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Abstract 
This paper evaluates two methods of diagnosing damage, Natural frequency 
and Stiffness-Frequency change-Based damage detection method in rein-
forced concrete beams under load using vibration characteristics such as nat-
ural frequency and mode shape. The research uses finite element method 
with crack damage instead of deleting or reducing the bearing capacity of the 
element like in previous studies. First, a theory of the damage diagnosis me-
thod based on the change of natural frequency and mode shape is presented. 
Next, the simulation results of reinforced concrete beams using ANSYS will 
be compared with the experiment. Particularly, the investigated damage cases 
are cracks in reinforced concrete beams under loads. Finally, we will evaluate 
the accuracy of the damage diagnosis methods and suggest the location of the 
vibration data and specify the failure threshold of the methods. 
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1. Introduction 

It is inevitable that construction works, after a long period of use under the in-
fluence of many subjective and objective factors, will occur unwanted damage. 
This affects safety factors, repair costs, and the longevity of the building. There-
fore, monitoring, maintenance, and quality assessment of the building are essen-
tial. As a result, structural health monitoring (SHM) has been studied and ap-
plied more to architectural works. The diagnostic work is divided into 5 stages: 
damage detection, damage location, damage classification, damage assessment 
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and damage prognosis [1]. This study will focus on the first two diagnosis tasks: 
damage detection and damage location. 

Two common methods of diagnosing damage in structures today are destruc-
tive and non-destructive. Specifically, the advantages of the non-destructive me-
thod (i.e., cost saving, time effectivity, and high applicability) give this method 
greater attention than the destructive method. Moreover, some preliminary stu-
dies have shown positive results in finding the relationship between damages 
and frequency characteristics [2] [3] [4] [5]. 

A non-destructive experimental technique proposed by Adams et al. showed 
an association between the damage and the reduction of natural frequency. The 
damage was assumed to be a reduction in the axial spring stiffness. The experi-
ment analyzed the 1D model of a simple metal bar with and without a cut, al-
lowing for the identification and location of the damage. The study also demon-
strated how temperature affects vibration frequency [2]. 

Cawley and Adams have further developed the work of Adams et al. [2], 
which provides a method that can detect, locate the damage and estimate the 
degree of damage for aluminum and composite panels. The main basis of the 
research is based on the natural frequency shift (NFS) of two different mode 
shapes. The study shows a link between NFS and damage in the plate. The limi-
tation of the study is single damage and does not apply to materials with multi-
directional properties [3]. 

Gudmundson showed a method to model cracks or cuts in beams and how to 
calculate the changes in natural frequency for this local damage, which had not 
been done in earlier studies. He proposed two simulation techniques: the first 
technique is based on the theory of stress and energy, and the second technique 
simulates damage using a 2D finite element model. Both approaches demon-
strate the relation between the resonant frequency change and damage size [4]. 

A study on the free vibrations of large beams and sudden changes in 
cross-section provides a stiffness transformation matrix at the position of the 
cross-sectional change and simulated by finite element. The finite element si-
mulation results of the 1D beam show the similarity when compared with the 
experimental results. In addition, the correlation between the first natural fre-
quency is influenced by the length and depth of the damage (the cross-sectional 
position changes) [5]. 

With the development of the finite element method in structural simulation, 
damage detection studies using this method are increasingly popular and have a 
high-reliability level. However, in previous studies, the damage was often as-
sumed to be a result of the decrease in the element’s stiffness or the removal of 
the element from the model. Consequently, the diagnostic results are not close to 
the actual damage in the structure. 

This study will overcome the above factors by simulating the damage in the 
form of cracks under the effect of loads. From there, the damage detection me-
thods using vibration will be applied to diagnose the damage.  
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2. Methodology 
2.1. Natural Frequency 

The damage diagnosis method based on the change of natural frequency is a 
simple, fast, and effective method in the SHM field. Theoretically, when damages 
appear in the structures, the structure’s natural frequency will decrease simulta-
neously with the stiffness decrease in the structure [3] [4] [5] [6]. Based on this 
feature, the degree of variation of the natural frequency is calculated by the be-
low equation: 

( ) ( )% 1S 0N 0F %f f f f∗= ∆ = − ∗                (1) 

