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1. Introduction

The mxn rook’s graph, denoted by R, , is formed by associating the squares
of our mxn board with vertices. Two vertices are adjacent on the rectangular
rook’s graph if and only if their corresponding squares share a common row or
column. Similarly, the square bishop’s graph is denoted by B, , and is formed
by associating the squares of our nxn board with vertices. Two vertices are
adjacent on the Bishop’s graph if and only if their corresponding squares lie on a
common diagonal. Many areas of interest have been studied for the chessboard
graphs, including domination parameters. For a good summary of the sub-field,
see [1].

Given a graph G =(V,E) and a function f:¥ —{0,1,2}, then a set of ver-
tices is a roman dominating set if and only if for every vertex veV such that
f(v)=0 has a neighbor ueV with f(u)=2. The weight of the roman
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dominating function is w(z)=)" _ f(v). The roman domination number of a
graph G, denoted by y,(G), is the minimum weight of all possible roman do-
minating functions. In this paper, the roman domination number for our mxn
rook’s graph is denoted by 1y, (Rm,n ) ,or 7,(R,) for the square, nxn rook’s
graph. In a similar way, 7, (B,) denotes the roman domination number on the
square, nxn bishop’s graph. For more on the roman domination parameter in
general, including some work for specific families of graphs, see [2]-[9].
Likewise, given a graph G =(V,E), a set of vertices is said to be a total do-
minating set if every vertex in V'is adjacent to at least one vertex in the set. The
minimum cardinality among all total dominating sets is known as the total do-
mination number, denoted y,(B,) for the bishop’s graph. On the bishop’s
graph, a set can also be said to be a total dominating set if and only if every

square is attacked. The total domination number for the bishop’s graph was

2(n-1
determined to be 2{#] for n>3 in 1986 [10]. This paper’s findings

also imply that for n=1(mod12) (with n>1), the total domination number

2(n-1
of the subgraph associated with the light-colored squares is (n3 ), and the

same when n=7(mod12) for the subgraph associated with the dark-colored
squares. These findings are central to the results in Section 4 of this paper. For
more on the total domination number, a good book on the current literature is
[11].

2. RooKk’s Graph Results for Roman Domination

Theorem 1. y,(R,)=2n-1.

Proof: Consider any nxn board. Denote a to be the number of two entries
placed on vertices associated with the squares of our board. Denote b to be the
number of vertices that have ones placed in them. Note that we have, at least,
n—a rowsand n—a columns that have no two entries placed in them. Thus,
the number of squares which would have one entries planted in them is, at least,
(n—a)’ .1t follows that since 7, (R,)=2a+b, then
2a+(n- a)z <2a+b=y,(R,), which is our answer. Simplifying, and noting
that 2a+(n—a)’ isa quadratic where ais our variable, we simplify to
a*+2a(1-n)+n*. But since this quadratic has a minimum at a=n-1, then
7,(R))=2a+b>2a+(n-a) >(n-1) +2(n-1)(1-n)+n* =2n-1 . To see
that y, (Rn) <2n-1, then place twos in every square along one of the main di-
agonals—save for one of those squares. In this square, plant a one. This provides
a roman dominating set of size 2n—1. Figure 1 will illustrate. O

Theorem 2. For n>m, y, (qun ) =2m.

Proof: To begin our proof we will first define a subgraph G of the mxn
rook’s graph similar to the ones first introduced in [12] [13] for the queen’s
graph, with the vertex set taken to correspond to the two entries. Our subgraph
G differs from the definition given for the queen’s graph in that there are no di-

agonal edges for G on the rook’s graph, just column and row edges. Given the
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Figure 1. Let the pawn in the lower-left hand corner represent a one entry and the rooks
represent two entries. Then the above is a minimum roman dominating set for the stan-
dard 8x8 board.

subgraph of vertices associated with our two entries as our vertex set, two vertic-
es are adjacent in G if and only if when we place rooks on all the squares asso-
ciated with the two entries, these squares attack one another via unoccupied
squares. For example, if there are exactly 5 two entries in a single column, there
will be exactly 4 column edges associated with this column.

