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Abstract 
A heuristic stochastic solution of the Pennes equation is developed in this 
paper by applying the self-organizing, self-similar behaviour of living struc-
tures. The stochastic solution has a probability distribution that fits well with 
the dynamic changes in the living objects concerned and eliminates the prob-
lem of the deterministic behaviour of the Pennes approach. The solution em-
ploys the Weibull two-parametric distribution which offers satisfactory deli-
very of the rate of temperature change by time. Applying the method to ma-
lignant tumours obtains certain benefits, increasing the efficacy of the distor-
tion of the cancerous cells and avoiding doing harm to the healthy cells. Due 
to the robust heterogeneity of these living systems, we used thermal and bio-
electromagnetic effects to distinguish the malignant defects, selecting them 
from the healthy cells. On a selective basis, we propose an optimal protocol 
using the provided energy optimally such that molecular changes destroy the 
malignant cells without a noticeable effect on their healthy counterparts. 
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1. Introduction 

Hyperthermia has had a long and bumpy history from the dawn of human med-
icine. The overall body temperature has long served as the basic reference by 
which to measure the systemic hyperthermic effect of various conditions, in-
cluding natural and artificial impacts. Localized heating, however, was not so 
easy to understand. The body’s thermal homeostatic control regulates the 
blood-perfusion to prevent a sustained increase allowing for a rapid reduction in 
temperature, provided no further energy was provided from a local ener-
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gy-source. The blood which has a cooling action on the local tissue, also has a 
heating effect on the whole system as the heat is transferred through the circula-
tion to the rest of the body tissues  

However, the process of heat distribution in the body is not a simple thermo-
dynamic process. Living organisms are highly heterogenic and have complex in-
terconnections and feedback regulations within. The non-linearly increasing 
blood-flow (BF) [1] for the regulation of rising temperature does not only act as 
a thermodynamical heat-exchanger. The blood delivers life-supporting mole-
cules, such as oxygen and nutrients, as well as various regulating species such as 
circulation cells (like immune cells), proteins (like cytokines, chemokines, eryt-
hrocytes, etc.) and molecules (like carbon dioxide, various ions, etc.), for the 
chemical actions required for the processes of living. The thus intensified oxygen 
delivery supports the radiosensitivity of tissues. This effect is well established in 
radiotherapeutics. Moreover, the vasodilation and better perfusion through the 
vessel walls and the cell-membranes as a result of increased heat, together with 
the increased reaction rate of the chemicals, supports the action of chemothera-
pies. On the other hand, in massive tumours, the neo-angiogenic arteries do not 
vasodilate, as they lack musculature in their vessel walls [2].  

The malignant tissues are different in their structure, cellular network, meta-
bolic processes, and energy- and alkaline balances from their healthy counter-
parts. These particular biophysical differences determine the reaction to heating 
[3]. The bloodstream counteracts the overheating, regulating the flow capacity of 
the vessels as a result of physiological feedback cycles. The elevation of the tem-
perature can cause vasoconstriction in certain tumours, reversing the develop-
ment of blood perfusion and modifying the heat conduction [4]. The same in-
crease in temperature in the neighbouring healthy tissue causes vasodilatation, 
with a corresponding rapid growth in its relative blood perfusion and heat con-
duction [5]. The change of blood-perfusion can result in a heat trap [6], helping 
us to selectively increase the temperature in the area of already-limited perfusion 
[7] caused by the higher internal pressure of the tumour [8]. The blood-flow 
(BF) of tumour tissue behaves in a different way with respect to temperature than 
its healthy counterpart [9]. Due to the missing musculature of the neo-angiogenic 
arteries, tumours are not able to react in the same way as the normal vessels in 
an adult body, and so the BF can decrease as a result of heating [10]. The relative 
BF can even drop below that of healthy vessels [11] and the dynamism of the 
various tissues changes [12]. The increasing temperature can change local im-
mune-reactions and the immune-status of the heated volume. A temperature of 
over 40˚C downregulates the natural killer cell cytotoxicity [13], and other im-
mune actions can be weakened too [14].  

A mandatory parameter of all medical interventions is dosage, by which the 
desired effects and active changes are measured and controlled. Hyperthermia, 
by definition, involves a temperature increase, so the use of the temperature as a 
dosing parameter appears to be evident. However, for the regulative control of 
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dose, we expect a volume/mass dependence of the applied unit, such that a 
half-dose could be applied for half the mass, with the size of the target deter-
mining the applied dose. The challenge is that the temperature does not satisfy 
this elementary supposition; it does not depend on the size of the target. If we 
apply temperature as a dose and have a certain temperature in a volume, then 
half of that volume will have the same temperature and, indeed, any portion of 
the volume will also have the same value of temperature because the temperature 
is the measure of an energy average. The challenge of dosage is a barrier to the 
acceptance of hyperthermia in oncology [15]. The solution could lie in defining 
a reference point [16] chosen for necrotic tissue damage. It is observed that a 
temperature of 43˚C causes satisfactory necrosis in vitro in cell-culture of Chi-
nese Hamster ovary tumour-cells [17].  

The living object is a complex, mostly chemical piece of “machinery”, where 
the temperature is one of the overall regulating factors. We can use the temper-
ature dependence of the general chemical reaction rate (Arrhenius law [18]), 
which is also applicable in biology [19], where the Boltzmann distribution exists 
[20]. The dose was chosen according to this concept [21], and was later defined 
as “cumulative equivalent minutes at 43˚C” (CEM43˚C). The location of a phase 
transition within the cells is expected to be in the lipid membranes [22] [23] 
[24]. This cellular phase transition supports the choice of 43˚C, as the base tem-
perature is at approximately 42.5˚C [25]. The break characterizing this phase 
transition is observed clinically, too [26] [27]. 

While the challenge associated with the dose was overcome by fixing the dose 
of hyperthermia, another barrier in the acceptance of hyperthermia was hig-
hlighted. The BF causes an unstable situation in the locally heated tumour due to 
its active cooling as it travels from the unheated body through the tumour. Ad-
ditional to their extreme heterogeneity, most tumours create inhomogeneities in 
temperature in the tumour which is increased by the competitive thermal ac-
tions between the external heating and the blood-cooling in the capillary levels 
too. Isothermal equality, which is mandatory for the dosing, is therefore not 
guaranteed. The solution was to add an additional measure to the CEM43˚C unit 
in which the character of the inhomogeneity is conveyed by a special notation, 
Tx, denoting the percentage x in the target volume having temperature T: 
CEM43˚CTx. Presently this is the widely applied “official” dosage unit of hyper-
thermia applications in oncology. A new, temperature related dose is emerging, 
the TRISE, which correlates with the complete remission of the patients [28].  

2. Method 

The temperature development (measured in ˚C) is interconnected with the spe-
cific absorption rate (SAR):  

absorbed power Watt W
mass which absorbsit kg kg

SAR  
= = 

 
                (1) 

(The expressions in the [ ] brackets denote the SI units of the value). The energy 
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absorption creates the increase in temperature, and the SAR characterizes the 
dynamism of the absorbed energy  

absorbed energy Joule JPower W
time period of absorption second s

 = = =  
           (2) 

The temperature change (∆T) depends on the absorbed energy in the heated 
mass. The absorbed energy is determined by the absorbed power, the SAR mul-
tiplied by the duration of its action providing the energy absorption in the target, 
so the absorbed energy is the sum of the products of the SAR and its actual dura-
tion:  

( ) 0

energy J
mass kg

tE t SAR SAR tτ
 

= = ⋅ = ⋅  
 

∑                (3) 

where t is the duration of constant SAR value. The ( )SAR SAR τ=  usually de-
pends on the time; consequently the energy is the integral of the ( )SAR τ  by τ 
time until t application time:  

( ) ( )
0

Jd
kg

t

E t SAR τ τ
 

=  
 

∫                       (4) 

The energy absorption naturally depends on the specifics of the character of 
the matter (c, specific heat), showing how much energy is necessary to heat up 1 
kg of given material by 1˚C:  

energy J,
mass C kg C

c
 

=  ⋅ ⋅  

                       (5) 

Hence the temperature rise of the tissue with specific heat c during the time 
period ∆t is: 

power W s J~ ,
mass kg kg

c T t  ⋅
∆ ∆ = 

 
                   (6) 

and consequently 

power W
mass kg

Tc SAR
t

 ∆
= =  ∆  

                    (7) 

However, the heating situation is more complicated because the local heat is 
conducted away by the BF, which acts as a heat-sink of the absorbed SAR. The 
specific heat of the blood is cb and the effective blood perfusion rate is  

3
6ml 1 mor 10

100 g min 6 kg sbw − 
× ⋅ ⋅ 

, which is the blood flow through the vasculature  

of the given volume per unit tissue-mass per unit time. In most cases, the tissue is 
considered to be equal in size to the complete volume of the micro-circulatory sys-
tem. According to this approximation, the unit of the blood-perfusion transferred  

is approximately described by 3ml 1 1 1 110
100 g min 100 60 s 6 s

− 
≅ = × ⋅ × 

. When we 

apply the above consideration for SI units, we get: 
3

3m 110
kg s s

− 
≅ ⋅ 

. The error in 
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this is 1%bρ
ρ

< , where bρ  and ρ  are the density of the blood and the sur-

rounding tissue, respectively.) The blood density 3

kg,
mbρ
 
  

 sinks energy thus: 

3 3

J kg 1 Wcooling , C
kg C sm mb b bc w Tρ ∆
 

= − ⋅ ⋅ ⋅ = ⋅ 




             (8) 

Due to the regulatory role of the blood in thermal homeostasis, the bW  de-
pends on the temperature: ( )b bW W T= . The thermal role of the BF requires a 
massive thermal pool which keeps the base temperature constant (body temper-
ature, [ ]36.5 CbodyT =  ). Various heat exchanges with the environment ensure 
the stability of the base temperature. We can therefore introduce a parameter f 
[29] such that: 

1 when no heat loss
0 when only heat loss

f 
= 


                   (9) 

The 1f =  condition means all metabolic energy is used for the reactions as-
sociated with life, while 0f =  means the metabolic energy does not support 
life; it is radiated to the environment as heat. Naturally, both are extremes, 

1f =  being impossible because the living state is an open system, and 0f =  
because life needs energy for itself. For human adults at rest 0.15f ≅  [30], so 
the heat exchange is intensive enough even though there is intense local heating. 
This is an important factor when the blood-cooling by BF is considered, the heat 
being effectively radiated out, showing that the blood is able to maintain its 
cooling efficacy.  

