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Abstract

The aim of this paper is to given an algebraic computational method for
finding maximal independent sets as well as the independent number of an
arbitrary finite graph of 11 vertices G by strengthening the problem of finding
maximal independent sets of G to the problem of finding 4independent sets
in Gfor 1<k <n.Itis shown that the existence of k&-independent sets in G'is
equivalent to the existence of solutions of a system of multivariate polynomial
equations. It follows that the problem of finding k-independent sets can be
realized by using Grobner bases of polynomial ideals. Since the number of
k-independent sets is finite, the triangular equations composed by Grobner
bases are easier to be solved. Consequently, the maximal independent sets
and the independent number of G are obtained after solving at most n such
equations. Finally, the numerical example is presented to illustrate the effec-
tiveness of this algebraic computational method.
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1. Introduction

C[X] is the polynomials which are defined on the field of complex numbers
with variables X =(x,,x,,--,x,), S={f,/f,,~.f,,} ©C[X] is a polynomial
set contains m polynomials with n variables, let <S > denotes the ideal which is
generated by the polynomial set S. We consider the system of polynomial equa-

tions:
.fl:O’fz:O>""fm:0' (1)

A well-known fact in computational algebra is that [1], when the monomial
order < is given, calculating a Grobner bases G of the ideal <S > could solves

the following three problems simultaneously:
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i) The system of Equations (1) has no solution if and only if G contains a
non-zero constant.

ii) The system of Equations (1) has only finitely many solutions if and only if
for each x,,1<i<n, there exists g, € G such that the leading monomial of g,
is of the form x;, where n,>0.

iii) Since any monomial sequence < is an eliminative sequence, in the case
where the system of Equations (1) has a solution and only finitely many solu-
tions G gives a very simple “trapezoidal” system of equations equivalent to the
system (1), Ze It can be solved by a successively variational back-substitution
manner.

The problem of finding a extremely independent set in graph theory is usually
solved using optimization methods. The literature [2] transforms the problem of
finding a extremely independent set into an optimization problem for the solu-
tion of multivariate polynomial equations. In this paper, we enhance the existing
literature from the simple problem of finding a extremely independent set to a
more general one. In this paper, we enhance the problem of finding a extremely
independent set from the existing literature to the more general problem of de-
termining the existence and solution of an independent set with & vertices, and
use the Grobner basis to give a solution to this problem. The Grébner basis is
used to give an efficient solution. Precisely, for any given finite graph G and
k >1, we first transform the problem of the existence of an independent set with
kvertices in G into the problem of the existence of solutions (actually 0 - 1 solu-
tions with coordinates 0 or 1) to a system of multivariate polynomial equations.
Noting that there are only finitely many such 0 - 1 solutions (if they exist), by
virtue of i), ii) and iii) above, we can compute the Grobner basis to give an effi-
cient discriminant and solution path for the independent set of a graph G with &
vertices, and thus find the number of independent and maximal independent
sets of the graph. Due to the fact that the techniques for computing the Grébner
basis of polynomials are now very well established any of the computational al-
gebra programs such as Maple, Macaulay 2, CoCoA, etc. [3] [4] can calculate the
ideal Grobner basis for a given polynomial group. Beside, there are now more
recent algorithms for calculating Grobner bases such as F4, F5. Therefore, the
method obtained in this paper can be applied directly to any finite graph without
involving the complexity of existing algorithms for computing Grébner bases. It
does not involve the complexity of existing algorithms for computing Grobner
bases, nor does it discuss the comparison with existing optimization algorithms
that only find very large independent sets.

2. Preliminaries

This section briefly introduces the knowledge about independent sets in graph
theory needed later and the existing literature [5] on solving graphs by optimiza-
tion methods for the main methods and results on very large independent sets.

Givenagraph G=(V,E), where V ={v,v,,--,v,} is the set of vertices of G
and E=ie; = (vl.,vj):vi,vj eV,i#j; isthe setof edges of G
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Definition 1. Let G be a simple graph and $'a non-empty subset of V. If any
two points in S are not adjacent, then Sis defined as an extremely independent
set of G. If G has no independent set S’ such that |S '| >|S|, then Sis an ex-
tremely independent set of the graph G. The number of vertices contained in the
extremely independent set of a graph G is called the independence number of
the graph G

Let the following graph G =(V,E) be a simple graph and A= [al./} be

nxn

the adjacency matrix of the graph G, where

0, el./.eE
& = 1, e €E.

