 
of the liquid flow containing air bubbles are facing difficulty in numerical accu-
racy and a heavy computational load. Multiphase flow has been computationally 
studied by the volume of fluid method (VOF) [4] [5], the discrete element me-
thod (DEM) [6] [7], the immersed boundary method (IBM) [8], the moving par-
ticle semi-implicit method (MPS) [9], and the theoretical model equations tak-
ing into account of inertial and added-mass body acceleration forces [10] [11]. 
Although VOF can be applied to many complex configurations, it needs much CPU 
time and heavy memory capacity. IBM proposed by Peskin [8] has been largely 
applied to solve the liquid motion including solid particles. But it cannot be used 
to solve particle-liquid flow if the particle density is less than 0.3 of the liquid 
density [12]. MPS also has a problem in a heavy calculation load. 

Takemura et al. performed experimental studies of a rising air bubble [13] and 
a solid-like air bubble [14] near a vertical wall. There are some works which stu-
died multiphase flow including plural bubbles. At low Reynolds numbers, Katz 
and Meneveau [15] conducted experiments of the interacting air bubbles rising 
in a quiescent distilled water, and observed the velocities of the two bubbles ris-
ing in line. Watanabe and Sanada [16] and Kusuno et al. [17] performed expe-
riments of two rising bubbles in a quiescent silicon oil. Kusuno et al. [17] ob-
served that a trailing bubble collided with a leading bubble, but two bubbles did 
not coalesce. Gumulya et al. [5] numerically studied two rising bubbles which 
collided and coalesced using VOF. 

The force-coupling method (FCM) originally proposed by Maxey and Patel 
[18], which we call the original FCM (OFCM) in this paper, requires no moving 
boundaries of particles, but represents the center position of a particle by the 
point-body force acting from the particle to the liquid [19] [20] [21] [22]. OFCM 
has been developed to calculate multiphase flow consisting of liquid and solid 
particles. However, the applicability of OFCM to air bubbles was notclear [19]. 
Very recently, Guan et al. [23] [24] proposed the modification of OFCM in order 
to simulate the multiphase flow composed of liquid and air bubbles, where they 
called it the modified FCM (MFCM), and obtained fairly good agreement be-
tween the numerical results and the experimental data by Takemura et al. [13] 
[14]. However, inconsistency remained in the definition of the effective ranges 
for the force terms of MFCM in the previous papers [23] [24], where the values 
valid for flow containing solid particles were used for that containing air bub-
bles. In the present paper, we proposed the calculation method with a more ap-
propriate definition of the effective ranges. Specifically, the effective range of the 
force monopole term and that of the force dipole term of OFCM were changed 
to be applied to air bubbles, which had not been made in the previous papers 
[23] [24]. As a result, we reproduced more accurately the results of the experi-
mental data of Takemura et al. [13] than those in the previous study [23] for a 
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single air bubble rising near a vertical wall, and the calculated velocities of rising 
interacting two air bubbles in line were very close to those in the experimental 
study by Katz and Meneveau [15]. 

2. Formulation of the Modified FCM with Corrections 

In OFCM and MFCM, the incompressible Navier-Stokes equations with a 
body-force term, ,b if , representing the interaction of the liquid with bubbles, 
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where 1,2,3i =  indicate the x, y, z-direction components, respectively, and the 
equation of continuity, 
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are the basic equations, where the Einstein’s summation convention is used. iu  
is the velocity vector of the liquid, t the time, fρ  the density of the liquid, p the 
pressure, ν  the kinematic viscosity of the liquid, and ig  the gravitational ac-
celeration vector. ,b if  denotes the body-force acting on the liquid from N bub-
bles, which is given by 
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,b if  consists of two parts, the force monopole term (FMT, the first term on 
the right-hand side of Equation (3)) and the force dipole term (FDT, the second 
term on the right-hand side of Equation (3)). Here, ix  is the position vector in 
the liquid, and ( )n

iY  is the position vector of the center of the n-th bubble. ( )n
Mσ  

and ( )n
Dσ  are the effective ranges of FMT and FDT around the center of the par-

ticle, respectively, of the n-th bubble, and ( )n
M∆  and ( )n

D∆  are the force distribu-
tion of FMT and FDT, respectively, given by Maxey and Patel [18] and Lomholt 
et al. [20] as 
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( )n
Mσ  and ( )n