A further complication is the heat-diffusion in the tissues, by which the tem-
perature spreads by time even without blood-circulation. This naturally depends  

on the gradient of the temperature in the space, given by ( ) d
d
Tgrad T =
x

, where 

d C,
d m
T  

  x


 is the temperature change dT in the space interval dx calculated in all  

directions (all directions being designated by the bold lettering). This gradient 
will be the driving force of the smearing of the temperature in the space, so its 
change in the space characterizes the thermal diffusion:  

( ) 2 2 2

2 2 2 2 3

d d d d J C J,
d m Cd d d m m

T T T Tk k k T
x y z

       = + + = ∇ ⋅ =   ⋅  

grad
x





  (10) 

where the sign “∇ ” symbolizes the thermal diffusion process in all three 
( ), ,x y z  dimensions of the space, centred around the actually chosen x point,  

and where 
W,

m C
k  
 ⋅ 

 is the coefficient of the heat-diffusion. (“ T∇ ” therefore,  

demonstrates the temperature spreading in all three dimensions). One more 
factor modifies the energy balance: the increased metabolic rate by temperature  

( )
0 3

W~ 1.1
m

Tq ρ ∆  
  

 [31], where 0q  is the basal metabolic rate 0
W,
kg

q BMR
 

=  
 

. 
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The BMR has allometric scaling [32], which allows the determination of the 
BMR depending on the body-mass [33].  

Considering the above terms, the equation which describes the heating 
process is: (Pennes equation [34]) 

( )( ) ( )2
0 1.1 T

h h b b b h
Tc SAR c w T T k T q
t

ρ ρ ρ ρ ∆∂
= − ∆ − ∇ +

∂
        (11) 

The analytical solution of this partial differential equation is a difficult task. 
The first approach uses the Green-function [35] [36] and the Green heat kernel 
function [37], and approaches an analytical solution [38]. The point source 
Green function solution [39] can simulate the highly localised heating using a 
nanoparticle or thin needle. Heating by 915 MHz from the skin’s surface was 
calculated. Interestingly, when the BF has spatial inhomogeneity due to the 
cooling bolus on the surface, it produces a bump in the temperature develop-
ment by depth [40].  

Despite the possibility of the analytical solution of the Pennes equation, it is 
not widely applied in practical use. Its complicated mathematics deters many 
physicians from using it, but in fact, the complicated mathematical calculation is 
not necessary. Numerical methods are precise enough for efficient use [41]. Us-
ing small differences (small steps of developing processes, denoted with ∆), in-
stead of the differential approach, is entirely compatible with the homeostatic 
control, which does not allow sudden, very rapid changes, even when the con-
trolling signals are rapid. Clinical standards average the SAR in the MHz range 
of frequencies over a six-minute period [42]. As a consequence, the differences 
can be used instead of derivatives in practical approaches. Hence the complete 
balance of treated healthy tissue is: 

( )( )

( )
0 1.1

h h b b b

T
h

Tc SAR c w T T
t

T T T
x y z

k q
x

ρ ρ ρ

ρ ∆

∆
= − ∆

∆
  ∆ ∆ ∆
∆ + +  ∆ ∆ ∆  − +

 ∆
  
 

i j k          (12) 

where ,i j  and k  are the unit vectors in the 3D dimensions x, y and z, and 

the equation is written using the SI units 3

W
m
 
  

.  

The characteristic constants used, collected from various pieces of literature, 

are: 3

kg1050
mtumoqur tρ ρ  = =   

, 3

kg1060
mblood bρ ρ  = =   

,  

3

kg1190
mhealthy hρ ρ  = =   

, 0 3

W W368 0.37
kgm

q
  = ≈      

, [43]; or  

0 3

W W1 1000
kg m

q    ≈ ≅     
, [44]; 

J3639
kg Ctc  

=  ⋅ 

; 
J3840

kg Cbc  
=  ⋅ 

, [45];  

J3800
kg Chc  

=  ⋅ 

, [46]; 
W0.56

m Ctk  =  ⋅ 

; 
W0.56

m Chk  =  ⋅ 

;  
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- 3

kg1.8
m sb tumour b btW wρ  = =  ⋅ 

; - 3

kg3.6
m sb healthy b bhW wρ  = =  ⋅ 

; [47] [48]. Data 

may vary by organs [49]. 
It is evident that the BF can fundamentally modify the calculations. The mea-

surements of the BF in clinical practice give inconsistent results measured even 
in the same patient. The person’s actual state, comfort level, stresses, and envi-
ronmental and social factors cause deviations in the skin condition, modifying 
the results of the measurements, so the uncertainty is clinically inherent [50].  

The 
W
kg

SAR
 
 
 

 identifies the power intake per unit mass from outside energy  

sources. The critical fact is that the electromagnetic non-ionizing heating 
processes dominantly use electric fields, pumping considerable energy into the  

larger target. The SAR depends on the conductivity (
1
m

σ  
 Ω ⋅ 

) and the allied 

electric field (
V
m
 Ξ   

):  

2
3

W
m

SARρ σ  = Ξ   
                         (13) 

when the electric field is sinusoidal then its peak value has to be divided by 2  
to obtain the average. Consequently, in practical use, [51]:  

2 W
2 kg

SAR σ
ρ

 
= Ξ  

 
                         (14) 

The most substantial challenge in the calculation of the absorbed energy is the 
high heterogeneity of the absorption process. The human target is heterogenic in 
the thermal, electrical and structural aspects.  

Additional to the static challenges, the heterogeneity appears in the dynamism 
of the transports non-linearly, as well as in the various chemical reactions that 
consume energy in the living target. Consequently, the parameters in (11) and 
(14) are time (t) and space (x) dependent so the correct equations, taking into 
consideration the heterogeneity in micro and macro ranges, are in reality very 
complicated. The Pennes equation with spatiotemporal ( ),x t  dependences is:  

( ) ( ) ( )

( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( ) ( )( ),2

0

,
, ,

, , , , ,

, , , 1.1

h

h b b b

T x t
h

T x t
x t c x t

t
x t SAR x t c w T x t T x t

k x T x t q x t x t

ρ

ρ ρ

ρ ∆

∂
∂

= − ∆

− ∇ +

            (15) 

and the external energy-pumped is:  

( ) ( )
( ) ( )2, W, ,

2 , kg
x t

SAR x t x t
x t

σ
ρ

 
= Ξ  

 
                 (16) 

Due to the complications, we usually simplify the situation with rational as-
sumptions: 

1) The metabolic addition in the heating phases will be negligible compared to 
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the incoming SAR, so it is not considered in most of the calculations. The neg-
lection can be explained according to the principal of the optimization of living 
processes in their adaption to environmental challenges. The consequence of the 
life-optimization of energy transfers via chemical reactions minimizes thermo-
dynamic losses [52] [53]. However, hyperthermia increases biochemical reaction 
rates [54] and, therefore, the metabolic rate as well. The rapid growth and higher 
metabolism of tumours typically yield tumour temperatures higher than the 
surrounding healthy baseline temperature [55]. When the metabolic addition is 
more than 5% on top of the SAR, we include it in the calculation.  

2) In a tumour situation, the main macroscopic heterogeneity is between the 
tumour and its healthy environment. The parameters at the surface of the tu-
mour do not jump but have a slope, depending on the kind of the tumour and its 
stage. The gradient is mostly created by the homeostatic control of the BF.  

3) The macroscopic spatiotemporal dependence of the densities (ρ), specific 
absorption rates (c) and conductivity (σ) is weak, usually it is less than 5% in 
both the tumorous and healthy tissues. Consequently, in practical calculations, 
we consider these parameters as constants in the specific tissues, distinguishing 
only the tumorous and non-tumorous mass. Detailed reviews and discussions on 
tumour-blood-flow affecting the applied temperature are available [56] [57]. 

4) The largest heterogeneity, however, is microscopic. The tissue contains in-
herently different electrolytes separated by membranes and other structures 
(such as vessel-walls, node-walls, etc.). In tumours, the malignant cells and their 
microenvironment dominate the heterogenic behaviour. The microscopic hete-
rogeneity can be specially targeted, choosing the proper frequency for selection 
[58] [59]. The frequency dispersion by the various components of the micro-
scopic tissue environments will be discussed later.  

The homeostasic functions characterize the local stability of the living system, 
having very complex feedback mechanisms which secure the stability against a 
relatively wide-range of perturbations. The homeostasis is not static. It is a 
self-organized dynamic process that has no static state at all. The system is ener-
getically open. Its rigid, static state is death. The complexity of the dynamic be-
haviour guarantees robust stability, so the system is in a homeodynamic position 
rather than homeostatic.  

The complexity of the dynamic interaction represents a feedback regulation of 
the system at every level of its structure. The complex system cannot be consi-
dered as a sum of its distinct parts. The whole is more than the sum of the parts; 
the interactions are largely non-linear; the system is energetically open and has 
adaptive exchanges with its environment. The approach to describing it must be 
analytic and not synthetic. Considerations regarding the complexity create huge 
challenges in the development of the calculations, the attempted solutions to 
which typically uses a synthesis of the parts, which could be calculated. However, 
this calculation strategy does not work. The analysis must consider the complex-
ity.  
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We could overcome the above difficulties by considering one of the robust beha-
viours of this complexity: the self-organization and its consequent self-similarity 
[60]. The complexities of the living structures have a universal behaviour: they 
are self-organized [61]. Recent decades have seen the development of various 
approaches describing the complexity of systems on the basis of self-organization 
[62] [63]. A great many studies deal with fractal physiology [64] [65], describing 
biological self-organization [66]. This peculiar structure is built up according to 
relatively simple rules based on self-similarity [67]. The dynamism of the struc-
ture is determined by the symmetries of the system [68], and constructs a 
self-managed spatiotemporal fractal network [69] [70], leading to a common bi-
oscaling behaviour of living material [71]. As a result, the similarity of living 
species [72] allows allometric scaling in 24 orders of magnitude from the smal-
lest to the largest bio objects [73]. 

Living systems are open dynamic structures, completing random stationary 
stochastic self-organizing activities [74]. The self-organizing technique generates 
a spatiotemporal fractal structure, which is self-similar both in space and time 
[75]. The emerging fields of bio-scaling [32] [76] [77], and network analysis [78] 
[79] extend detailed analyses. The characteristic stochastic (probability) beha-
viour of living matter is related to the intrinsic bifurcation in the entirety of the 
living organization. The basic bifurcation mechanism could be represented by a 
non-linear double-well potential of chemical reactions [80] [81], generating a 
chaotic arrangement. 