Let r be the number of such row edges in G, and ¢ the number of column
edges. Also assume that n>m and the number of two entries is m—j for
some natural number ;j with O0<j<m (note if ;<0 then by necessity
v, (Rm’n ) >2m). It then follows that the number of empty columns will be
n—m+ j+c and the number of empty rows is j+r . Thus our Roman domi-
nation number is, at least,

7, (Rm’n): 2(m—j)+(n—m+j+c)(j+r)22(m-j)+2j, or yr(Rm’n)Z 2m,
since the number of one entries will be the number of squares where the unoc-
cupied rows and columns intersect.

To see that indeed y, (Rm'n ) <2m, place m two entries, each having a differ-
ent row. It is then easy to see that any square will be in the same row with at least
one two entry, and thereby be roman dominated. Figure 2 will illustrate. g

Theorem 3. The number of minimum Roman Dominating sets for the square
rook’s graph is n(n!), where n is the length of both of our dimensions.

Proof: First note it follows that we must have exactly n—1 two entries, and
the lone, one entry placed on our nxn board, since our quadratic in Theorem
one had its only minimum at a=n-1, leaving us with the sole, one entry to
provide our count of 2n—1 for the roman dominating set. It also follows that
each entry can’t share the same row or column, for if either any single pair of
two entries share a row (or column, without loss of generality) then we’d have
7,(R,)=2(n—1)+2=2n, a contradiction. Also note no two entry can be adja-
cent to our lone one entry, for if so we can then obtain a roman dominating set
with less cardinality than our proven minimum by changing the associated one
entry to a zero entry, thereby a contradiction.

Making no distinction between the n—1 two entries and the sole one entry,

we note we can associate these n objects with independent vertices on our board
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Figure 2. Let the rooks be associated with two entries. Then the above is one minimum
roman dominating set for an 8 x 9 board.

n! ways. Then, noting that there are, for any such placement, nn ways to choose
one of our n objects to be associated with the only one entry, and the other
n—1 objects associated with the two entries. Multiplying the results gives us

n(n!) for the number of minimal roman dominating sets. O
Theorem 4. The number of minimum Roman Dominating sets for the mxn

|

rook's graph, with n=m+1, is (m+1)m+(m!)( 3

Proof: First we will show that there are two classes of solutions when
n=m+1. The first class of solutions simply places the two entries, one per row,
until we have our count of m two entries. It is easy to see that since there are
m+1 possibilities for any row, and there are m rows, then there are (m+1)"
sets in this class. Figure 2 illustrates an example of a minimum roman domi-
nating set, where n=m+1, in this class of solutions.

Next consider again, as in Theorem 2, the inequality
v, (Rm’n)=2(m—j)+(n—m+j+c)(j+r)2(m—j)+2j

where j>1.Nowassume ;>2.Thus

7, (Rm)n):2(m—j)+(1+j+c)(j+r)2 2m-2j+(1+j)(/), or

v, (Rm'n ) =2m— j+ j° >2m, which is a contradiction. Thus for our second class
of solutions it follows that we must have j=1, ¢=0,and =0 or we obtain
a similar contradiction for our lower bound. It then also follows we have m— j
two entries which are placed independently, and 2 one entries that are placed in

the two remaining squares in our row which contains no two entry.

m (m + 1) ) )
To show (m‘)T is the number of such sets, we will first place the one

entries. Note for this assignment there are 12 rows to choose from that will lack a
+1 :

two entry, and m(mTj ways to choose the two one placements, given any

row without a two entry. It follows that since we can have no one entry that is

adjacent to a two entry since we would have redundancy—for the set would not

need the adjacent one entry as opposed to a zero entry—that we can eliminate

the two columns and one row with ones in them, and consider the placement of
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our twos. Note our placement of ones can be placed exactly m’ (mTHj ways.