• NFS and ( )%f∆ : natural frequency shift (%) 
• f: the natural frequency of the undamaged state 
• f ∗ : the natural frequency of the damaged state 

2.2. Stiffness-Frequency Change-Based Damage  
Detection Method 

A diagnostic method based on the changes in stiffness and frequency has been 
researched and developed [7] [8]. The method’s foundation is based on the rela-
tionship between the change of the weightless spring stiffness between the ele-
ments and the strain energy in the structure when damage occurs. Following 
previous research, [9] has improved the relationship between elements in the 
link model by weightless spring, providing a calculation method for the damage 
vector by an inverse matrix. 

Based on the proposed approximate calculation method and some calculation 
methods for the oscillation frequency, we have the following: 

( )( )22 2 2 2

0 0

1 1d d d d
2 2

L L

EI x Z x x AZ x K Pω ν ρ
   

= = =   
   

∫ ∫       (2) 

In which: 
• K: strain energy 

( )( ) ( )( )2 22 2 2 2

0 0

1 1d d d d , d d
2 2

L L

EI x Z x x x EI x Z xψ ψ=   =∫ ∫       (3) 

• P: kinematic energy 

2

0

1 d
2

L

P AZ xρ= ∫                        (4) 

With a small change of frequency: 
K P

K P
ν

ν
∆ ∆ ∆

= −                        (5) 

For beams with cracks are perpendicular to the beam axis and vibrating with 
0P∆ = . Set K∆ : 

0

1 d
2

L

K S xψ∆ = ∫                        (6) 

https://doi.org/10.4236/ojce.2022.124031


H. T. Hien et al. 
 

 

DOI: 10.4236/ojce.2022.124031 562 Open Journal of Civil Engineering 

 

With S being the parameter showing the change of K, in the case that K does 
not change or has no damage, we have S = 0 and S = 1 when the beam is com-
pletely cracked. If the beam is divided into n elements, the failure parameter Si 
corresponds to the ith element, Li is the length of the ith element, m measured fre-
quencies, we adjust the Equation (5) as: 

( ) ( )
1

2 d ,
4 d

n
m m

m i m
im L m

L

g L S g
x

ω ψ
ξ ξ ξ

ω ψ=

∆
=   =∑∫ ∫

             (7) 

With the beams have n elements and m measured frequencies, the Equation (7) 
can be written in matrix form: 

[ ] { } 1
1

2 im n n
m

H Sω
ω × ×

×

∆  = 
 

 in which ( ) d
i

ij i
L

h g Lξ ξ= ∫         (8) 

Ignoring the change of elastic modulus and moment of inertia of the structure, 
the value ( )22 2d dxΦ  in Equation (3) at each node is computed by central dif-
ference approximation. Rewrite the Equation (3): 

( ) ( ) ( )

( )
( ) ( ) ( ) ( )

22
2

2

2 2
1

1

dd d d
d

2

i i i

i i
L L L

j j
j j i

x EI x x EI x x
x

EI x x x EI x a

ψ

+
+

 Φ ′′= = Φ 
 

′′ ′′Φ + Φ
= − =

∫ ∫ ∫
        (9) 

In which i′′Φ  is the second derivative of the mode shape at the jth node, xj is 
the jth node coordinate, Li is the ith element length. Considering the structure is 
homogeneous, there is no change in cross-section. The values of the matrix [H] 
can be calculated according to the formula: 

, , ,
1

n

i j i j i j
i

h a a
=

= ∑                       (10) 

After calculating the matrix [H] and the natural frequency change vector 
{ } 1mω ω

×
∆ , for m = n, it is now easy to calculate the element damage vector us-

ing the matrix inverse. However, in reality, the vibration data obtained is limited. 
In most cases, it is smaller than the number of measured points. Therefore, we 
have m < n, and the calculation of the damage vector now needs to use another 
method—the pseudo-inverse matrix. In the thesis, MATLAB software is used to 
calculate the matrix. 