The self-organized self-similarity describes and defines living objects [82] ac-
cording to the universality of their complex feedback mechanisms to control the 
actual dynamic equilibrium, that is, their homeostasis. The progression of life 
involves non-linear and non-equilibrial thermodynamic and chemodynamic con-
sequences including fractal structures and phase transitions like in non-living sys-
tems. We may use the robust self-similar actions in solving the heating process 
in a stochastic way.  

To calculate the temperature development over time, let us introduce a stochas-
tic variable θ defined by measurements on the cohort of individuals. θ is the time 
taken to reach thermal homeostasis, a saturation in the temperature development  

(the time to the stage when 0T
t

∆
≅

∆
). The deterministic approach gives modelling  

facilities for the interpretation of data, but the reality is stochastic, determined by 
the probabilities of events, and no deterministic decisions can be made. Deter-
ministic models could give information about the large-scale average nature of 
the dynamism, but the details will be hidden. The stochastic description de-
scribes the reality in a very general way and provides a good tool for the design 
and analysis of experiments. The introduced θ stochastically describes the personal  

and individual differences in obtaining 0T
t

∆
≅

∆
 conditions during the time of  

treatment. It shows the variation in the control of thermal homeostasis (TH) ac-
cording to the subject of an individual treatment; see Figure 1. 
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Figure 1. The TH state fixes a temperature value TH, where the curve saturates, and the 

thermal homeostasis keeps the temperature constant 0T
t

∆ ≅ ∆ 
. The stochastic time- 

parameter θ of the individual heating characterizes the time when the TH happens. 
 

The distribution function of TH is the probability of the θ time being less than 
or equal to time t, namely 

( ) { }THp t P tθ= ≤                          (17) 

Thus, the probability distribution of dynamic equilibrium (temperature de-
velopment function, the time of control of the development (C)) can be defined 
by the probability of the equilibrium θ time being higher than t, which can be 
expressed in the form 

( ) ( ) { }1C THp t p t P tθ= − = >                    (18) 

The density function of the dynamic control distribution function is a derivative 
of ( )Cp t : 

( ) ( )d
d
Cp t

f t
t

=                          (19) 

The ( )f t  is the density of the probability of θ; therefore, the average θ is: 

( ) ( )
0 0

d dCtf t t p t tθ
∞ ∞

= =∫ ∫                    (20) 

Let us introduce a function of the rate at which a loss of control occurs at 
( t t+ ∆ ): ( )h t . This failure-rate refers to when the thermal homeostasis cannot 
control the heating process. It is a “hazard” that θ does not describe the ho-
meostatic process. The ( )h t  is the “uncontrolled rate” or “out of control rate”. 
The ( )dh t t  rate measures the probability of the failures during the t length of 
control-time of the evolving process to TH. Therefore, the probability that in the 
case of a t length of time to TH, loss of control occurs at ( t t+ ∆ ) is: 

( ) ( )
( )

( )

( )

( )

( )
( )
( )

d 1
d

d d1

THC

C

C C C C

p tp t
p t t f tt th t t t t t

p t p t p t p t

−  
+ ∆

∆ = − = − ∆ = − ∆ = ∆  (21) 
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Hence: 

( )
( )

( )
( )
( )

d
d

C

C C

p t
f tth t

p t p t
= − =                       (22) 

It’s cumulative form is: 

( ) ( ) ( )( )
0

d ln
t

CH t h p tτ τ= = −∫                    (23) 

and consequently: 

 ( ) ( )e H t
Cp t −=                           (24) 

As we discussed above, the inherent property of living objects is self-organization 
and the consequent self-similarity [60]. This could be the basis of the proper pa-
rameterization of homeostatic thermal control, and likewise of the control of the 
TH. Taking this self-similarity into consideration, the failure rate in (22) must be 
a self-similar time function [83], mirrored by a scaling, shown as follows: 

( )h t tβα=                            (25) 

Its self-similarity is obvious because it gives the same function by a magnifica-
tion of any number m:  

( ) ( ) ( )h mt mt m t m h tβ β β βα α= = =                 (26) 

The survival probability distribution function from (23) and (24) is: 

( ) ( )0 de
t h

Cp t τ τ−∫=                        (27) 

The self-similar failure rate (hazard function) is: 

( ) 1

0

d
1

t

H t tβ βαατ τ
β

+= =
+∫                    (28) 

Substituting (28) with survival (27), we get: 

( )
1

0 d 1e e
t t

Cp t
ββ

α
ατ τ β

+−− +∫= =                   (29) 

Introducing 
1

0 and 1
nnt n β

α
 = = + 
 

                   (30) 

we hence arrive at: 

( ) 0e

n
t
t

Cp t
 

−  
 =                        (31) 

which has two parameters for one curve, t0 being the scale parameter, which is 
the natural scale of the time-function variation, and n being the shape parameter. 
Consequently, the thermal homeostatic distribution function ( )THp t  by (17) 
and (18) is the well-known cumulative form of the two-parametric Weibull dis-
tribution (W(t)) [84]:  
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( ) ( ) ( )01 e 1

n
t
t

TH Cp t W t p t
 

−  
 = = − = −               (32) 

with the additional conditions that 0t ≥ , ( ) 0W t =  when 0t < . The inverse 
function, when the time t is calculated from a given probability p is: 

( ) ( )( )
1

0 ln 1 n
invt W p t p= = − −                   (33) 

The full regulation and controlling processes are essentially, inherently dy-
namic, so it is better to use the term “homeodynamics” instead of “homeostasis” 
[85]. A broad-spectrum of self-organized structures could be described with the 

( )W t  function, among these structures gene expression data [86] and neural 
networks [87]. A consequence of the widely applicable universality of behaviour, 
general ontogenic growth [88] also allows the deduction of the Weibull distribu-
tion [89]. Importantly, the information traffic on networks also has self-similar 
fractal behaviour as described by the Weibull distribution [90], which also allows 
the self-organizing dynamic approach for the stabilizing regulation of the system. 
We may conclude that self-organizing and self-similarity are universal laws fin-
gerprinted in the fractal description and can be described by a cumulative Wei-
bull distribution ( )W t . 

Note, that we have preciously applied a mathematical transformation which 
unified the physical models of biological processes and self-similar processes 
with the help of an appropriate comparative function [83]. Choosing the Avra-
mi-like comparative function, the mathematical model of the processes will be 
described by the Avrami-equation [91]. This unusual universality is a conse-
quence of the self-organized behaviour of the homeodynamic conditions of life, 
and the general analogy of self-organized processes can be a fruitful heuristic 
method in biological model-calculations. The Avrami describes some living 
phenomena well [92] [93], and the equation is connected to the self-similarity 
and dynamism of the living structures [87]. The Avrami-equation has the fol-
lowing form, which is identical to the Weibull distribution using Weibull func-
tion (WF):  

( ) ( ) 01 e

n
t
tW t WF t

 
−  
 − = =                      (34) 

The shape parameter is usually 1n > , having the same shape as the psycho-
metric function [94], a consequence of the Weber-Fechner law. In the case that 

1n = , WF is a simple exponential function, and where 1n < , the decrease is 
faster than an exponential decrease.  

The case in which 1n =  is a simple, very frequently occurring behaviour of 
stand-alone systems, satisfying the basic rule of self-regulation by negative feed-
back: the change of the property Θ over time is negatively proportional to the 
value of the property Θ. In mathematical form:  

( ) ( )
d

d
t

c t
t

Θ
= − ⋅Θ                         (35) 
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The solution is exponential decay:  

( ) ( )0 e ctt −Θ = Θ                          (36) 

where c is a constant and ( )0Θ  is the starting ( )tΘ  value ( 0t = ). When the 
starting ( )0 0Θ = , then the solution is a decreasing function from ( )0Θ : 

( ) ( )( ) ( ) 00 1 e 0 1 e
t
tctt

 
−  −  

 
 Θ = Θ − = Θ −
 
 

              (37) 

where 0
1t
c

= . This is the form of ( )W t  at 1n = . By the growth of 1n > , the 

complexity of the interaction grows. The equation modifies, thus:  

( ) ( ) ( )( )1d
0

d
nt

c t t
t

−Θ
= − ⋅ Θ −Θ                    (38) 

and the solution is:  

( ) ( ) 00 1 e

n
t
tt

 
−  
 

 
 Θ = Θ −  
 

                     (39) 

where 
1

0

nnt
c

 =  
 

. The solution in (39) is identical to that in (37) at the limit of 

1n = .  
It is clear that the shape factor n characterizes the complexity of the function. 

The initial change is a power function and is not linear. The changes in the 
( )WF t  function are shown in Figure 2. The limit ( )limn WF t→∞  is a step  

function at 0t t= , while the ( ) ( ) ( )
0

lim 0.368 0
en WF t→∞

Θ
= ≅ ⋅Θ  is constant.  

The mean, the median, and the inflection points are frequently used in the 
practical evaluation, as shown in Figure 3: 
 

 

Figure 2. The changes in ( )WF t  by n, measured in self-time units ( 0 1t = ). 
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Figure 3. The noteworthy points of WF, when 0 1t =  and 2n = . The reference point is
1 0.37
e
≅ , when 0t t= . The inflection point marks the mode, the change of the sign of the 

growth of the derivative of the function. 
 

 

( ) ( )

( )

( )

1

0

1

0 00

1

0

median ln 2

1mean e d Γ 1

1mode

n
S

x n
S

n

S

p t t

p t t x x t
n

np t t
n

−∞

=      

 = = +      

− =     

∫              (40) 

The values of the median, mode and mean when 0 1t =  and 2n =  are 0.5, 
0.607 and 0.456, respectively. The quantile of the WF function is ≈0.632, and it is 
independent from the value of n. All the notable points are proportional to t0, 
and consequently, 0 1t =  is chosen for the natural unit of the elapsed time. The 
value of t0 characterizes the self-time of the living system, which is responsible 
for the individual complexity (personal variation) of the living unit [95]. Ther-
modynamic optimizing introduces variation in self-time, on the basis of constant 
entropy production over time [96]. Self-time is connected to allometry [97], and  

it scales with the allometric factor, which is usually 
3
4

α ≈ , the power rule of  

which is strongly supported by various physiological times [98]. The real ob-
served coordination time and the self-time are strictly connected, and their val-
ues are transformed into each other [95]. The changes of self-time in the various 
parameter-pairs of WF are shown in Figure 4. 
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(a)                                                         (b) 

Figure 4. WF with various parameters: (a) changing t0 (scale parameter) in simple exponential conditions, (the shape parameter 
is 1n = ); (b) the shape parameter differs from the exponential, containing extended complexity ( 3n = ). 