Given any placement of our 2 one entries for the case where ;j =1, we have
exactly m—1 rowsand m—1 columns on which to assign our two entries, af-
ter the one entries have been assigned. Since this can be accomplished exactly

(m—1)! ways, then we have our total number of Roman dominating sets in our

+1
second class as m'(@] Summing those in both the classes of Roman

dominating sets proves the theorem. Figure 3 will illustrate an example of a mini-
mum roman dominating set, where #n =m+1, in the second class of solutions. [
Theorem 5. For the mxn rookKs graph, with n>m+1, the number of
minimum roman dominating setsis n" .
Proof: In similar way as in Theorems 3 and 4, we see that we are forced to
have exactly m two entries, with one placed in each row. Since there are m rows,
and n ways to pick a square in each row, then we have our total of »n” ways to

pick our m two entries. O

3. The Roman Domination Number on the Bishop’s Graph
and the Count for Odd n

Theorem 6. For odd n>3, y,(B,)=2n-1 and the number of distinct,

minimum roman dominating sets is 4 (nT_lj !( 1 ; 3 j L

Proof: We will begin the proof by providing a roman dominating set of car-
dinality 2n—1, namely by associating twos with every square in the center-most
row—save for the left-most square in this row which is associated with a one. All
other squares are associated with zeros. This provides a roman dominating set of
cardinality 2n—1 for odd n, thus providing the upper bound of
7,(B,)<2n—1.

To see the rest of the proof we must describe all our possible sets of minimum

roman dominating sets by breaking our nxn board up into six regions, and

Figure 3. Again, let the rooks represent two entries and let the pawns represent one en-
tries. Then this figure represents a minimum roman dominating set, with n=m+1, in
the second class of possible solutions.
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applying the pigeonhole principle to eliminate certain placements. Then, the
placements that remain will be shown to all have roman cardinality of 2n-1,
whereas the eliminated placements will all have roman cardinality of greater
than 2n—1. We will then show independence among all our one and two en-
tries, beyond the limitation of regional placement. Then the count will be given
of all sets of roman dominating sets with these properties which will be shown to
be sufficient for a minimum roman dominating set on the bishop’s graph.

First take the origin to be the center of the center-most square, and each
square identified by the coordinates at the center of its square. Then, begin by
labeling the squares that lie on sum diagonals having the sum of the coordinates

-1
and 2071

exclusively between nT_ , and also difference diagonals with the

difference of the coordinates having values exclusively between plus and minus

n—

we will label as Region one. These squares form the center-most squares

in the sense that the associated coordinates of these squares are all within an in-
. 1o n—1

clusive grid distance of — of the center-most square.

Region two squares consist of the squares that fall on a difference diagonal

having the exact difference of the coordinates ( y —x ) of these squares as either

plus or minus , but isn’t on the edge of our nxn board. Region three

squares consist of the squares laying on the diagonal having a sum of the coor-
- 3(n-1
L, 3D
2
the edge of our nxn board. Region four consists of these 4 border squares ex-

dinates of these squares of value , but again are not on

cluded in both Region two and Region three—the middle squares in the left- and
right-most columns, and also, the middle squares in the top and bottom-most

rows.
Region five is the region whose squares have sums of the coordinates asso-

. . . . -1 .
ciated with these squares either strictly less than HT , or strictly greater than

3(n-1)
2

, with the difference ( y —x ) of any of these associated coordinates fall-

ing exclusively between plus and minus -1 . Region six is the final set of

remaining squares, with the difference of the coordinates of any of these indi-
vidual squares (y—x ) having a value not inclusively between plus or minus
n—1

, but having sum of the coordinates fall exclusively between and

3(n-1) _. L
————= . Figure 4 will illustrate.

We will now define a set of variables used to lay out an argument that “pig-
eon-holes” the placement of two entries, by contradiction, to Regions one and four
solely—namely n—2 two entries in Region one, and 1 two entry in Region four.

Also, a lone one entry will be placed in Region four. Define R, R,, R;,
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Figure 4. Squares occupied with black pawns make up region one squares. Squares occu-
pied with white bishops are Region two squares. Squares occupied with dark bishops
make up Region three squares. Region four squares are occupied by white pawns. Regions
five and six are formed by the unoccupied squares, as labeled above.

R,, R;, and R, as the number of two entries associated with Regions one
through six, respectively. Also, label the number of one entries as o.