{ } [ ] { } 11

1
2 m ni mn

S H ω ω
×

+

××
= ∆                 (11) 

With [H]+ is the matrix’s pseudo-inverse matrix [H]. Si carries the meaning of 
the element’s participation in the change of natural frequency, so the solution 
condition of Equation (11) is Si > 0. For Si < 0 values, set these values to 0 and re-
calculate until the condition is satisfied. To calculate the decreasing natural fre-
quency of each element, we replace the vector {Si}n×1 in Equation (10) with the 
vector { }T

1
0,0, , , ,0,0i n

S
×

  . Now we have the formula: 
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{ } [ ] { }1

T

1, 2 0,0, , , ,0,0im n ni m
H Sω ω

× × ×
∆ =                (12) 

After calculating all elements, the vectors are combined and separated into 
vectors that change the frequency of each element according to mode shape. For 
this type of data, this paper proposes a damage threshold using the normalizing 
data method to determine the damaged area: 

Z ω ω
ω ω

ω µ δ
ω ∆ ∆

 ∆
= −  

 
                      (13) 

2.3. Evaluation Indicators 
2.3.1. Accuracy of the Crack Zone: A 
The crack zone accuracy A is the ratio of the diagnostic crack length to the ac-
tual crack length. This index is intended to evaluate the method’s accuracy in 
determining the crack zone in the structure 

( ) 100%p cA L L= ⋅                        (14) 

In which  
• LP is the length of the diagnostic crack length,  
• LC is the actual crack length. 

2.3.2. Accuracy of the Non-Cracked Zone: B 
In addition to assessing the cracked region’s accuracy, it is also necessary to eva-
luate the non-cracked region. The non-cracked zone accuracy is the ratio of the 
uncracked diagnostic length to the actual uncracked length: 

( ) 100%pnc ncB L L= ⋅                       (15) 

In which  
• Lpnc is the length of the diagnostic non-cracked area, Lpnc = L − LC − Lp,out;  
• Lp,out is the length of the diagnostic crack outside the actual crack;  
• Lnc is the actual crack length. 

Overall accuracy: C 
An index is required to assess the accuracy of the full length of the beam. 

Therefore, the proposed overall accuracy index C is significant as the sum of the 
crack zone accuracy A and the uncracked zone accuracy B, then multiplied by the 
proportion of each zone. The proportion of each zone corresponds to the ratio of 
the crack zone’s length or the length of the uncracked zone divided by the total 
length of the beam. The selection of the damage threshold of beams requires con-
sideration of three indexes A, B, and C, to give an appropriate damage threshold. 

( ) ( )c ncC A L L B L L= +                      (16) 

3. Model 

A previous study tested reinforced concrete beams at three different load levels. 
Natural frequencies are obtained through sensors for each load level and differ-
ent cracking states of the beam [10]. In this study, we have used the reinforced 
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concrete beam parameters of the above study to simulate using ANSYS software 
and compare the results with the experiment. Beams have dimensions 120 × 240 × 
3800. Dimensions and reinforcement details are shown in Figure 1. 

Simple beam with a span length of 3800 mm and beam cross-section of 120 × 
240 mm. The beam is arranged with 2φ16 reinforcements at the bottom and 2φ8 
reinforcements above, φ8d100 reinforcement running along the beam. The 
thickness of the protective concrete layer is 25 mm. The beam is divided into 18 
parts with the following dimensions: from E2 to E17 with dimensions of 200 
mm, E1 and E18 with dimensions of 300 m, as shown in the figure. Load posi-
tion between E8 and E9, 1.7 m from the end of beam, displacement data collec-
tion at the underside of the beam. 

The parameters of reinforced concrete are based on standard ACI 318-14. 
Specifically, concrete has a compressive strength of 40 MPa, tensile strength of 
3921 MPa, and elastic modulus of 29,726 MPa. The reinforcement has tensile 
strength 335 MPa, elastic modulus 210,000 MPa. The element types used in the 
concrete and reinforcement materials simulation are SOLID65 and BEAM188. 
The finite element model of beam is shown in Figure 2. 
 

 
Figure 1. Parameters of beams [10]. 