 
The energy absorption of living objects follows the rule of complexity, and the 

temperature development depends on it. The complex structure determines the 
heat-conduction, the dynamic feedback properties, and the steady-state satura-
tion and stabilization of the temperature, providing a constant SAR value. We 
assume that the complex behaviour of the WF describes the absorption and 
wash-out processes well, and without a complicated solution of the Pennes Equ-
ation (15) we may describe the hyperthermia process by temperature develop-
ment in a complex system. 

3. Results 

The WF function is assumed to describe the complex heating process over time 
in conditions of thermal homeostasis. Consequently, the entire velocity vT of the 
change of the temperature could be described with the WF:  

( ) T
TWF t v
t

∆
∝ =

∆
                        (41) 

The letter ∝  means that Tv  behaves in the same way as ( )WF t  does. It 
denotes only a character of heating and not equality, because the values of 

( )WF t  are limited ( ( )0 1WF t≤ ≤ ). The character vT is a multiplicative factor 
of the real reaction when the system reaches its heating maximum at the TH in 
time tTH then ( ) 1THWF t = . In this approach, the development of the tempera-
ture behaves like the sum of ( )WF t t∆  terms:  

( )WF t t T∆ ∝ ∆∑                        (42) 

In analytical form, using (34) and referring to the body temperature (Tbody) as 
the base-line:  

( )
00

exp d
nt

bodyT t T
t
τ τ

  
 − ∝ −    

∫                  (43) 

Hence Figure 5 shows the graphical measure of the temperature.  
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Figure 5. The approximation of temperature development (solid line) by the WF (dashed 
line). The parameters are 1.48n =  and 0 1t = . The unit of time is t0. The temperature 
development is a relative form (it is normalized) of the real temperature, so it is denoted 
by ( )T t  in the curve. 

 
The normalization of ( )T t  can be determined from the saturation value 

(the TH value) of the actual homeodynamic case. The TH condition reduces the 
Pennes Equation (11) thus:  

( )( ) ( )2
0 1.1 T

b b b hc w T T k T SAR qρ ρ ρ ∆∆ + ∇ = +             (44) 

because in this state 0T T
t t

∂ ∆
≅ =

∂ ∆
. As we discussed, the metabolic term  

( )
0 1.1 Tq ρ ∆  is negligible compared to SARρ . The diffusion term is also small 

compared to the BF, which is an effective heat exchanger. Hence these approx-
imative steps reduce (44) to: 

( )( ) ( )b b b body
b b b

SARc w T T SAR T T
c w T
ρρ ρ
ρ

∆ = ⇒ − =          (45) 

The density ρ characterizes the healthy (ρh) or tumorous (ρt) tissue, depending 
on the absorption volume under investigation. Also, the BF changes as well, de-
pending on whether we consider a healthy (wbh) or tumorous (wbt) target. An 
early study has shown that an internal temperature change (mild fever) causes a 
sudden increase in the heat conductance of healthy tissues [99] due to, after 
passing a threshold, the BF delivering seven times more power (up from 21 W/K 
to 150 W/K with an increase in body temperature of <1˚C). Later it was shown 
that the development is not a step-function but a power function. For the tempera-
ture-dependent BF we use the results obtained by a nonlinear three-dimensional 
heat-transfer model [100]. The obtained functions for prostate and surrounding 
tissues are: 

For healthy muscle 

( )
( )245

0.45 3.55exp if 45
12

4 if 45
bm bm

T
T

w T

T

ρ

  −
  + − ≤  =   

>

      (46) 
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for healthy adipose tissue 

 ( )
( )245

0.36 0.36exp if 45
12

0.72 if 45
ba ba

T
T

w T

T

ρ

  −
  + − ≤  =   

>

        (47) 

for tumour tissue 

( ) ( )4.8

0.833 if 37

37
0.833 if 37 42

5438
0.416 if 42

bt bt

T

T
w T T

T

ρ

<


−= − ≤ ≤


>


           (48) 

The graphs of these solutions are shown in Figure 6. The vasoconstriction of 
tumour-tissue is expected from finite elements calculations too, modelling the 
human prostate [101].  

With increasing temperature, the tumour serves as an effective heat-trap due 
to the BF within barely increasing [102], so the heat-sinking effect seen in 
healthy tissue is absent. The characteristic difference between the absolute BF of 
a tumour and healthy tissue has been observed by others, too [103] [104]. Due to 
the angiogenetic effect, the size of the tumour also affects the BF. This depends 
on the tumour-weight by negative logarithmic function [105].  

Equations (46)-(48) allow the determination of the TH from (45). When there 
is forwarded power applied (Pfwr), and the complete heated mass is M containing 
mt and mh tumour and healthy masses, then t hM m m= + . Assuming an equal 
SAR throughout the volume of M, we may calculate the SAR taking into account 
the reflected power (Prefl) and the efficacy (η), which is calculated from the vari-
ous losses by the technical realization; we get:  

 

 

Figure 6. The modelled blood flow by temperature variation [104]. Tumorous tissue 
(solid line), healthy muscle (dotted line), healthy fatty tissue (dashed line). 
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( )fwr refl

t h

P P
SAR

m m

η−
=

+
                       (49) 

Using (46) and (48) for muscle and tumour, respectively, we may calculate the 
TH, solving Equation (45). Denoting the roots of tumour and muscle TH by Tt 
and Tm, we can construct the final TH by supposing a complete isothermal TH 
condition: 

t t h m
H

t h

m T m T
T

m m
+

=
+

                        (50) 

Knowing this TH value, the temperature gain is gain H bodyT T T= − , and so, us-
ing the normalized ( )T t , the curve of temperature growth can be obtained:  

( )
( )

body gain
H

T t
T t T T

T
= +                      (51) 

This curve captures all the complex interactions arising from the structure of 
the heated volume. The two parameters n and t0 contain the stochastic complex-
ity characterizing the WF of the system, so the diffusivity is also included in the 
pool of the complexity.  

Let us make the calculation for the capacitive coupling of modulated elec-
tro-hyperthermia (mEHT, trade name oncothermia [106]), with actual values of 
WF parameters 1.48n =  and 0 1t = . We will assume the following parameters:  

The diameter of the applicator 0.2 mappD = , 150 WfwrP = ,  
( )3 W 2%reflP = , 0.85η = , depth of the tumour 0.1 mth = , the size of the tu-

mor 
3 30.1 0.05 0.1 0.5 10 m 0.5ts −= × × = × =  , the body thickness in the supine 

position at the belly 0.2 mbodyd = , and size of the entire affected volume  
3 39.05 10 m 9.05Vs
−= × =  .  

The calculated values are: 0.595 kgtm = ; 9.5 kghm = ; 3

W12.377
m

SAR = .  

The obtained TH temperatures 45.89 CtT =  ; 40.32 ChT =  , and consequently 
40.65 CHT =  ; hence 4.15 CgainT =  . The metabolic addition has no role in this 

approximation. The temperature grows as shown in Figure 7.  

The metabolic addition is 3

W W381 0.38
kgm

= , [43]. For simplicity, we count  

the metabolic rate as equal in the tumour and healthy tissue, because the same 
volume, where the tumour has less malignant cells due to the increased volume 
of extracellular electrolyte [107], as well as its volume having certain necrotic 
parts. Consequently, with the already higher than healthy metabolic rate of the 
tumour-cells, their metabolic activity in the unit-volume is equal to that in the 
healthy volume. The overall metabolic activity is 3% of the applied SAR, so it 
could be counted in the calculation. In this case, the determined TH values are: 

47.10 CtT =  ; 40.44 ChT =  , and consequently 40.85 CHT =  ; hence  
4.35 CgainT =  , which is 0.2˚C higher with metabolic addition than without it. In  

a more general estimation, we use the metabolic part of the 
( )T t
t

∆
∆

 change:  
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Figure 7. The temperature development of the tumour (right-hand axis) 0.595 kgtm =

and 9.5 kghm =  by the WF approximation ( 01.48, 1n t= = ) calculated for mEHT. 

( 150 WfwrP = , ( )3 W 2%reflP = , 0.85η = ). Other parameters in the calculation are in 

the text. 
 

( ) ( )( ) ( ) ( )( )0
0 1.1 1.1T t T tt

h t
h

T t q
c q T t t

t c
ρ

ρ ρ
ρ

∆ ∆∆
= ⇒ ∆ ≅⋅ ∆

∆
       (52) 

In the case of a 6˚C temperature increase during the entire 1 ht =  period of 
treatment, the metabolic addition is 0.5 CT∆ ≤  . Consequently, ignoring it is 
correct.  

The beginning of the heating process is quasi-adiabatic, due to the relatively 
slow processes of the homeostatic feedback [108] [109]. This situation means 
that at the beginning of the heating, the energy entirely heats the target without 
other components of the energy balance.  

( ) ( )( ) 2
0 1.1 0T

b b b hq c w T T k Tρ ρ∆ − ∆ − ∇ ≅               (53) 

Hence the task at the start of the heating is to determine the slope of the 
starting curve from (15):  

h h
T T SARc SAR
t t c

ρ ρ∂ ∆
≈ ⇒ =

∂ ∆
                  (54) 

This approximation is allowed up until it reaches the non-linearity shown in 
the curve, numerically calculated for the above data; see Figure 8.  

The activation of the various feedback mechanisms, like the BF, the metabolic 
rate, and the heat-conduction, causes the curve to deviate from the linear slope. 
The variation of the forwarded power changes the curves, and the appropriate 
equilibrium temperature is shown in Figure 9. 

The change of the t0 self-time changes the shape of the heating curve, but the 
final temperature in equilibrium remains constant; see Figure 10.  
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Figure 8. The linear slope of ( )T t  at start (dashed line, right-hand axis). The tempera-

ture development of the tumour 0.595 kgtm =  calculated for mEHT ( 150 WfwrP = , 

( )3 W 2%reflP = , 0.85η = ). Other parameters in the calculation are in the text. 

 

 

Figure 9. The temperature development (solid lines) of the tumour 0.595 kgtm =  by 

various forwarded powers, calculated for mEHT ( ( )3 W 2%reflP = , 0.85η = ). The slopes 

are shown (dashed line). Other parameters in the calculation are in the text. 
 

The change of the n shape-factor does not effect as robustly as the scale factor 
did; see Figure 11.  
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Figure 10. The temperature development (solid lines) of the tumour 0.595 kgtm =  by 

various time-constants, calculated for mEHT. ( 100 WfwrP = , ( )3 W 2%reflP = , 0.85η = ). 