Dσ  are related to the radius of the n-th particle ( )nR  as  
( ) ( )n n
M Rσ = π  and ( ) ( ) ( )1 3

6n n
D Rσ π=  in OFCM [18] [19] [20] [21] [22]. 

However, because these values of ( )n
Mσ  and ( )n

Dσ  were obtained by considering 
the theoretical solution of the Stokes approximation of the flow around a solid 
particle, they are not guaranteed to be applied to an air bubble. 

Therefore, we proposed in this paper that ( ) ( )n n
M Rσ 1= .88π  and  
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( ) ( ) ( )1 3
3n n

D Rσ π= , where the former was obtained in consideration of the 
theoretical solution of the Stokes approximation of the flow around an air bub-
ble, while the latter of the theoretical solution of dissipation rate for an air bub-
ble by Batchelor [25] (§4.11). Please refer Appendix for the evaluation of ( )n

Mσ  
and ( )n

Dσ .These are the corrections newly introduced in the present paper to 
OFCM [18] [19] [20] [21] [22] and MFCM [23] [24]. In this paper, we assumed 
that the radius of each bubble, ( )nR , was the same, so that we put ( )nR R= . 

In Equation (3), FMT represents the reaction to the drag force acting on the 
bubble for its translational motion. ( )n

iF  is the force acting on the liquid from 
the n-th bubble, which is given by 
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where bρ  is the density of the bubble, ( )n
iU  the velocity of the n-th bubble. 

( )n
iU  was given by the following equation in terms of the Gaussian distribution 

function. 
( ) ( ) ( ) ( ) ( )( ) 1 2 3, d d d ,,n n n n
i i i M i i MU u x t x Y x x xσ= ∆ −∫∫∫            (7) 

in OFCM [15]. Equation (7) means that the particle (bubble) moves with the liq-
uid velocity averaged over the region, where the body force of FMT is effective. 
In the present study, we used the similar method as Guan et al. [23], and derived 
the following equation for ( )n

iU  according to Mei et al. [26]: 
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in order to apply MFCM over a wide range of the bubble Reynolds number. Here, 
( )nRe∞  is the bubble Reynolds number determined by the terminal velocity of a 

bubblerising in quiescent liquid, ( )nU∞ , given by 
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Note that in Guan et al. [23], the equation corresponding to Equation (8) 
(Equation (12) in Guan et al. [23]) was developed for the flow including a solid 
particle. This is a new correction introduced in the present paper for the air 
bubble case. 

In Equation (3), FDT represents the influence of the velocity gradient around 
the bubble. ( )n

ijG  in Equation (3) is ( ) ( ) ( )n n n
ij ij ijG T S= + , where ( )n

ijT  is an an-
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ti-symmetric and ( )n
ijS  is symmetric parts, respectively. ( )n

ijT  is related to the 
torque to the fluid from the bubble and is given by the equation, 

( ) ( )( )1 ,
2

n n ext
ij ijk kT T=                        (10) 

where ijk  is the Eddington’s alternating sign tensor, and ( )( )n ext
kT  is calculated 

by use of fρ , bρ , and ( )nR  [23]. ( )n
ijS  represents a stresslet acting on the fluid 

and has been already given by the following equation for an air bubble [23]. 