Set R =n—-2-a, for some whole number a First we note that if either
a>R;+R, or a>R,+R,, then a-2<R,+R, and a—-2<R,+R, for if
not we would have at least 3 squares in Region one not adjacent to a two entry
that are all on a common diagonal. This is a contradiction since the placement of
an additional two entry (as opposed to the minimum of three, one entries
needed to saturate these squares) in this diagonal, beyond those placed, would
further decrease our roman cardinality. Note also that it is not possible for either
a>R;+R, or a>R,+R,, for if either, without loss of generality, then
R;+R, =a+1 clearly or the cardinality of the Roman dominating set is greater
than 2n—1. For the case where R, +R, =a+1 there would need to be either
an additional two placement in either Regions three or region six, or, at least two
one placements in Region six—since there would be an open difference diagonal

among the diagonals that have difference y—x between plus and

minus nT_l . This would put y, (B, )>2n, a contradiction.

For the case where R, +R,=a (or R,+R,=a without loss of generality),
note we have all four Region four squares unsaturated. Note also we’re limited to
only at most a single two entry in Regions two, three, or four without the cardi-
nality of our Roman dominating set exceeding 2n—1. Also note the only
squares adjacent to these Region four squares are in Regions two, three, and four
and that a placement of an additional two entry in Regions two or three only sa-
turates exactly two of these Region four squares. It then follows that we must
place an additional two entry in Region four. This leaves us with exactly one un-
saturated Region four square. Since no additional two entries are allowed for the
Roman dominating set to be of minimum cardinality, we associate a one entry
with this square. However, we still have at least two unsaturated squares in Re-

gion six which implies the set is not a Roman dominating set.
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For the case where a-2<R,+R;<a and a-2<R,+R;<a,with
R =n-2-a,assume R,+R;=a—-2=R,+R;.If we assume then that a >3,
we then note that 24 >7. Note then since R, +R,=a-2=R,+R,, and
R, =n—-2—-a, then there are exactly four squares in Region one that are not ad-
jacent to any two entry. Thus o>4.Thus 2a+2R,+0>11,0r
2(n—2—-a)+4(a—2)+2R, +0>2n—1.But since
7,(B,)=2(n—2-a)+4(a—2)+2R, +0, then we have a contradiction.

Next assume a=3. Then R,+R,=1=R,+R,. For this assumption there
are three cases to consider. For the case where R, =1=R,, it follows that
2R, +0 2 8. This comes from the fact that we require at least four one entries in
Region one and beyond this either four one entries in Region four, along with
two entries in Regions two, three, or four, or a lone two entry and two one en-
tries in Region four. With this note that if R, =1 under this case 026, since
placing only the sole two entry in Region four leaves us with two needed one en-
tries in Region four and the four one entries in Region one. Finally, if R, =0,
then o >8, since we would have four needed one entries in both Regions one
and four. So note now since 2R,+02>8, a=3, and R =1=R,, then
7z (B,)=2(n—=5)+4+2R, +0=2n+2>2n-1, and we have a contradiction.

A similar contradiction arrives for the case where a=3 and R, =R, =1
(which is equivalent, without loss of generality, to the case where R, =1=R;
and «¢=3) in that 2R, +02>6. This is arrived at by assuming one of R, =0,
R,=1,0r R, >2.For the case with R, =0, we have 0>6 (at least four one
entries in Regions one and at least two one entries in Region five). For the case
with R, =1, wehave o0>4 (atleast four one entries in Region one). Lastly the
case for which R, >2 wehave o0>4 (atleast four one entries in Region one).
Thus it follows that for the case where a=3, 2R, +026. Thus, for a=3,
7,(B,)=2R +2(R,+ Ry + Ry + R)+2R, +0>2(n-5)+4+6=2n>2n-1 , a
contradiction.