Other parameters in the calculation are in the text. 
 

 
Figure 11. The effect of developing complexity by growing shape factor n: (a) temperature development; (b) change to the starting, 
quasi adiabatic slope value by n ( 150 WfwrP = , ( )3 W 2%reflP = , 0.85η = ). 

 
The shape-factor n, which characterizes the complexity by (39), is distin-

guishable from the simple, single feedback mechanism ( 1n = ). While complexi-
ty develops (n increases) the adiabatic slope starts changing considerably in the 
1 3n≤ ≤  interval, but afterwards the change is not considerable.  

When the power is switched off, 0SAR = , the system cools down as a result 
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of its complex interactions, and Equation (11) reduces to the form where the 
complex interactions in (54) derive the change of the temperature:  

( )( ) ( )2
0 1.1 T

h b b b h
Tc c w T T k T q
t

ρ ρ ρ ∆∂
= − ∆ − ∇ +

∂
           (55) 

The washout time, driven by the BF, is different for thermal processes and the 
clearance of molecules (like radiofarmacons, tracers or blood-delivered mole-
cules or particles). The main difference is in the mechanisms of diffusion, which 
are different for various blood-delivered particles or molecules and for heat. The 
thermal washout is also a complex process mainly driven by the BF, but not de-
termined by it alone. In investigations of the clearance of tracers, it is clearly 
shown that in reality the clearance (wash-out) tightly depends on BF, but these 
parameters are not equal, instantaneous mixing with metabolic changes and dif-
fusion breaking the unity. Also, the metabolic heat does not have a direct action 
on the clearance, while the thermal washout is directly modified by it.  

A “similarity” can be observed in the washout of tracers [110], which is a res-
caling of the time, showing similar scaling behaviour as we have seen in the 
heat-up process. The scaling of washout “similarity” is present in the wash-in of 
tracers as well [111]. An important observation in contrast material studies is 
that the enhancement of the contrast material decreases with temperature 
growth, while it increases with the thermal cooling coefficient; see Figure 12 
[112]. The main message of this is that the high variability of the BF by tumour 
entities, as well as the tumours having massively heterogenic BF, form a gradient 
from the centre to the periphery.  

In most of the examinations, the diffusion and metabolic parts are neglected 
for simplicity, and the temperature dependence of the BF not being considered, 
so the following equation remains to be investigated:  

( )d
dh b b b body
Tc c w T T
t

ρ ρ= − −                     (56) 

 

 
Figure 12. The effect of BF on the thermal coefficient and the steady temperature measured in different tumours. It is important 
to note that the tumour-periphery has the highest BF. The BF was measured with the concentration of the contrast material. 
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The starting temperature is TH and so the analytical solution is exponential:  

( ) ( ) 0
0e where

t
t h

H body body
b b b

c
T t T T T t

c w
ρ
ρ

−

= − + =            (57) 

It is a simple exponential equation, which is a special case of WF, when 1n = . 
In general, neglecting the time-dependent metabolic addition, the thermal cool-
ing is exponential; see Figure 13. The initial slope of the curve characterizes the 
quasi-adiabatic energy-take-off again, so it describes the given conditions deter-
mined by the blood flow.  

The thermal washout (cooling rate) measurement validated Equation (57) in 
the given circumstances, and the guessed washout time, (when the 0t t= ) is 
about 6.5 min, cooling down from 42˚C after 30 - 60 min microwave heating 
[113]. This approximation was made based on the measurement of the first 3 
min, while the cooling to the Tbody required a longer time. The washout depends 
on the measured tissue and other conditions; see Figure 14. 

The time of thermal washout can be modified by changing the metabolic rate 
by lowering the temperature, causing a longer tail to the washout function in 
time. Consequently, with a longer 0 0t t′ >  the value will be added to the simple 
exponential, which depends on the decreased metabolism resulting from the 
cooling process. This additional effect will have a time-lag because of the actual 
physiological time of metabolic reaction. Due to the physiological self-time, 
which is approximated as the thermal washout physiological time, this time-lag 
will be nearly 6 min.  

The thermal self-cooling mechanism also has complex behaviour, because it 
too depends only on the simple unchanged BF. The BF depends on the temper-
ature, as well as the heat-conduction, the surface cooling with the environment, 
and other physiological factors (like sweating, control by the hair, stress-status). 
 

 
Figure 13. The exponential thermal cooling (washout) of the heated target (solid line). 
The quasi-adiabatic fit is shown (dashed line). 
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Figure 14. The slopes of the linear fit of the blood-flow vs the washout time of various 
tissues [117]. (● slope of steady-state temperature vs thermal washout; ■ the slope of the 

steady-state temperature vs 
power

theraml washout
.) 

 
The decreasing temperature causes slower BF and lessens the other regulatory 
actions off the cooling rate, so the cooling will have a longer tail than the expo-
nential (WF n = 1) alone. This complexity again induces the application of the 
integrative WF instead of the simple exponential. The integral of WF with the 
parameter n > 1 is shown in Figure 15. 

The complete heat-up and cool-down temperature development are shown in 
Figure 16. Both the heating and cooling have a quasi-adiabatic fit to the linear 
slope covering the curve for pretty long sections. Still, the slopes differ, due to 
the separate mechanisms and conditions. The heating starts from body temper-
ature, while the cooling starts higher, from the homeostatic one. The conditions 
of the BF and other factors change, which cause the deviations from linearity 
during the thermal processes. The heating linearity deviates by SAR-promoted 
intensified activities of BF, heat-diffusion, and metabolic rate, so the thermal 
conditions are forced by energy-absorption. In the cooling period, the system is 
alone, and with no constraints, the BF, the metabolic rate, and the temperature 
decrease. The heating has an 1n >  condition, depending on the structure of the 
target, and the self-organized network, which absorbs the energy, while during 
cooling 1n ≈ . 

The curve changes characteristics with the applied SAR values. Calculating the 
SAR from the power situation, we have temperature curves for different applied 
power; see Figure 17.  

4. Discussion  

The original Pennes Equation (11) describes a non-equilibrial heat-flow when  
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Figure 15. The long-tail washout function due to the complexity of cooling. 

 

 
Figure 16. The complete temperature history of heating and the self-cooling by thermal 
homeostasis after the switching off of power-absorption. 
 
the temperature is the only driving force, and the parameters are constants, in-
dependent of the temperature. The temperature definition supposes a system in 
which the participating units are independent, and only their mechanical energy 
changes by growing energy-intake. This has a temperature distribution [114], 
and supposes no interactions between the participating units (called an ideal gas). 
The Pennes equation is correct and usable, since the internal energy depends ex-
clusively on the temperature, for which numerous model-calculations have been  
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Figure 17. The temperature development by the applied power. 

 
provided [115] [116] [117] [118]. To tackle time-dependent transient problems, 
some solutions have been published [39] [119].  

Nevertheless, in reality, these are temperature-dependent values, and fur-
thermore, their temperature functions are non-linear due to their complexly inter-
connected functions. The non-linear complexity of homeostasis is a game-changer 
for the discussion of (11).  

Naturally, living objects are not such systems. Interactions with homeostatic 
functions must be considered, modifying the energy distribution in the heated 
matter. This type of energy utilization is missing from the Pennes bioheat-equation, 
leading to the above application of WF to represent the homeostatic complexity. 
The main basic constants, the BF, the densities, the specific heat values, the coef-
ficient of the heat-diffusion and the metabolic rate represent the main constants 
in (11), but as a consequence of the homeostatic interactions, these parameters 
are also altered, which we denoted by the spatio-temporal functions in (15).  

The complexity of the task is extended with the inhomogeneous breaks on the 
curves when phase transition happens. As a consequence of energy-induced 
structural changes, enzyme-assisted phase transitions are frequent in the ho-
meostatic system. The massive number of these structural transitions (entropy 
changes in micro-environment of the molecules) gives us the possibility to han-
dle them as a distribution, and we are again in the realm of the self-similarity 
self-ordering idea described by WF.  

Hyperthermia in oncology is devoted to destroying the malignant cells as se-
lectively as possible. The Weibull distribution is used with success for the 
self-organized malignancy in space and time [120]. Cancer breaks the network of 
normal cells. The cooperative harmony of the tissue changes to non-cooperative 
competitiveness. It forms a new complex structure non-linearly, far from ther-
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modynamic equilibrium, but also self-organized. It could be described as a dy-
namic phase transition from healthy to cancerous [121], described with a clear 
analogy to phase transitions in a lifeless phenomenon. The self-organized bio-
logical development of tumours intrinsically developing in a healthy environ-
ment, the tumour-development deriving from that environment and showing 
the universal law of growth [122] [123], ( )W t  is preferred to describe malig-
nant diseases too. 

The heating not only effects the temperature growth but also naturally causes 
physical changes. The structure of the tissue will not remain the same as it was 
before. The structural rearrangements will be temperature-dependent, and also 
energy-consuming. When the energy causes the phase to change, the tempera-
ture does not change; only the structure changes. This is like when water is being 
heated and it reaches 100˚C, and for a period the system expends all its energy to 
turn the liquid to gas (structural transition), while the temperature does not 
change during this process. The process is naturally thermal, but the tempera-
ture does not change. When the structural rearrangement is complete, the tem-
perature starts to rise again as the energy intake continues. A similar effect oc-
curs with ionizing radiation therapy when we expect the breaking of the DNA 
strands, which absorbs energy. The energy which is not used for this bonding 
break causes an increase in temperature, which would be an adverse effect in 
radiation therapy.  

Some special papers have been devoted to modifying the Pennes-like equa-
tions [124] [125] [126] [127], but none have yet to consider the energy used in 
the distortion of the actual arrangements. The energy could be used solely to 
bring about chemical changes (distortion of the molecules and restructuring of 
the arrangements) in oncological hyperthermia. The temperature will not be 
changed locally when the energy is consumed for structural change. The tem-
perature is only a condition (when the change happens) but not a measure of the 
change itself. The Pennes equation could be generalized [128] considering the 
cellular destruction and the structural rearrangements [129].  