( ) ( )( ) ( )38 ,
3

n n n
ij f ijS R Eνρπ=                    (11) 

where ( )n
ijE  is the rate of strain, and determined to satisfy the constraint, for 

each particle using an iteration method in order to keep the bubble shape a 
sphere. 
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The calculation domain of the present study was a cube with 0.05-m-length of 
each side, as shown in Figure 1. The size of the computational domain was the same 
to the experimental ones [13]. The gravitational acceleration, 29.81 m sg = =g , 
is directed to the negative x-direction. In the numerical calculation, the Fourier 
transform was used in the x-direction with the collocation method, where the 
number of Fourier modes was 128xn = . The finite-difference method was used 
with equally spaced staggered grids, where the number of grids 128yn =  in the 
y-direction and 128zn =  in the z-direction. The kinematic viscosity, ν , and the 
bubble radius, R, were taken to be equal to those of the experimental conditions. 

The calculation procedure of the MFCM is summarized as follows: 
1) Give the initial conditions. 
2) Get ( )n

iF  from the initial conditions (Equation (6)). 
3) Obtain the FMT from ( ) ( ) ( )( ),n n n

M i i Mx Y σ∆ − , and ( )n
iF  (Equations (4), and 

(6)). 

 

 
Figure 1. Computational domain and coordinate system. 
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4) Get ( )n
ijG  from ( ) ( ) ( )( ),n n n

D i i Dx Y σ∆ − , ( )n
ijT , ( )n

ijS , and ( )n
ijE  (Equations (5), 

(10), (11), and (12)). 
5) Obtain the FDT from ( ) ( ) ( )( ),n n n

D i i Dx Y σ∆ − , and ( )n
ijG  (Equations (5) and 

Step 4). 
6) Acquire ,b if  from the FMT and the FDT (Equation (3)). 
7) Solve the Navier-Stokes equations including ,b if  and obtain the velocity 

field ( ),i iu x t  (Equations (1), and (2)). 
8) Obtain the bubble velocity ( )n

iU  from ( ),i iu x t  and ( ) ( ) ( )( ),n n n
M i i Mx Y σ∆ −  

(Equations (8), (9) and Step 3). 
9) Solve the next-time step bubble position from ( )n

iU  and t∆ . 
10) Return to Step 2. 

3. Comparison of the Numerical Results with the  
Experimental Data for a Single Air Bubble  
Rising near a Vertical Wall 

To show better accuracy of the proposed method applied to the bubble motion 
in quiescent liquid than our previous method [23], comparison was conducted 
between the results of the numerical calculation using the present method and 
the experimental data by Takemura et al. [13] for the motion of a single air bub-
ble rising near a vertical wall. Since the number of a concerning bubble was uni-
ty, 1N =  was set. Figure 2 shows the test sections in the y-z plane and the po-
sition of the bubble in the experiment [13] and the present numerical calcula-
tion, where ( )L t  denotes the distance from the bubble center to the nearest 
vertical wall. Note that L is a function of t. The initial position of the bubble 
center was put at the point ( )00,0,0.025 L− , where 0L  is ( )0 2L R= . 

Takemura et al. [13] presented the values related to the lift force by observing 
the motion of the bubble in their paper. We also calculated those values from the 
motion of the bubble obtained by our simulations for comparison. They intro-
duced the wall distance Reynolds number, ( )1

LRe , defined in terms of ( )L t  as 

( ) ( ) ( )1
1 .L

L t U
Re

ν
∞=                        (13) 

 

 
Figure 2. Experimental test section and computational domain. 
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Note that ( )1
LRe  is also a function of t. Takemura et al. [13] also evaluated the 

inverse Fourier transform of the lift force on a bubble, LI , using the following 
equation: 

( )

( )

( ) ( ) ( )( ) ( )
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1
13
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2L L D
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       

   (14) 

where DI  is the inverse Fourier transform of the horizontal component of the 
drag force. We evaluated LI  in the same manner of Takemura et al. [13] and com-
pared it with the experimental ones. Note DI  was theoretically evaluated under 
the assumption of the Oseen approximation [13] [27]. 