 

 
Figure 2. Simulation of beams by ANSYS. 
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The load is placed at a position 1.7 m from the beam end, with a transmission 
area of 0.1 × 1.2 m2. In the paper, the simulation was carried out with 8 load le-
vels: 0 kN, 3 kN, 6 kN are undamaged loads; 6.156 kN is the load causing crack-
ing; 6.6 kN, 7.3 kN, 9.5 kN are the loads in the experiment [10]. The load level of 
8 kN is used to investigate the transition between 7.3 kN and 9.5 kN loads. 

Simulation results are compared with experimental and theoretical results. In 
Table 1, the cracking force is compared with the calculation according to the 
standard ACI 318-14 and the experiment [10]. The results show that the error of 
the cracking force is less than 6.8%. 

In Table 2, the natural frequency of undamage beam is compared with the 
theoretical formula [11] and the experiment [10]. The error of the natural fre-
quencie is less than 5.5%. 

Previous studies mostly simulated homogeneous beams subjected to single or 
regional failure by deleting or reducing element stiffness [2]-[9]. In this study, 
the failure simulations of beams are cracks, according to the real damage of the 
beam. The finite element method uses ANSYS software to simulate reinforced 
concrete beams with high accuracy and reliability. The load-causing cracking 
and the initial natural frequency results of the model are similar to theoretical 
and experimental. Therefore, the finite element method can be used for research 
when it brings advantages such as cost and time effectiveness compared to expe-
riments and can easily expand the problem with different load levels and states. 

4. Results and Discussion 
4.1. Analyze and Evaluate the Change in Natural Frequency 

Vibration data of the beam at each load is collected from the finite element me-
thod and shown in Table 3. 

The natural frequency changes are shown in Figure 3. In this figure, the anal-
ysis results show no difference in natural frequency at 3 kN, 6 kN—non-cracking  
 
Table 1. Comparison table of cracking force results. 

 Crack force Error 

Simulation 6.156 kN 0% 

ACI 318-14 5.997 kN −2.64% 

Hong 2012 6.6 kN 6.73% 

 
Table 2. Comparison table of natural frequency of undamaged beam results. 

Mode shape ANSYS Chopra Error (%) Hong Error (%) 

Mode 1 27.516 26.268 4.53 26.375 4.15 

Mode 2 102.405 105.073 −2.61 - - 

Mode 3 249.976 236.415 5.43 - - 

Mode 4 399.257 420.293 −5.27 - - 
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Table 3. Natural frequency for each mode and load. 

Natural 
frequency 

Load (kN) 

0 3 6 6.156 6.6 7.3 8 9.5 

Mode 1 27.52 27.52 27.51 26.54 24.97 23.16 21.82 20.38 

Mode 2 102.40 102.40 102.40 101.99 100.92 98.94 95.91 89.20 

Mode 3 249.98 249.98 249.97 241.15 227.71 215.40 208.60 203.99 

Mode 4 399.26 399.26 399.25 389.62 374.72 358.95 343.77 328.99 

 

 
Figure 3. Natural frequency shift of the beam. 
 
loads of beams. The natural frequency of the beam decreases when the beam has 
the first crack (load 6.156 kN) and decreases gradually when the load increases. 
Corresponding to the damage is an increasingly widening crack area. There is an 
unequal frequency change between mode shape; mode 1 and mode 3 show a 
clear change in natural frequency compared with modes 2 and 4. The crack ap-
pears and spreads from the position of loading to the beam end. This position is 
close to the peak of mode shape 1 and 3. From that, we can observe that the nat-
ural frequency sensitive to damage is close to the mode shape’s peak position. 

4.2. Stiffness-Frequency Change-Based Damage  
Detection Method 

The method requires diagnostic data, including the natural frequency of the un-
damaged and damaged states and the mode shape of the undamaged states. Vi-
bration data were collected from the ANSYS model at the beam’s neutral axis 
position. This paper shows diagnostic data at load levels of 6.156 kN and 9.5 kN 
(Figure 4) and damage threshold Z = −0.2. 

The degree of each beam element’s participation in the frequency shift is cal-
culated using this data, which is then utilized to apply the damage threshold us-
ing the normalized technique. Then, we will evaluate the model’s accuracy using 
indicators A, B, and C. The S-FC-BDD technique is based on the identification 
of damaged parts. Therefore, the real failures are also presented as damaged 
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elements to evaluate the accuracy. Diagnostic results are checked according to 
each load level. Particularly, there are 4 test modes for each load level and 1 
composite mode (1, 2, 3, 4). The test failure threshold ranges from [−0.2, 0.2]. Z = 
−0.2 is the suggested damage threshold value, and the resulting graph is pre-
sented in Figure 5 and Figure 6. 