In particular, a,=0,i=12,---,n.Let A denote the /~th row of the matrix A.
Using the notation in the literature [2], for a subset S of the graph G, define the
T
) ,where

0, viesS,
X =
YL v eSS,

vector x’ =(x1,x2,---,x

n

Then
A4x =Y" a.x

1%ty

denotes the sum of the number of edges connected to the point v, in the subset
S.

Theorem 1. [6] A point set ScV is an independent set of the graph
G=(V,E) ifand onlyif (x‘V )T Ax*=0.

3. Grobner Basis Discriminant for k-Independent Sets of
Graphs and Their Existence

Given a graph G = (V,E ) with n vertices, it is clear that G has a extremely in-
dependent set. But we would like to know for which 1<k <n there exists an
independent set in G with & vertices. In this section we translate the problem of
existence and solution of 4&-independent sets into the solution of systems of mul-
tivariate polynomial equations by drawing on the literature [7] for solving very 0
- 1 polynomial programming methods for extremely independent sets and gives
an efficient discriminant for graphs containing k-independent sets using the
Grobner basis.

Adopting the notation used in Section 2, by expanding the left-hand side of
the equation (x‘Y )T Ax* =0 from Theorem 1 in the previous section, we obtain
that

gt

(xs )T Ax® = sza..x.x. =0, (2)

where g, is a non-negative integer and @, #0 if and only if ¢, € £. In par-
ticular, a; =0. It follows from Theorem 1 that there exists a one-to-one cor-
respondence between the set of independent sets of the graph Gand the set of 0 -

1 solutions (Ze. solutions with coordinates 0 or 1) of the multivariate polynomial
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equation

n

i 4%x; =0

The definition of the vector x* and the 0 - 1 assignment rule for its coordi-

nates x, imply that the & vertices v,,v, ,---,v; form an independent set of G
must have x; +x, +---+x, =k.

Definition 2. Let S< G be an independent set of a graph G If |S|=k,
where 1<k < |V| =n, then Sis said to be a &-independent set of a graph G.

Here we use the classical Grobner basis method [1] for discriminating the ex-
istence of solutions to systems of polynomial equations to give an efficient dis-
criminant for the existence of k-independent sets.

Theorem 2. Vik,1<k< |V| =n ,consider the following system of equations

determined by a polynomial over a complex field C:
T n
(xs) Ax* = Zl_’jaljxl.x. =0,a,=0,i=12,,n,a;,#0 ¢, €E,
(S:) :;x,.—k:O,

xl.(xl. -1)=0,i=12,-,n.

i) Graph G has kindependent sets if and only if the system of equations S,
has a solution.

ii) If the system of equations (Sk) has solutions, then all solutions of S,
are given for all &~independent sets of G.

iii) Let /be the ideal generated by all the first terms of the equations of (S k)
in the multivariate polynomial ring R=C|[x,,x,,"-,x,]|. Then the system of
equations (Sk) has a solution if and only if the Grobner basis of the ideal I
does not contain non-zero constants.

Proof: i) By Theorem 1 a set S< G is an independent set of the graph
G=(V,E) if and only if (xs )T Ax* =0. Then we now only need to verify the
sufficient necessity of k&-independent sets. If the graph G has a k-independent set,
then

> x5 -k=0 (3)

has a solution and thus the system of equations (Sk) has a solution. Converse-
ly, if the system of equations (Sk) has a solution, then the Equation (3) must
have a solution, ie. there exists an independent set with & vertices. Thus, the
graph G has a k&-independent set.

ii) If the equation (S k) has a solution, then for a solution of (S " ) , take the
set of vertices corresponding to x, which takes the value 1. The set of vertices is
a k-independent set of the graph G by the definition of the vector x*. Alterna-
tively, for a k-independent set of the graph G, the corresponding vector

s T .
x"=(x,x,,+,x,) satisfies

Zn x.—kZO, .xi(xi—l)ZO’ i:l,z,...’n.

i=1""i
And by the conclusion of Theorem 1, Equation (2) holds, and therefore the

system of equations (Sk) holds. Thus the vector corresponding to this inde-
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pendent set is a solution of the system of equations (S + ). The solutions of the
system of equations (S k) and the independent sets of the graph G correspond
one-to-one, Ze. all solutions of the system of equations (S, ) give all &inde-
pendent sets of G.

iii) The solution of the system of equations (S,) and the solution of the
Grobner basis of the ideal I are identical by the nature of the Grobner basis. If
the equation system (Sk) has a solution, then V(I) =0, ie G# {1} , so that
the solution of the Grébner basis of the ideal 7 does not contain non-zero con-
stants; If the Grobner basis of the ideal 7 does not contain non-zero constants,
then we have V(I ) #(J and thus the system of equations (S k) has a solution
(8] [9] [10].