Figure 3(a) and Figure 3(b) show the values of LI  as a function of ( )1
LRe  

for ( )1 2.1Re∞ =  and 15, respectively. The black symbols indicate the experimen-
tal data of Takemura et al. [13]. The black dashed lines show LI  by Guan et al. 
[23] in which the numerical simulations of this case were conducted without the 
correction of the effective ranges, while the black solid lines show LI  of the 
present numerical simulations using MFCM with the correction of the effective 
ranges. It is found that the present results are more accurate than those in the 

 

 
(a) 

 
(b) 

Figure 3. The values of LI  as a function of ( )1
LRe  for ( )1 2.1Re∞ =  and 15. (a) ( )1 2.1Re∞ = ; 

(b) ( )1 15Re∞ = . 
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previous study [23]. Note that the maximum discrepancy between the experi-
mental data [13] and the present numerical results for ( )1 2.1Re∞ =  was 5%and 
that for ( )1 15Re∞ =  was 28%. The present numerical predictions were much 
better than the previous ones [23]. Thus, the present MFCM proved to be ap-
plicable to the calculation of multiphase flow consisting of water and an air 
bubble. 

4. Comparison of the Numerical Results with the 
Experimental Data for Two Interacting Air  
Bubbles Rising in Quiescent Liquid 

Then, we applied the present MFCM with the corrections of the effective ranges 
to the case of two interacting bubbles rising in quiescent liquid and compared 
the results with the experimental data of Katz and Meneveau [15]. For this case, 

2N =  was set. Figure 4 shows the initial positions of two bubbles on the ver-
tical line, 0y z= = , in the computational domain of the present study. The ini-
tial position of the lower bubble center was set at the point ( )0,0,0 , and that of 
the upper bubble center at the point ( )00,0, S , where 0S  was the initial value 
of S, the distance between two bubbles, and was taken to be equal to the experi-
mental value of Katz and Meneveau [15]. Note that two bubbles moved only ver-
tically. 

Figures 5(a)-(c) show the dimensionless bubble-rising velocities, ( ) ( ) ( )1 1
1U t U∞  

and ( ) ( ) ( )2 2
1U t U∞ , as a function of a dimensionless distance between two bub-

bles, S/R, for ( ) ( )1 2 3Re Re∞ ∞= = , 19 and 35, respectively. Solid and blank circle 
symbols indicate the dimensionless bubble velocities of the experimental value 
[15], and red long-dashed and dash-dotted lines are those obtained by the present 
calculations. 

Figure 5(a) shows that the results by the present MFCM are in good agree-
ment with the experimental values for ( ) ( )1 2 3Re Re∞ ∞= = . It is interesting that the 
velocities of the two bubbles became faster than the terminal velocity of the one 
bubble case when two bubbles were present. In the experiment [15] two bubbles  

 

 
Figure 4. Initial position of two bubbles in the computational domain. 
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Figure 5. Change of the velocities of two bubbles as a function of the nondimensional 
distance between two bubbles for ( ) ( )1 2 3Re Re∞ ∞= = , 19, and 35. (a) ( ) ( )1 2 3Re Re∞ ∞= = ; (b) 

( ) ( )1 2 19Re Re∞ ∞= = ; (c) ( ) ( )1 2 35Re Re∞ ∞= = . 
 

finally coalesced, while in the present numerical calculations they were stuck and 
moved together. In Figure 6, the change of the distance between two bubbles is 
plotted as a function of time. 

For ( ) ( )1 2 19Re Re∞ ∞= =  and 35, the present numerical simulations could re-
produce the experimental data [15] very well if two bubbles were not very close 
as shown in Figure 5(b) and Figure 5(c). However, when two bubbles were very 
close, discrepancy between the present calculation and the experimental data  

 

DOI: 10.4236/ojfd.2020.101003 39 Open Journal of Fluid Dynamics 
 

https://doi.org/10.4236/ojfd.2020.101003


C. Guan et al. 
 

 
Figure 6. Change of the distance between two bubbles as a function of time for 

( ) ( )1 2 3Re Re∞ ∞= = . 
 

happened for these bubble Reynolds numbers, because if two bubbles approached, 
deformation of the bubble surface and coalescence of bubbles might occur, which 
was not considered in the present calculation. Note also that the experiments of 
Katz and Meneveau [15] were on many (more than two) rising air bubbles aligned 
like a chain, which might cause a little difference between the present simulations 
and their experiments. 