The introduction of a WF assisted solution offers the possibility to measure 
this structural change from the temperature development curve. The WF as the 
velocity of temperature change (41) has a development which is described by the 
probability distribution function (PDF) as the derivative of the WF which we 
used:  

( ) ( ) ( )
0

1

0 0

d d e if 0
d d

0 if 0

nn t
t

PDF

n tv t W t tWF t t tt t
t

 −
−  
 

   ≥ = = =   
<

      (58) 

First, the velocity changes very rapidly and then, after a peak, it decreases; 
with homeostatic control, the reaction of the body activates (Figure 18). This 
distribution determines the change of temperature (the WF function), which 
determines the temperature curve (the ( )T t  function), as shown in Figure 7. 
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Figure 18. The power-density function of WF. The maximum of the PDF curve is the 
approximate limit of the quasi adiabatic heating (see text). 

 
The PDF curve shows the change in velocity of the temperature growth. The 

curve starts with the rapid increase in temperature until reaching its peak. The 
comparatively very rapid growth could be considered the quasi-adiabatic process, 
which determines the starting slope in Figure 8, and so determines the certainty 
of the slope.  

A simple approach of WF parameters could be obtained from the measured 
temperature plot by time [130]. Two helpful points have to be noted, as shown 
in Figure 19. The point xm marks the highest point where the linear fit of the  

quasi-adiabatic slope ( T
t

∆
∆

) follows the measured curve, and xH is determined by  

the point at which the temperature reaches a steady state (homeostatic equili-
brium). These are measured in real-time (in seconds), and are different of course 
for tumorous and for healthy plots, which are denoted by the additional sub-
scripts t and h, respectively. We show these values in Figure 19. 

The xm point fits the mode of the distribution function because it corresponds 
to the peak of the change of velocity (Figure 18), while the xH point denotes 
when the WF decreased to below an error value, which we decide on as 1%. Re-
cognizing these values, we get:  

( )( )1

0 0

ln ln 0.011 and exp
n

m H
nx t x t

n n

 −− = =        
         (59) 

Both parameters of the original WF could be determined from the two equa-
tions of (59). In doing this, we are able to use the original t0 units for exact eval-
uations. Note, xH marks a point from the stochastic approach, which was denoted 
by θ at the introduction of the WF; see Figure 1. The difference seen in Figure 
19 between the tumorous and healthy temperature plots follows the selectivity of  
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Figure 19. The measured temperature plot is a preclinical measurement [130]. 

 
the treatment, which can be quantified by the starting slopes as well as by the 
specific differences of the parameters ( )mt mhx x−  and ( )Ht Hhx x− . 

The t0 point can be determined by simple geometric fitting. We know that the 
value of t0 is always at the point where 1 e 0.368≅ , so having a slope with this 
value on the temperature plot determines the position of t0, as shown in Figure 
20. The angle of the specific slope which we use is 0.353 [rad] or 20.2˚. This sim-
ple approximation directly determines the conversion of time to t0. Note, the  

derivative of WF at the t0 point ( )0

0 0

d 1 0.368
d e

W t n n
t t t

 = − ≅ − 
 

 differs by mul-

tiplication with 
0

n
t

 from the same-point derivative of the temperature plot, 

( )0

0 0

d 1 0.368
d e

W t n n
t t t

 = − ≅ − 
 

. 

The comparison of the results of Figure 10 and Figure 11 shows that the scale 
factor t0 causes a massive change in the quasi-adiabatic starting slope, while the 
shape factor n causes only a minor change. The difference mirrors their roles in 
homeostatic (homeodynamic) control: the t0 scale factor depends on the dynam-
ic processes in the regulation, principally on BF, while the n shape factor primar-
ily reflects the structural differences. In this way, the shape parameter follows 
one of the major factors of the complexity in the temperature development, the 
BF, which changes non-linearly with the temperature [131]. The non-Newtonian 
behaviour [132], and the flow-state, which can cause the negative impedance of 
BF [133], alters the non-linearity by temperature. The difference in angiogenesis 
between the tumour and healthy vessel network [134] could also affect the tem-
perature dependence of the BF. The attractive idea of our present approach is the  
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Figure 20. A simple geometric fitting to determine the t0 unit (see text). Calculating with 
(59) could perfectly control this approximate fit. 
 
stochastic considerations, so these effects are well presented in the personal dif-
ferences in the heating reactions, which are considered in the personalized fit of 
WF approach; the complex package in WF considers all, even small, modifica-
tions.  

The assumption is ordinarily that the temperature reaches the homeostatic 
state by a rigorously monotonic function. This could be incorrect, however, 
when the homeostatic control is achieved too late, or when it does not have 
enough cooling capacity to compensate for the heating energy [135]. When sa-
turation occurs earlier than the negative physiological feedback to regulate it, an 
overshoot can happen, or an equilibrium may not be formed due to the massive 
energy input (Figure 21). The uncontrolled absorption leads to ablation. Such 
overshooting and ablation (burning) situations are beyond the possibilities of 
these present considerations. The complexity described by WF is valid only in 
near stationary developments.  

When phase transition does not occur (like when heating water from 0˚C to 
100˚C at normal pressure), the temperature plot is linear across its full range, 
but keeping a constant temperature at the phase transition (100˚C) and then 
continuing linearly with another slope, corresponding to the thermal parameters 
of the new phase (Figure 22).  

Note the development of the temperature in the case of heating pure water. 
Here a fraction of the power applied to humans in local hyperthermia could heat 
up the same mass of the water from 36˚C to 45˚C (Figure 23).  

Living objects, of course, do not have the same behaviour as pure water. The 
water phantom is far from correct in comparison to a living reality. The water 
phantom is homogenous, having only non-homogenous heating due to the ex-
ponential decay of the electromagnetic energy-absorption by depth [136], which  
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Figure 21. Relation of the absorbed energy to the homeostatic thermal regulation. The 
timing and the energy-compensation balance the actual shape of the temperature plot. 
 

 
Figure 22. Heating of simple water phantom, temperature vs time. The phase transition 
at 100˚C happens at a constant temperature, while the elapsed time develops. 
 
may initialize mas-transports by temperature gradient in the volume. The expo-
nential decay sharply, and inversely depends on the wavelength [137]. The at-
tenuation of the power absorption of human tissues differs from water [138]; 
nevertheless, the penetration remains exponential with various rates of decrease 
in the variety of tissues.  
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Figure 23. The heating of the water phantom only: (a) 124 W is applied (using 150 W forwarded but calculating 3% reflected 
power and 85% efficacy of heating) and heats up ten litres of water from 36˚C to 45˚C in a duration of less than an hour, while a 
volume of 1 litre needs only less than 5 min; (b) ten litres of water reaches the desired 45˚C within one hour with 100 W absorbed 
power, while one litre needs only 10 W to elevate the temperature from 36˚C to 45˚C. 

 
A living structure represents an inherent decisional heterogeneity, having a 

large number of electrolytes separated by various walls and membranes. Conse-
quently, both the thermal and electromagnetic parameters vividly change in the 
macroscopic and microscopic ranges and the homogeneous SAR is illusory. The 
self-organized structure drives the organization of the heterogeneity, forming 
fractal behaviour [139]. The self-organized self-similar structure present both in 
space and time [75], develops spatio-temporal behaviour of the tissues. The 
concentration of the electrolytes dynamically changes due to their energetically 
open structure, which initializes the dynamism of the system. The living dynam-
ism performs random stationary stochastic self-organizing processes [74] [140] 
as a consequence of its self-similar stochastic behaviour. It fluctuates by a partic-
ular noise (called pink-noise, or temporal fractal noise) [141] [142], a fingerprint 
of the self-organizing [143], representing a general behaviour of living bioma-
terial [70].  

Together with the macro heterogeneity, the tumour is also massively diverse 
on a microscopic level. The BF in the tumour has a threshold between the vaso-
dilation and vasoconstriction. The threshold depends on the temperature, and is 
usually at an interval between 39˚C and 43˚C [11]. The angio-change is inde-
pendent of the general inhomogeneity of the tissue but depends on the type of 
the tumour and its stage. The angio-reaction will change the temperature devel-
opment, due to the massive change of BF from the vasodilated situation to the 
low-BF vasoconstriction. The drop in BF increases the temperature due to the 
lowered cooling capacity. The quasi-adiabatic slope jumps in the vasoconstric-
tive stage of the tumour, and the same SAR generates a greater temperature de-
velopment per unit time [135].  
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Further microscopic heterogeneity is observed on a molecular level. The struc-
tural disruption and rearrangements use a part of the energy without any consi-
derable change of temperature. Where the energy concentrates on the structural 
order, the points on the temperature plot by time remain approximately at the 
same temperature values, despite the continuously absorbed SAR accompanied 
by the approximately constant temperature as we expect during phase transi-
tions. The SAR at these points is dominantly consumed by the structural energy 
and not for the heating of the tumour’s environment.  

The heterogeneities influence temperature development, and such a linear 
temperature development, as we have in the case of water (Figure 23) is unrea-
listic in the human body. The macroscopic temperature is roughly like that seen 
in Figure 8, presenting a linear slope only at the beginning of the heating when 
the heat is not yet spreading intensively by diffusion, and the blood-flow regula-
tion has a lag. However, the simple picture has a fine-structure depending on the 
dynamism of the heat-diffusion and the blood-flow and other regulating com-
ponents like metabolism. The initial linear slope starts curving downwards, and 
after a maximum, the temperature decreases (Figure 24). The intensification of 
the blood-flow causes this “bump” in temperature and it is visible only when the 
time-lagging feedback appears at the end of the period of intensively rising tem-
perature. Note, the break of the linearity could be earlier in preclinical mea-
surements (see Figure 19), where the homeostatic reactions are quicker. The 
thermal homeostatic function keeps the temperature unchanged (TH2) and is the 
first saturation period, where the vasodilatation/vasoconstriction transition bal-
ances approximately constant value in the tumour (see the tumour-curve up to 
39˚C in Figure 6), After this point, the temperature might stabilize at another 
level for a short time due to the balance (TH1), or, if the homeostatic regulation 
cannot stabilize the equilibrium, it might start to grow continuously. The vaso-
constriction could easily develop additional necrotic volumes lacking blood-flow 
regulation such that the temperature could grow in those regions rapidly. While 
the forwarded SAR does not chage; its hetereogenic absorption changes, but va-
ries from the temperature development primarily because of the heterogeneity of 
BF. The applied SAR is constant, while the absorbed energy grows but not as ra-
pidly as expected, because the blood-cooling takes energy away in the system. 
The energy absorption changes at the vasodilatation/vasoconstriction transition. 