Next consider the case where a=2, and R, +R,=a—-2=R,+R,. Thus
R, =R, =R, =R, =0. It then follows that either R, =0 (in which case at least
4 one entries are needed in Regions one, four, five and six, for a total of at least
16 one entries), R, =1 (in which case at least 4 one entries are needed in Re-
gions one, five, and six, and a single one entry in Region four for a total of at
least 13 one entries), or R, =2 (in which case at least 4 one entries are needed
in each of Regions one, five, and six for a total of at least 12 one entries) since if
R, >2 we still need at least twelve one entries in Regions one, five and six.
Thus, for this case, 2R, +0>15. Thus we arrive at the following contradiction,
7x(B,)=2(n—4)+2R, +0>2n+7>2n-1.

Next let us assume the following subcase: R, + R, =a—1 and
R,+R,=a-2 (or Rj+R,=a-1 and R,+R, =a—2, without loss of gene-
rality by symmetry). Note first if a >4 for this subcase then we arrive at a
contradiction, since y,(B,)=2(n-2-a)+2(2a-3)+2R,+0>2n-1 for

a >4 . Thus, assume first a =4 . This easily leads to contradiction as well since
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we need at least two one entries in Region one, and
7r(B,)=2R +2(R, + R, + R, + R)+ 2R, +0=2(n—6)+10+2R, +2>2n—-1.

Next assume R, +R;=a—-1 and R;+R;=a-2, with a=3. Note first we
require at least two one entries in Region one for all the upcoming subcases. For
the first subcase assume R, =2,with =3, R, +R =a-1,and
R, +R; =a—2. For this subcase note that there are at least two unsaturated Re-
gion six squares. It follows then for this subcase that 2R, +0 >4 . Thus we have
7z (B,)=2(n—5)+2(3)+2R, +0>2n-1, a contradiction.

Next assume R, =1,with R =1, R;+R;=1,and a=3.Thus
2R,+0>4 since there are at least two one entries needed in Region one, as
noted previously, and two unsaturated Region four squares. Thus
7r(B,)=2(n—5)+6+4>2n—1, a contradiction. Thus, for the final subcase
assume R, =0 with R, =2, R, +R,=a—-2,with a=3.So, then
2R, +025, since as noted previously we have the two unsaturated Region one
squares and the four unsaturated Region four squares. Also for this subcase note
that y,(B,)>2(n—5)+6+5>2n-1, a contradiction.

Note for the case for which a=2, R, +R;=a-1, and Rj+R;=a-2,
0 =7 . This follows since there must be one entries to cover a minimum of seven
unsaturated squares - two in Region one, one in Region six, and at least four in
Regions three and five. This leads to a contradiction as well since it follows that
7r(B,)22(n—2—a)+2(R,+ R, +R)+2(R, +R)+0=2n+1>2n—1.

Next assume R,+R,=a-1=R,+R;, with R =n-2-a . Note that if
a>3, we have y,(B,)>2(n-2-a)+4(a—1)+0>2n—1, a contradiction.
Assume now a=3. Note for this case 2R, +0>1 unless R, =2=R,, since
there is at least one Region one square left unsaturated regardless, and at least
one unsaturated Region four square after the placement of twos in all Regions
but four. This yields y,(B,)>2(n-5)+8+2R,+0>2n-1, a contradiction.
Thus if R,+R,=2=R,+R, with R =n-5, then R, =2=R,. So assume
R,+R,=2=R,+R, with R =n-5 and R,=2=R,. Then o0>2, since
there will be at least two squares in each of Regions five and six and at least one
square in Region one left unsaturated after these placements. Thus
7z (B,)=2(n-5)+8+3>2n—1, a contradiction.

So to eliminate our final possibility of placement by region solely, assume
R,+R,=1=R,+R, and R =n—4. There are three subcases by symmetry. In
the first subcase assume R, =R, =1. Thus 025 since there will be at least two
unsaturated squares in each of Regions five and six, and a lone unsaturated square
in Region four. Thus y,(B,)>2(n—4)+4+5=2n+1>2n—-1,a contradiction.