To understand the physical mechanism of the acceleration of the bubble ve-
locity and the approach of two bubbles, we plot the pressure contours (the unit is 
Pascal [Pa]), the pressure distribution along the line 0y z= =  and the vertical 
velocity distribution for ( ) ( )1 2 3Re Re∞ ∞= =  in Figure 7. When two bubbles were 
apart from each other at t = 0.05 s as shown in Figure 7(a1) and Figure 7(a2), 
the pressure distribution and vertical velocity distribution were similar for two bub-
bles. If two bubbles came closer at t = 2.3 s as shown in Figure 7(b1) and Figure 
7(b2), the high pressure region of the upper side of the lower bubble shrunk be-
cause the lower bubble entered the wake region of the upper bubble, which caused 
the acceleration of the lower bubble velocity. When two bubbles were very close 
at t = 2.9 s as shown in Figure 7(c1) and Figure 7(c2), pressure variation between 
two bubbles became smaller, which implies that two bubbles tended to move to-
gether. Remark that the maximum rising velocity is ( ) ( )( )1 22 2 2U U U∞ ∞ ∞= = , which 
is realized if two bubbles coalesce to form a single spherical bubble whose vo-
lume is twice of each bubble. In Figure 7(a1) and Figure 7(a2) to Figure 7(c1) 
and Figure 7(c2), we plotted two circles on the abscissa which show the radius, 
R, of each bubble. It is reasonable that the pressure peak occurred at the head 
surface of each bubble and the valley at the tail. Therefore, we found that the 
present MFCM could approximately exhibit the boundary of the bubble because 
the effective ranges of FMT and FDT, both of which are proportional to R, were 
properly set in the present method. 
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(a1) 

 

(a2) 

 

(b1) 

 

(b2) 

 

DOI: 10.4236/ojfd.2020.101003 41 Open Journal of Fluid Dynamics 
 

https://doi.org/10.4236/ojfd.2020.101003


C. Guan et al. 
 

 

(c1) 

 

(c2) 

Figure 7. Pressure contours and velocity distribution in the plane 0y = , and pressure 

distribution along the line 0y z= =  for ( ) ( )1 2 3Re Re∞ ∞= = . Circles plotted on the abscissa 
show the surface of each bubbles. (a1) Pressure contours and vertical velocity distribution 
around two bubbles in the plane 0y =  at 15S R =  and 0.05 st =  for ( ) ( )1 2 3Re Re∞ ∞= = . 
(a2) Pressure distribution along the line 0y z= = , at 15S R =  and 0.05 st =  for 

( ) ( )1 2 3Re Re∞ ∞= = . (b1) Pressure contours and vertical velocity distribution around two bubbles 

in the plane 0y =  at 8S R =  2.3 st =  for ( ) ( )1 2 3Re Re∞ ∞= = . (b2) Pressure distribution 

along the line 0y z= = , at 8S R =  and 2.3 st =  for ( ) ( )1 2 3Re Re∞ ∞= = . (c1) Pressure con-
tours and vertical velocity distribution around two bubbles in the plane 0y =  at 

3S R =  2.9 st =  for ( ) ( )1 2 3Re Re∞ ∞= = . (c2) Pressure distribution along the line 0y z= = , at 

3S R =  and 2.9 st =  for ( ) ( )1 2 3Re Re∞ ∞= = . 

5. Comparison of CPU Time and Memory Capacity between 
MFCM and VOF 

We conducted a calculation of mutually interacting two air bubbles rising in li-
netreated in § 4 by using MFCM as well as VOF [28] to show the quickness of 
the present MFCM for the simulation of multiphase flow. For both VOF and 
MFCM calculations, we used the same computer as shown in Table 1. In the 
present case, we did not use the parallel computing system. 