The homeostatic “bump” modifies the temperature development at all varia-
tions of the power, too (Figure 25), but the slope of the quasi-adiabatic linear-fit 
at the beginning does not change until the very slow temperature increase when 
the time-lag of the homeostatic control modifies the starting slope as well. We 
assume that the homeostatic cooling switches on smoothly by a Gaussian distri-
bution and with an amplitude factor A:  

2

exp
2 2

A t µ
σ σ

 − 
−  π    

                       (60) 
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Figure 24. The possible fine structure of the development of temperature in macroscopic 
steps. The important factor of the figure is the time-lag of the various effects. Here all the 
possible effects are shown, not all of which will necessarily be active in the actual ener-
gy-absorption. 
 

 
Figure 25. The homeostatic regulation could become active with different time-lags μ. 

 
which is equal with WF when 0 2t σ=  and 2n = . The time-lag of the start of 
this feedback is included in the μ, and the “smoothness” is in the t0. The shape 
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does not change, 2n = . The time-lag 0.2µ =  shows an early homeostatic 
reaction, which regulation requires a high velocity of BF. In animal experiments 
where the heart-rate is higher than in humans, because of the allometric scaling, 
a short time-lag is frequent, as we see in preclinical experiments [130]; see Fig-
ure 19. Different time-lags have been used under various conditions in calcula-
tions [43].  

The thermal and electromagnetic heterogeneity allow two different ways of 
handling the energy-absorption of the living material: make a complete average 
of the microscopic deviations, regarding this as equal in the target, or use the 
biophysical differences accepting the micro-variations to select the malignant 
cells. The first approach considers the entire volume in focus as being like ho-
mogeneous matter, and it is heated irrespective of the differences in the mi-
cro-environments, while the second one concentrates on malignant cells as the 
direct aim of the study. The two approaches fundamentally define the perfor-
mance of the actual treatment. When the target is regarded as homogeneous, its 
full mass represents the energy-absorber, requesting such energy as is enough for 
this task. The micro-selection however demands much lower energy consump-
tion, the intended target of the energy absorption being only a fraction of that in 
the homogeneous approach. The selection of the energy absorption specifies the 
efficacy of the actual treatment.  

The isothermal, homogeneous heating of a local tumour does not reach stable 
thermal equilibrium, because the non-linear reaction of the feedback mechan-
isms opposes the heating action, so an instable equilibrium forms a steady-state 
situation. In this process, the target develops new thermal inhomogeneities, be-
cause the cooling action of the blood is not equally distributed in the volume of 
the focus. As a consequence, clinical practice divides patients into “heatable” or 
“non-heatable” categories [144]. The selection is based on the possibility of the 
temperature increase in the actual location by local/regional treatment failing to 
reach the desired temperature in the target. The “non-heatable” cases could have 
the same SAR as the “heatable” ones, but their intensive homeostatic control 
blocks the marked temperature increase. We have to accept the real situation: 
the technical difficulty of the focussing of temperature is not identical with that 
of the focussing of SAR. The temperature depends on various processes, and 
naturally changes by elapsed time, spreading over the neighbouring volume.  

The final goal of the energy-absorption is not a simple heating; the intention is 
to destroy the malignancy. Naturally, chemical and structural changes happen in 
the process of the cell dying. An overall, isothermal heating could complete this 
task, pumping much more energy into the target than necessary for the elimina-
tion of the cancer cells, heating up all the parts, even those which trigger the 
counter-actions of the thermal control. The isothermal approach requires extra 
energy to compensate for the forced physio-regulation attempting to restore 
thermal homeostasis. The homogeneous heating induces intensive BF and so 
risks the development of life-threatening micro and macrometastases, by the in-
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tensification of the delivery of the circulating tumour cells, worsening the 
life-prognosis. Multiple isothermal hyperthermia studies have shown effective 
and significant local control of the treated tumour, but at the same time present 
a decreased overall survival among others for breast carcinoma [145] [146], for 
non-small-cell lung cancer [147] [148], for uterine cervix cancer [149] [150], and 
even for the easily “heatable” surface tumours [151].  

However, the thermal and electronic parameters differ between the tumour 
and the healthy environment, allowing the microscopic selection of biophysical 
origin. The variation of these parameters modifies the macro and microstruc-
tures of the tissue, varying the heterogeneity of the energy absorption. Malignant 
cells metabolize intensively, supporting their proliferation [152]. Their increased 
glucose metabolism can be measured by positron emission tomography (PET) 
[153]. The extra metabolic activity increases the ionic concentration in the vicin-
ity, increasing the conductivity of that region [154], also detectable by imaging 
[155]. The changing of the networking arrangement microscopically causes the 
loss of the healthy cooperative connections with neighbouring cells, constructing 
a largely different fractal structure [156]. The malignant cells break their inter-
cellular bonds [157] and junctions [158], and individually “combat” all other 
cells for metabolic energy. Measurement of the growing disorder in cancer came 
with the first imaging of a lesion [159], proving the increase of the dielectric 
constant in the microenvironment of the cells [160]. This decreases the complex 
electric impedance of the microenvironment of the tumour cells, channeling the 
radiofrequency (RF) current to their location [161], allowing their selection by 
electromagnetic means [162].  

The energy of the current primarily heats up the lipid rafts on the membrane 
of the cancer cells [163]. The membrane rafts are groups of clustered transmem-
brane proteins fixed by lipid-protein interactions [164]. A dominant part of the 
transmembrane proteins is clustered in raft domains. The rafts collect dynamic 
proteins [165], and have high lateral mobility in the membrane [166]. The size of 
these clusters is in the nano-range; depending on the ratio of protein to lipid 
content, different ranges of their horizontal diameters have been measured: 10 - 
100 nm [167]; 25 - 700 nm [168]; 100 - 200 nm [169]. The width of the mem-
brane is 5 nm [170], but the thickness of rafts, due to their transmembrane pro-
teins, is larger. An interesting result [216] is that the temperature increase of the 
nanoparticle is proportional to the square of its radius, which gives an easy 
comparison of the temperature using the sizes of the particles. The size of rafts is 
6 - 50 nm, and the large rafts dominate the protein content of the membrane 
[171]. The malignant cells lose their intercellular connections, and the formerly 
connected transmembrane proteins form rafts, which are significantly denser in 
the membrane of cancer-cells than in their noncancerous counterparts [172].  

The extracellular matrix (ECM) and the cellular membrane absorb the main 
part of the energy in the MHz region of RF [173]. The water content of the ECM 
interacts with the membrane [174], having variant bonds [175], and importantly 
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alters the membrane effect, showing a low SAR but high voltage drop [176], 
which can help the signal’s excitation of the raft proteins [177]. The electrostatic 
charge of the membrane attracts the ions from the ECM, the effect of which is 
sufficient to establish a transmembrane potential [178].  

The primary targets to absorb the well-chosen RF on the membrane of the se-
lected malignant cells are the transmembrane proteins located in the rafts. The 
β/δ frequency dispersion [179] promotes the focusing of the energy on the li-
pid-protein interactions at the applied 107 Hz frequency range. Nearly ten times 
higher conductivity was measured at transmembrane proteins [180]. Models of 
added protein domains with different concentrations in the lipid layer showed 
between one and three orders of magnitude higher conductivity in the presence 
of protein fractions than the lipid membrane alone [181]. These electric imped-
ance differences guide the RF to the rafts [182]. The thermal effect is limited to 
nanoscopic local “points”, the rafts, which are most sensitive to any lethal attack 
on malignant cells, which is the basis of the mEHT method. The well-chosen RF 
current [183] uses a 13.56 MHz carrier frequency according to the medical stan-
dards. An appropriate time-fractal modulation is applied [184], which is essen-
tial to obtaining the proper selection effect. (The technical description can be 
found elsewhere [185] [186]). In this way, mEHT targets the lipid-protein inte-
ractions that can cause specific energy-absorption in the membrane rafts, which 
carry many signal-receptors and are involved in multiple functional signal 
pathways [182]. 

Many observations have been made on various electromagnetic ener-
gy-absorptions, aside from those regarding temperature changes. The electric 
field promotes cellular fusion at low [187], and high [188] frequencies; a 
field-strength-dependent haemolytic effect has been observed resulting from RF 
exposure [189], as has the activation of ion-channels at the cellular membrane 
[190], membrane-mediated Ca2+ signalling effects on the immune system [191], 
and the induction of transmembrane Ca2+ by alternating current (low-frequency 
electromagnetic fields [LFEMF]) [192]. The biological effects of LFEMF have 
raised significant interest and debate in the past. Numerous reviews [193] [194] 
and articles report the responses of biological matter to LFEMF [195]-[203]. 
These observations realize the entropy change (structural and chemical altera-
tions), which due to the energy absorption, are clearly thermal, but the temper-
ature is only a condition and does not change during the process [204].  

The strength of electric field ( )tΞ  determines the energy delivery by the 
electromagnetic energy supplies, and determines the SAR in the media of ρ den-
sity and σ conductivity (assuming homogeneous target):  

( ) ( )2 W
2 kg

SAR t tσ
ρ

 
= Ξ  

 
                      (61) 

Note, the σ thermal conductivity varies non-linearly by temperature [205]. 
Radiating the homogeneous resistive media with R resistance by P power, and 
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the thickness of the target being d, we may calculate the ( )tΞ  field: 

( ) V
m

R Pt
d
⋅  Ξ =   

                       (62) 

If the energy delivery is sinusoidal, the average of the 
2
Ξ

Ξ = , so the effec-

tive electric field is: 

( )
2eff

R Pt
d

⋅
Ξ =                         (63) 

when the target resistance is 50R = Ω , and the applied power is 150 WP = , 
and 0.75 S m 1 mσ = = Ω⋅ , the SAR from (61) and (62) is: 

( ) W45
2 kg

R PSAR t
d

σ
ρ

 ⋅
= ≅  

 
             (64) (65) 

The provided energy inversely depends on the mass of the target and linearly 
by the duration of the SAR. For example, the energy in ablation techniques to 
gain high temperature needs extremely high SAR (in the range of 10 - 100 
kW/kg [206]), but it targets only a relatively small mass, so the absorbed energy 
is small. Local hyperthermia with isothermal intent uses a relatively large SAR 
compared to the selective method, to heat the mass as homogeneously as possi-
ble. However, these treatments can create unwanted hot-spots [207] depending 
on the technical realization and the actual conditions of the patient, causing very 
frequent complaints during the treatment [208].  

In heterogenic matter, when we select the absorption target inside the volume, 
and the mass ratio of the selected mass m to the total M is ξ, the SAR concentrates  

on the selected part with a value of 
m
M

ξ =  higher. So when nanoparticles (NPs) 

are chosen there, and its concentration is a 50 mg mass in 1 kg, the correspond-

ing SAR in our numerical example (65) is 5 W kW1.8 10 180
kg kgnanoSAR ≅ × = , and  

when the energy pump is sinusoidally periodic, according to (63) it becomes 
halved: 90 kW/kg.  