 

 
Figure 4. The damaged beam under load. (a) 6.156 kN. (b) 9.5 kN. 
 

 
Figure 5. Diagnostic data at load level 6.156 kN with Z = −0.2. 
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Figure 6. Diagnostic data at load level 9.5 kN with Z = −0.2. 
 

The blue line is the normalized diagnostic result, the red line is the failure 
threshold or predicted damage area, and the area between two green line is real 
damaged area. From that, the diagnostic results of mode 1 and the combined 
mode give the closest results to the damaged area. Modes 2 and 4 have errors, 
but the diagnostic trend is still close to the actual damaged area. Besides, in the 
beam head area, there is a problem with diagnostic results, the cause comes from 
the boundary conditions of the model. 

In Figure 7, with the remaining load levels corresponding to the damage 
threshold Z = −0.2, we have the results that the accuracy of A, B, and C are not 
uniform for each mode of oscillation. Accuracy A decreases with increasing load 
or increasing failure. Mode 1 and combined mode give results A, B, C, all higher 
than 75%, while mode 2, 3, 4 give negative results at high loads. The cause comes 
from the location of the beam’s failure area near the top of mode 1, and mode 3. 
Therefore, these modes are more sensitive to damage, with the composite mode 
being the combination of all four modes. So, there will be more balanced and  
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Figure 7. The average accuracy of the S-FC-BDD method for each load level with Z = −0.2. 

 
objective than using an oscillating mode. 

In Figure 8, the average A indicator decreases as Z increases, while the aver-
age B and C indicators increase as Z increases in the survey range Z = [−0.2; 0.2]. 
It can be shown that all three indicators A, B, and C average above 80% at the 
damage threshold Z = −0.2 and that there is not a difference between the three 
indicators. As a result, Z = −0.2 was selected as the suggested damage threshold. 

Stiffness-Frequency change-Based damage detection method is a simple me-
thod that quickly determines whether a structure has been damaged. The me-
thod's limitation is that a large variation in frequency must exist for the best re-
sult. Additionally, choosing the right mode shape is an issue worth concerning. 
Moreover, the method only detects the damage location but does not evaluate 
the damage level. 
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Figure 8. Accuracy indicators with Z = [−0.2; 0.2]. 

5. Conclusions 

The method based on the frequency change can determine the damage but not 
the damage location. Stiffness-Frequency change-Based damage detection me-
thod can detect and locate the damage. This method requires 3 inputs: the natu-
ral frequency of the damaged and undamaged states; mode shape of the unda-
maged state. In which, the natural frequency and mode shape of the undamaged 
states can be obtained from the finite element method, and only the value of the 
natural frequency of the damaged state needs to be measured. This shows its ap-
plicability in practice in diagnosing damage in reinforced concrete beams and, 
by extension, other complex structures. 

After normalizing the diagnostic results, the suitable failure threshold is cho-
sen. 3 indexes are used to measure the method’s accuracy: A—crack zone accu-
racy, B—non-cracked zone accuracy, and C—overall accuracy. The study shows 
that the reinforced concrete beam model has a failure threshold of Z = −0.2 for 
the average diagnostic accuracy of A, B, and C above 80%. For each individual 
natural frequency, modes 1, 3, and combined modes give better results than 
modes 2 and 4, corresponding to modes with large changes in vibration fre-
quency. 

Some points that can be improved in further studies such as: 
1) To understand the damage to the beam when the crack is wide open, a 

more thorough examination of the load level is required. 
2) To change the damaged position of the beam and the number of damaged 

positions on the beam. 
3) An extension of the study with a more complex structure is needed to eva-

luate the effectiveness of the diagnostic method. 
In summary, the method provides an average accuracy of damage location of 
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over 80% for simple reinforced concrete beams when using 4 types of vibrations 
and the suitable damage threshold. With the above advantages and disadvantag-
es, the method can be used as a method of damage diagnosis in practice. 
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