Figure 8 shows the typical results for both calculations. For this case, the bub-
ble Reynolds number of both the bubbles was set to be 3. Figure 8 shows the 
distance between the two bubbles once increased and gradually decreased. Both 
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calculations agreed with each other. We found that VOF required 28 grids (using 
regular grid) in one dimension within the diameter of a bubble for an accurate 
calculation, while MFCM required only 6 grids to capture the accurate motion of 
the bubble. An increase in the number of the grid for VOF required much larger 
computer memory and CPU time for calculations. 

Required CPU time and memory for both calculations are also listed in Table 
2. We found that VOF required over 50 times CPU time of MFCM and over 100 
times memory of MFCM. Table 2 clearly shows the advantage of MFCM to 
study the multiphase flow including many air bubbles numerically with keeping 
the ability of the accurate prediction of bubble orbits. Remark that the study of 
rising two bubbles in line were dealt with numerically by VOF [4] [5], MPS [9] 
and the use of the theoretical model equations [10] [11], but we applied the 
present MFCM to this case, and found that the present method needed a very 
small calculation load, and resulted in very accurate solutions and a good physi-
cal insight into the interaction of two bubbles. 

 
Table 1. The specifications of the computer used in this study. 

OS ubuntu 14.04 LTS 

Motherboard Supermicro X11SAE 

Chipset Intel(R) C236 Chipset 

CPU Intel(R) Core™ i7-6700K 

Memory DDR4-2666 16 GB × 4 (total 64 GB) 

 
Table 2. Required CPU time and memory for two bubbles calculation using MFCM and 
VOF. 

 CPU time Required memory 

MFCM 7.9 × 103 [s] 1.2 × 101 [KB] 

VOF 4.1 × 105 [s] 1.3 × 103 [KB] 

 

 
Figure 8. Change of the distance between two bubbles as a function of time for 

( ) ( )1 2 3Re Re∞ ∞= = . 
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6. Conclusion 

In the present paper, we changed the effective ranges of the force monopole and 
force dipole terms in the modified force-coupling method (MFCM) proposed by 
Guan et al. [23] to calculate multiphase flow composed of liquid (water) and air 
bubbles more accurately. First, we performed numerical simulations of a single 
air bubble rising near a vertical wall. We found that the present method reproduced 
the experimental data more accurately than our previous method. Second, we 
conducted numerical simulations of mutually interacting two air bubbles rising 
in line. We showed that the present method accurately reproduced the experi-
mental data over a wide range of the bubble Reynolds number. The good agree-
ment proved that our new method is proper. Third, we compared the CPU time 
and memory needed for the present method with those for VOF. We found that 
the present method was much quicker and needed much smaller memory capac-
ity. This indicates that our new method has the potential to provide accurate physi-
cal insights into the interaction of many bubbles with a much smaller computa-
tional load. 
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Appendix 

In this section, we describe the derivation of ( )n
Mσ  and ( )n

Dσ  for air bubble. 
( )n
Mσ  that can be applied to air bubble is derived from the following equations. 

The Stokes equation of the incompressible flow (without considering the inertia 
term of the Navier-Stokes equation), which acts only on the force of the FMT, is 
given as the following equation when considering the steady flow, 

( ) ( ) ( ) ( )( )
2

20 , .n n n ni
f i M i i M

i j

up F x Y
x x

νρ σ
∂∂

= − + + ∆ −
∂ ∂

           (A1) 

Fourier transform of the above equation gave the following equation, 

( ) ( )
( )

( )

2
2

1 32 2
2

ˆ 2 e .

n
Mk

i j n
i f ij j

k k
u k F

k

σ

νρ δ

  
 −− − 

= − 
 

π           (A2) 

Substituting the Oseen operator ijO  and assuming ( )n
i ij ju O F=  holds, the 

following equation was obtained, 

( ) ( )
( ) 2

2

1 32 2
2

ˆ 2 e .