4. Grobner Based Methods for Finding k-Independent Sets,
Independence Numbers and Maximal Independence Sets
of Graphs

This section gives the Grobner basis method for finding the &-independent set of
a graph, the number of independents and the extremely independent set ac-
cording to Theorem 2 in Section 3. Using the notation used in the previous two

sections.

4.1. Method for Finding the k-Independent Set of a Graph

According to the previous discussion, if the system of equations (Sk) has a
solution, all &~independent sets of the graph G can be obtained by solving the
system of equations (S . ). Although there are many ways to solve a multivariate
polynomial, note that if the system of equations (S,) has a solution, then its
solutions are all 0 - 1 solutions (Ze. solutions with coordinates 0 or 1) and the
number of solutions must be finite. It follows from the literature [1] that, for a

given sequence x, >x, ,>--->x of eliminative monomials, an approximate

n—1
Grobner basis for the ideal 7gives a system of equations equivalent to the system

of equations (S, ) in the form:

xr}r/n+gn(‘xl’x2"”’xn)=0 gn+|(x1’x2a"'xn)=0
(50 0) =0

(S/L) : gz(xlvxzf"axn)zo
x2’2+g2(xl,x2)=0

X' +g(x)=0

n—1

Thus, after computing an approximate Grobner basis for the ideal 7 under the
eliminative monadic order x,>x, ,>--->x , all Aindependent sets of the
graph G can be found by back substitution. In a practical application of Theo-
rem 2 and this conclusion, we can determine whether a graph G has a 4-inde-
pendent set by first calling the program for calculating Grébner bases in Maple,
and if so, we can obtain all &-independent sets of G by solving the system of eq-

uations (S i ) with the program for solving the system of equations (.S, ) .
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4.2. Methods for Finding the Number of Independents and the
Extremely Independent Set of a Graph

The kindependent set of a graph (if it exists) is not necessarily unique. But since
the number of vertices in the independent set of each finite graph is finite, the
number of vertices in the kindependent set k& has a maximum. This maximum
value is the number of vertices in the maximal independent set of the graph, ie
the number of independent vertices of the graph G. Following we give a method
for finding the number of independence of a graph Gbased on Theorem 2.

Theorem 3. kis an independent number of the graph Gif and only if the sys-
tem of equations (Sk) has a solution ,but the system of equations (S ,M) has
no solution.

Proof — If kis the independence number of the graph G, then it follows
that the number of vertices contained in the extremely independent set of the
graph G is k. By the conclusion of 1) in Theorem 2 we know that the system of
equations (S, ) has a solution. By the definition of independence, the number
of vertices in an independent set in graph G is at most k. Therefore, there is no

independent set with k+1 vertices in graph G. Hence, equation

dox—(k+1)=0

has no solution, so the system of equations (S,M) has no solution.

< If the system of equations (S ) has a solution and the system of equa-
tions (S,M) has no solution, by the conclusion of i) in Theorem 2 we have that
there exists a k-independent set but not a (k +1) -independent set of the graph
G. This means that the maximum number of vertices contained in the indepen-
dent set of the graph G can only be k. So by definition of an independent num-
ber, kis an independent number of the graph G.

A solution to the problem of finding the number of independents can be ob-
tained from Theorem 3, ie. We can achieve the independence numbers by
computing the k-independence sets in the order from small to large or from

large to small, and thus obtain the extremely independent set of the graph G.

5. Experiment

Consider Figure 1 below [11] [12], a finite graph G = (V,E) , where the set of
vertices V = {vl,vz,v3,v4,v5} and the set of edges
E= {elzaels’e2z’ez4aezs’€34’e45} .