For the next subcase assume either R, =1=R; (or without loss of generality,
by symmetry, R, =R, =1). Note for this subcase o >35, since there are at least
four unsaturated squares in Region six and one in Region one after all placement
of two entries. Thus y,(B,)>2(n-4)+4+5=2n+1>2n-1, a contradiction.
For the final subcase, where R, =R, =1 with R =n—-4, note 2R, +025

since the four Region four squares all remain unsaturated along with a Region
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one square after placement of all twos in Regions one, two, three, five, and six.
This leads to y,(B,)>2(n—4)+4+5=2n+1>2n-1, a contradiction.

This leads us to the only possible placement, with n—2 two entries placed in
Region one, a lone two entry in Region four, and a one entry placed in Region
four on the opposite border as the other entry in Region four. It is easy to see
these entries must all be independent, for if not we have unsaturated squares af-
ter placement. To see this restriction by region, and independence of the entries,
it is sufficient for the set to be a minimum roman dominating set, first note its’
cardinality is indeed 2n—1. Also note the squares in Regions one, two, and six
all lay on exactly n—2 sum diagonals. Likewise, the squares in Regions one,
three, and five all lay on exactly n—2 difference diagonals. Thus, if placed in-
dependently in Region one, the n—2 two entries should be provided adjacency
for all vertices corresponding to squares in all regions, excluding Region four.
Also, a one entry and a two entry, if placed independently in Region four, would
either provide adjacency for all Region four squares/vertices or would be occu-
pied by a one entry.

Finally, we count the number of such minimum roman dominating sets by
noting that the subgraph associated with the squares in Region one is isomor-

phic to the union of R, ; and R, ;. Thus, since there are exactly four ways to

2 2 n—1n-3
place the entries independently in Region four and T!

! ways to place

the entries independently in Region one, we have the proof. g

4. Total Domination Section

Theorem 7. The count on the number of minimum total dominating sets for
2
n—1
2
R
L!X 26
6

the light squares when n=1(mod12) (with n>1) and the same for the sub-

the nxn bishop’s graph is for the subgraph associated with

graph associated with the dark squares when n=7(mod12).

Proof: Begin by breaking the subgraph associated with the light squares when
n=1(mod12) into three separate regions (the case for the dark squares when
n=7(modl12) is equivalent). Similar to the methods found in Section 3, above,
label Region one as the light-colored squares having sum of their coordinates at

the center of the square exclusively between plus and minus nT_l and the dif-

ference of their coordinates (y—x) also exclusively between plus and minus

n—1

(with the origin take as the center of the center-most square of our nxn
board). Label Region two squares as the light colored squares having sum values
o . . n—1 .

in this manner not exclusively between plus and minus - but difference

n—1

values exclusively between plus and minus . Finally, label Region three as
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the light colored squares having sum values exclusively between plus and minus

n—
2

n—1
2
Next let us define a subgraph G similar to the subgraph G found in both [12]

and having difference values not exclusively between plus and minus

[13], except we are defining it for the bishop’s graph and not the queen’s graph.
So given the total dominating set of vertices associated with the occupied squares,
we define Gto contain only the set of vertices associated with the total dominat-
ing set. Two vertices are then adjacent in G if and only if their corresponding
squares (which are occupied by bishops) are attacked along unoccupied squares.
Note if there is at most two bishops in any given diagonal there is no difference
between G and the subgraph induced by the vertices associated with the occu-
pied squares. It is only when there are three or more bishops in a given diagonal
that a difference arises. For example, note that the subgraph induced by vertices as-
sociated with occupied squares in the same diagonal will form a complete graph,
whereas in G these same vertices form a path. Then define d, and d, as the

number of positive-sloping and negative-sloping diagonal edges for the graph G
We then set R +R,-c :nT_l—a and R +R,-r :nT_l—b , for some

non-negative integers a and b with R, R,, and R, taken as the number of
light squared bishops in Regions one through three, ¢ as the number of positive
diagonal edges in the subgraph G between bishops either in Regions one or two,
and r as the number of negative diagonal edges in the subgraph G between bi-
shops either in Regions one or three. Note it is the case that ¢<d, and r<d,.