n
Mk

i j
ij f ij

k k
O k

k

σ

νρ δ

  
 −− − 

= − π
 

           (A3) 

Inverse Fourier transform of the above equation gives the following equation, 

( ) ( ) ,ij ij i jO A r B r x xδ= +                    (A4) 

where ir x= , ( )A r  and ( )B r  are given as follows [18], 

( )
( )( )

( )

( )
( )

( ) 2
2

2

21 21
2

21 1 erf 2 e ,
8 2

n
M

n n rM M
n

f M

rA r r
rr

σσ σ
νρ σ

 −  −−  

  
     = + −         π         

π



 (A5) 

( )
( )( )
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21 23
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3 61 1 erf 2 e ,
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n n rM M
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rB r r
rr

σσ σ
νρ σ

 −  −−  

  
     = − +         π         

π



 (A6) 

where erf represents the error function. Considering the coordinate origin, 0r = , 
the following equation was obtained, 

( ) ( ) ( ) 1 210 2 ,
3 n

f M

A
νρ σ

−= π
π

                  (A7) 

( ) ( ) ( ) 1 210 2 .
30 n

f M

B
νρ σ

−π
π

=                   (A8) 

In the case of Maxey and Patel [18], the velocity of movement of the solid 
spherical particle under the action of only gravity is considered to be equivalent 
to the velocity of the spherical particle predicted by Stokes law, and substituting 
the Oseen operator ijO  into the Stokes law equation of air bubble gives, 

( ) ( )( )4 ,, n
i i f ij i i ju x t RO x Y Uνρ −π=                (A9) 
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at the coordinate origin, assuming ( )n
i ix Y= , the above equation is as follows, 

( )( ) ( )4, 0 .n
i i f ij ju Y t RO Uνρ= π                 (A10) 

Substituting Equation (A4) into Equation (A10) gives, 
( )( ) ( ) ( ) ( ), 4 0 0 .n n

i i f ij i j ju Y t R A B x x Uνρ δ + π=
 (A11) 

Using Equation (A7) and Equation (A8), the above equation is changed to, 

( )( ) ( ) ( ) ( )

( ) ( ) ( )

1
2

1
2

14 2
3

1 2 .
30

,n n
i i f ij jn

f M

n
i j jn
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u Y t R U

x x U

νρ δ
νρ σ
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−


= π π
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⋅


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⋅+ π ⋅ 
π 

         (A12) 

Solving the above equation gave the following equation, 

( )( ) ( )
( )

1
28 ,

9
,n n

i i in
M

Ru Y t U
σ

  =       π
                (A13) 

where, assuming that ( )( ) ( ),n n
i i iu Y t U= , the above equation is given as follows, 

( )

1
29 ,

8n
M

R
σ

π =  
 

                      (A14) 

therefore, 
( ) 1.125 .n
M Rσ = π                      (A15) 

From the above equation, the effective ranges of FMT for air bubble is 
( ) 1.125n
M Rσ = π , but considering other forces (e.g. the added mass force), we 

found that ( ) 1.88n
M Rσ = π  which was more approximate. 

( )n
Dσ  that can be applied to air bubble is derived from the following equations. 

The Stokes equation of the incompressible flow (without considering the inertia 
term of the Navier-Stokes equation) acting on the force of the FMT and the FDT 
is given as the following equation when considering the steady flow. 

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )
2

20 , , .n n n n n n n ni
f i M i i M ij D i i D

i jj

up F x Y G x Y
x xx

νρ σ σ
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= − + + ∆ − + ∆ −
∂ ∂

 
 
  ∂

 (A16) 

Fourier transform of the above equation gave the following equation, 

( ) ( ) ( )
12

2
ˆˆ .i j n

i f ij m D jm

k k
u k ik k G

k
νρ δ

−  
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 
            (A17) 

The flow field is as follows, 

( ) ( ) ,n
i ijk i jku Z x G=                      (A18) 

where ir x= ,gave the following equation, 

( ) ( )( )d d ,
d dijk ij k ik j jk i i j k
C DZ r x r D r x x x x x r
r r
δ δ δ= + + +      (A19) 
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( )C r  and ( )D r  are given as follows [21], 