In the following we apply the calculations gained earlier to compute the
k-independent set, the number of independent sets and the extremely indepen-

dent set of the graph Grespectively. Where the adjacency matrix is as follows:

01 0 01
1 01 1 1
A={0 1 0 1 Of.
01 1 01
11 01 0
DOI: 10.4236/0jdm.2023.133008 91 Open Journal of Discrete Mathematics
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Vs

Figure 1. Graph G=(V,E).

We now calculate the k-independent set using the order from smallest to
largest for 4.

1-independent set

T
(x‘) Ax® =2x,%, + 2x,%5 + 22,3, + 2x, X, + 2X,%5 + 2x,x, +2x,x5 =0,
(Sl) X +x, +x,+x, +x,—1=0,x, (x1 —1)=O,x2 (x2 —1)=0,
x (% —1)=0,x,(x, 1) =0,x5 (xs 1) =0.
An approximate Grébner basis for the ideal /; is obtained by the procedure
for calculating the Grobner basis in Maple.
2 2 2
G = {xl = XXXy, Xy = Xy, X Xy, Xy X, X5 — Xy, XX, Xy Xy, X3,
X; = X, X, + X, + X + X, +X —1}
4 T XX T X T X T X, T X

The system of equations (Sl') equivalent to the system of equations (Sl) is
given by G, as

(S') {xs FX, X X, X, —1=0,x; —x, =0,x; —x, =0,x; —x, =0,x7 —x, =0,
1

xx, =0,xx;, =0,x,x, =0,x,x, =0,x,x, =0,x,x, =0.

Calling the program in Maple that solves the system of equations for the sys-

tem of equations (Sl') to obtain all 1-independent sets
{x, =1Lx,=0,x,=0,x, =0,x, =0},{v,}
{xl =0,x, =1,x; =0,x, =0, x, :O},{Vz}
{x,=0,x,=0,x, =1,x, =0,x, =0},{v;}
{xl =0,x,=0,x;, =0,x, =1,x, :0}’{"4}
{x,=0,x,=0,x,=0,x, =0,x; =1},{v}.

2-independent sets

(xs )T Ax® =2x,%, + 2x,%5 + 22,%; +2x, %, + 2x,%; + 2x,x, +2x,%5 =0,
(Sz) X+ X, X+ X, + X —2=0,x1(xl —1)=O,)€2(x2 —1)=0,
x (x5 —1)=0,x,(x, =1) = 0,x5(xs —1) =0.

An approximate Grébner basis for the ideal /g is obtained by the procedure
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for calculating the Grobner basis in Maple.
G, :{xlz =X, X, =Xy =X, + 1,X5 — Xy, X, +x, — Lx, +x, —1}.
The system of equations (S;) equivalent to the system of equations (.S, )
isgiven by G, as
(Sz’) Xg+x —1=0,x,+x,—1=0,x; —x, =0,x, =0,/ —x, =0,
XX, —Xx; —x; +1=0.

Similarly for the system of equations (S,) is solved to obtain all 2-inde-

pendent sets

{xl 1
{x, =1

{xl =0,x, =0,x; =1Lx, =1,x; =1},{v3,v5}

=0,x,=1,x, =0,x, 20},{\/1,\/3}
=0,x; =0,x, =1,x; =0},{v],v4}

> Xy
5-x2

3-independent sets

(xs )T Ax® =2x%, + 2% + 22,%; + 2%, X, + 2X,X; + 2x,x, +2x,% =0,
(Ss) X X, + x5+ X, + X5 —3=0,x1()c1 —1)=0,x2(x2 —1)=0,

X, (x3 —l) =0,x, (x4 —1)=0,x5 (x5 —1)=0.

Calculating a Grobner basis of the ideal (53 ) yields its Grobner basis G = {1} ,
containing non-zero constants, so by the conclusion of Theorem 2 in iii) we
know that the system of equations (S;) is non-solvable. So the graph does not
exist as a 3-independent set.

The system of equations (Sz) has a solution but the system of equations
(S,) has no solution. By the conclusion of Theorem 3, the number of inde-
pendents of the graph Gis 2, and the independent sets are as follows:

1-independent sets {V] } ,{vz},{v3},{v4},{v5} ;

2-independent sets {v,,v; },{v,v,}.{v;,vs}

The independence number of a graph G'is 2. The set of all 2-independents is
the extremely independent set of the graph.
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