It then follows that either a or b is zero, since if not we would have a
light-colored square in region one not under attack. Without loss of generality,
by symmetry, take @ =0. It also follows that there is no empty negative sloping

diagonal that has the sum of its coordinates exclusively between plus and minus
n—1

. It then follows that r=d, , for if we had a negative diagonal edge

between two light-colored bishops, both in Region three, then both would be
adjacent to light-colored bishops in Region one along positive diagonals. This
would then make either redundant, since both would be adjacent to a
light-colored bishop along positive and negative diagonals. In a similar type
manner ¢=d,.

Next we will show that the unsaturated squares remaining in Region three af-

ter placing Region one and Region two bishops require R, > 5. In the upper-left

part of Region three note that we have at least [g—l positive diagonals

containing unsaturated squares after Region one and Region two bishops have
been placed, and at least the same number in the bottom-right part of Region
three. It follows that because these unsaturated squares lie on negative diagonals
unoccupied by bishops, that they must be dominated along the positive diagon-

als in Region three. Thus, since there are at least b of these diagonals not fully
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saturated, then R; >b.
Back to the beginning of the proof with the new information we obtain by

substitution R +R,-d, = nT—l and R +R,—d, = nT_l—b . Summing these
we obtain R, +7,(L,) —(dp +d, ) =n—1-b, with ,(L,) being the total do-
mination number of the subgraph formed by the light-colored squares of the bi-
shop’s graph for n=1(mod12). But it follows that since the set of bishops is a
total dominating set and has no isolates, then G can have no isolates. Thus, since

G can have no isolates and d, +d, is the total number of edges in G then

7.(L,)

L
d,+d,> — Thus, we obtain by substitution R +# =n-1-b, or

since it has been shown previously that y, (L, )= 2(n3—1) , R = 2(n3—1) -b. 1t

2(n—l) —b there

2(n-1
follows then that R +R, > (n3 ) However, since R =

remains unsaturated squares in Region two after placing only the bishops in Re-
gion one and Region three. Thus R, >1. But then

2(n-1
7.(L,)=R +R,+Ry > (n3 )—b+b+ 1, a contradiction. It follows then that

b=0, R :@, R,=0,and R, =0.

To count the number of minimum total dominating sets we will note that
every diagonal, both positive and negative, that contains a square in Region one
must be occupied. To see this first note every square in Region one must be
dominated twice, once along a negative diagonal and once along a positive di-
agonal, or else we’d have unsaturated squares in either Region two or Region
three (depending upon whether we had an open negative or positive diagonal).

n—
Also note that there must be exactly

row edges in G and the same

number of column edges in G with all the edges between vertices associated with

bishops in Region one.
-1
We begin the count by selecting the nT positive diagonals that contain

exactly two bishops and the n-1

negative diagonals that contain exactly two

- -1
bishops. Note there are exactly nTl choose nT ways to choose the positive

diagonals and the same number of ways to choose the negative diagonals. Thus
the result is squared.
Next, given the assignment of two adjacent bishops to the positive and nega-
n-1 |
3
n—1

tive diagonals in such a way, we note there are ways to place the positive
26

diagonal adjacent bishops given the constraints. We can then square the result,

since the number of ways to place the negative diagonal adjacent bishops is the

same given the constraints. We then multiply the results of the last two para-
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graphs, simplify the choose symbols by cancelling, and obtain the answer.  [J

5. Conclusion

Certainly, a similar method might provide the roman domination number for
the square bishop’s graph and the count on the number of minimum roman
dominating sets, when nis even. The partition of squares into the six regions in-
dicated in this paper might also provide some use for finding the counts of the
remaining cases for the number of minimum total and paired dominating sets
on the square bishop’s graph. See both A303144 and A303141 in the Online En-
cyclopedia of Integer Sequences for some of the values on these counts for very
small board sizes. Note the available count for n=7 obtained in this paper
matches the one found for n=7 in the OEIS. It should also be noted that the
case solved for the count of the minimum total dominating sets for the light
squares when 7n=1(mod12) (and the dark squares when n=7(mod12)) was
a difficult and lengthy argument. However, the implementation of technology to
the problem for the other cases might very well be of benefit—as the author
highly suspects the other cases would be longer without other computational

means.
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