( )( )
( )

( )
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π
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       (A21) 

The local volume-averaged velocity gradient from the center of a single air bub-
ble is given by 

( ) ( ) ( )( ) 3, d .n n ni
ij D i i D i

j

u
U x Y x

x
σ

∂
= ∆ −

∂∫∫∫               (A22) 

Fourier transform of the above equation gave the following equation, 

( ) ( ) ( )( )23 2 3
2 22 exp d .m jn ni k

ij km ik D i
f

k kk k
U G k k

k k
δ σ

νρ
−    = − − −     

π ∫∫∫    (A23) 

here, without affecting the FMT by ijU , assuming that the above relation is iso-
tropic for ( )n

kmG , ijU  using constants , ,α β γ  is given as follows. 

( ) ( ) .n
ij ij km ik jm im jk kmU Gαδ δ βδ δ γδ δ= + +             (A24) 

By the symmetry of i, k and j, m in Equation (A23), α γ=  and 3 0α β γ+ + =  
was obtained. As a result, the local volume-averaged velocity gradient is given 
by, 

( ) ( ) ( ) ( )( )13 .
3

n n n n
ij ij ij kk ij jiU G G G Gα δ α = − − − − 

 
           (A25) 

By summing the Equations (A23), (A24) and (A25), gave the following equa-
tion, 

( )( )
133 23 9 3 4 ,n

f Dα β γ νρ σ
−

 + + = − π  
             (A26) 

Therefore, 

( )( )
133 2120 ,n

f Dα νρ σ
−

 = π  
                 (A27) 

Assuming that a single air bubble receiving torque ( )n
ijT  rotates at an angular 

velocity ( )n
ijΩ , the following relationship can be obtained [25], 

( ) ( )316 .n n
ij f ijT Rνρ= π Ω                    (A28) 
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Considering the local volume-averaged velocity gradient, the angular velocity 
is given as follows, 

( ) 1 .
2

n
ij ijk jkUεΩ =                        (A29) 

Combined with Equation (A28), using the symmetric component of the FDT 
gives, 

( ) ( )5 .
2

n n
ij ijk jkGαεΩ =                      (A30) 

Substituting Equation (A27) into Equation (A30) gives, 

( ) ( ) ( )13 2 348 .n n
ij f D ijTνρ σ

−
Ω = π                  (A31) 

Then, substituting Equation (A28) into Equation (A31) gives, 

( )( )33 3 216 48 .n
f f DRνρ νρ σπ = π                 (A32) 

Solving Equation (A32) gives, 

( ) ( )1 3
3 .n

D Rσ = π                      (A33) 
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Nomenclature 

,b if   a body-force term of FCM 

iu   velocity vector of the liquid 

ig   gravitational acceleration vector 

fρ   density of the liquid 
p  pressure 
ν   kinematic viscosity of the liquid 
N  total number of bubbles 
n  nth bubble 

ix   position vector in the liquid 
( )n

iY   position vector of the center 
( )n
Mσ  effective ranges of FMT 
( )n
Dσ  effective ranges of FDT 
( )n
M∆   force distribution of FMT 
( )n
D∆   force distribution of FDT 
( )nR  radius of the bubble 
( )n

iF  force from the bubble 

bρ   density of the bubble 
( )n
iU  velocity of the bubble 
( )nRe∞  the bubble Reynolds number 
( )nU∞  terminal velocity of a bubble 
( )n
ijG  velocity gradient around the bubble 
( )n
ijE  rate of strain 
( )n
ijS   a stress let acting on the fluid 
( )n

ijT   torque to a fluid from nth bubble 

( )L t  bubble-nearest vertical wall distance 

0L   initial value of ( )0L  
S  distance between two bubbles 

0S   initial value of S 
( )n
LRe  wall distance Reynolds number 
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