Usually, the SAR value in nano-heating is even higher, ranging from 100 to 
500 kW/kg [209]. These values are 1000 times higher than local hyperthermia 
uses but correspond well with the absorbed power in a nano-selective heating 
solution of membrane rafts.  

The mEHT method could be used to heat injected artificial nanoparticles to-
gether with exciting the intrinsic membrane rafts. When injecting gold nanopar-
ticles in the tissue the energy absorption is focused on both nano-centres, and 
the temperature grows by the diffuse heating from these [210]. However, the 
apoptotic cell-distortion, which is the hallmark of mEHT action, was decreased, 
probably because of the sharing of the energy between the membrane rafts and 
the gold nanoparticles; however, the heating was active in both situations.  
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The selective heating of mEHT uses the membrane’s peculiarities for the exci-
tation of the transmembrane proteins by energy absorption of the chosen cells. 
The absorbed energy at the membrane sharply depends on the electric field con-
ditions in the membrane and its immediate vicinity. The double phospholipid 
membrane structure modifies the applied electric field. The temperature gra-
dient is one of the driving forces of the signal propagation that starts at the outer 
membrane of the cell as extrinsic excitation. The excitation requires energy ab-
sorption and changes the molecular structure, involving the bound water. The 
effects cause thermal changes, but not in a temperature-dependent manner [128] 
[211]. The action is like a first-order phase transition with latent energy ex-
change at constant (transition) temperature. 

The absorbed bound water on the membrane has an important role in the 
SAR and electric field distribution [176]. The modification distinguishes the in-
tra- and extracellular electrolytes and the membrane itself, as well as the outer 
and inner sides of the membrane water-absorption layer [176]; see Figure 26.  

Heating of the transmembrane protein clusters (rafts) shows different patterns 
than in the phospholipid membrane [182]. The water bound to the protein in-
creases the altogether otherwise high average dielectric constant of the raft [212]. 
A precise model calculation [182] shows the electric loss density jump on the raft 
(Figure 27) with a rapid change on the membrane surfaces on both sides. Two 
calculations were made: in the homogenous approach the two sides of the raft  
 

 
Figure 26. Comparison of the free membrane (solid lines) and membrane-bounded water (dashed line) electric field (a) and the 
SAR (b) at 27 MHz in spherical cell-model (It is modified to same scales from [176]). 
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(a)                                                         (b) 

Figure 27. The electric energy loss density near the membrane of the cell in a spot of the raft under homogenous (solid line) and 
complex heterogenic (dashed line) assumptions: (a) The environment of the membrane; (b) Enlarged membrane area. 

 
are identical, while in the complex, heterogenic one, the outer side has higher 
conductivity due to the difference of the electrolyte composition of the cytop-
lasm and the extracellular matrix (ECM), and the inner part has a lower dielec-
tric constant, due to the complex connections inside the cell. The energy loss 
density is higher in the ECM.  

The calculation used 13.56 MHzf =  frequency and assumed  
7

13.56 MHz
V mV1.1 10 11
m nm

E = × = , consequently having 55 mV membrane potential  

in the thickness of 5 nmmembraned = . This potential is lower than the healthy cell 
usually has, but the malignancy lowers the membrane potential in most cases 
[213]. The heterogenic complexity decreases the jump of electric loss density, 
which is clearly followed by the local SAR (Figure 28). 

The temperature development on the surface of the membrane is the same on 
both sides; but macroscopically (distant from the surface), the temperature is 
lower in the ECM than in the cytoplasm (Figure 29).  

The temperature of the rafts affects the ECM in its immediate vicinity only. A  

similar size gold nanoparticle with radius 30 nmnr = , absorbing 4
0 2

W10
m

I =   

energy flux, was heated up by 4˚C in surrounding water, and at a distance of 70 
nm from its surface, the gain of temperature practically vanished [214]. This 
rapid disappearance of the temperature in the vicinity of the nanoparticle sup-
ports the approximation in which we ignored the diffusion part of the Pennes 
equation, to simplify its solution. This approach is valid in nanoscopic ener-
gy-absorption only, which is realized in the mEHT too.  

The excitation of the rafts needs extra energy, and structural changes happen,  
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Figure 28. The provided SAR to the membrane area, in a spot of the raft under homo-
genous (solid line) and complex heterogenic (dashed line) assumptions. 
 

 
(a)                                                     (b) 

Figure 29. The developed temperature in a spot of the raft under homogenous (solid line) and complex heterogenic 
(dashed line) assumptions: (a) The environment of the membrane; (b) Enlarged membrane area. 

 
which rearranges the giant membrane vehicles [215] and could modify the cell 
membrane [216]. The membrane phase transition can be modelled experimen-
tally too, when the Arrhenius dependence breaks in both the resistivity and ca-
pacity parts of the lipid bilayer [217] (Figure 30). This again needs a local, mi-
croscopic increase in the absorbed energy, which appears microscopically. 

The energy absorption of membrane rafts realizes heterogenic energy absorp-
tion, which follows the natural heterogeneities of the living matter. While the 
homogeneous concept intensifies the quick physiological regulation, the hetero-
genic selection has less strength to trigger the immediate feedback of regulation  
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Figure 30. Arrhenius-like plots of the resistance and capacity of the membrane. It shows 
a phase transition at the temperature of 39.5˚C (● The capacitive x the resistive plot). 
 
mechanisms. The physiological reaction appears later when the small heated 
substances heat up their environment, attracting the reaction of the general con-
trol. The temperature development in the microscopic range has many similari-
ties with the macroscopic pattern but has a certain difference in the absorbed 
SAR (Figure 31). The absorbed SAR transfers one state to the other one, and the 
change of temperature is a “side effect”: the excess part of the constant systemic 
SAR heats up. The spread of heat energy by time keeps the energy-replacement 
macroscopic, and gradually less energy will be selectively taken by the rafts, 
which constitute only a minimal fraction of the total mass of the tumour. There 
are two possible phase transitions that happen: one is for the chemical changes 
to produce signals and its structural consequences; the other one is the phase 
transition of the lipid membrane. Their temperatures are denoted by Tch and 
Tmem, respectively. Both transitions are temperature-dependent, so when the raft 
does not heat up to the transition temperatures, these will not occur. When the 
transition happens, the temperature remains constant until it finishes. After-
wards, the temperature increases as usual until the SAR switches off. When the 
rafts absorb the constant average, which heats the entire mass, its temperature 
will be equal to its environment. The selection disappears due to the homeostatic 
equilibrium. However, in this state, the energy-absorption in the target acts only 
to replace the energy being carried away by heat-exchange with the environment 
of the target and also the environmental conditions of the human body.  

The constant SAR is macroscopic; the active absorption at the microscopic 
level is different, being deducted from the average SAR, and the remaining pow-
er heating the lesion, as is shown in a hypothetical situation in Figure 31. The 
SAR value which is required to maintain a chosen temperature changes. The  
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Figure 31. The temperature development and the SAR in the microscopic range (For ex-
planation, see the text). 
 
continuously growing temperature reaches definite values at which the energy 
requirement is higher than the general adiabatic need, as we showed by time de-
velopment in Figure 31. The points at which the required micro (mSAR) 
changes, in order to energize the micro processes, are: the chemical phase transi-
tion Tch, the membrane phase transition Tmem and the switching off of the supply 
after reaching the TH homeostatic equilibrium, Figure 31. The first, chemical 
phase transitions, modify the microscopic energy consumption through chemi-
cal processes (signal excitation, signal transduction, protein structural changes), 
and usually we do not take the temperature so high as that at which the mem-
brane phase transition happens (>42˚C). The change of mSAR vs temperature 
development shows a double peak pattern when the temperature goes over 42˚C, 
and afterward, the temperature grows directly with the constant average SAR in 
the target (Figure 32; it becomes a homogenous situation, the rafts having the 
same average SAR as the wider environment, which is in thermal equilibrium. 
The system temperature grows until reaching the homeostatic point and remains 
at this temperature until the switching off of the SAR. This is the stage at which 
the system has constant temperature due to the constant SAR replacement of 
lost energy.  

Changes of mSAR by temperature depend on the demand for energy in the 
studied region. This changes not only with the phase transitions but also due to 
the homeostatic mechanisms, and in the end, the raft is heated in the same way 
as its environment. 

Understanding these heating processes, the optimal strategy is to keep the growth  
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Figure 32. The required SAR values vs temperature in the micro-region of selectively 
heated rafts. The red dot before the switching off of the SAR represents the equilibrium 
when both the SAR and the temperature are constant. The provided absorbed energy is 
only replacing the loss by cooling to the environment. 
 

of temperature continuous, so to maintain the condition where 1T SAR
t c

∆
=

∆
. 

The well-developed treatment protocol makes use of step-up heating when the 

linear T
t

∆
∆

 slope dominates (Figure 33).  

When the temperature development deviates from the slope, going to be sta-
tionary another so called constant perfusion rate model could be introduced, 
when the Pennes’ Equation (11) reduced to: 

( )( )h h h b b b
Tc SAR c w T T
t

ρ ρ ρ∂
= − ∆

∂
                  (66) 

The solution of (66):  

( )
1 e cp

t

h

b b b

SAR
T

c w T
τρ

ρ

 
 − 
 

 
 ∆ = −  
 

                    (67) 

where  

( )
h h

cp
b b b

c
c w T

ρ
τ

ρ
=                           (68) 

Is the time-constant of the constant perfusion model, and 0cp tτ ≅  when t is 
large, corresponding with the stationery solution of (57). Using realistic para-
meters we get 7 mincpτ ≅ . So the temperature rise will be different, Figure 34.  

In the case of gradual step-up heating the simplified Pennes equation:  

( ) ( )

( ) ( ) ( ) ( ) ( )( )0 1 1 1 1

, ,

2

b b b b b b
Tc c w T T p t c c
t

p t p H t H t H t H t n

ρ ρ ρ ρ∂
+ − = ≅

∂
= + −Θ + − Θ + + − Θ

     (69) 
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Figure 33. The temperature development by the step-up in the time period, when the 
curve is in the quasi-adiabatic line. 
 

 
Figure 34. The temperature development by the step-up in the period out of the constant 
perfusion model, Note, at the end the temperature could grow higher than in Figure 33. 
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where ( )1H t  is the Heaviside unit-jump function, p0 is the jump of SAR (as-
sumed equal tranches!) and Θ is the time between the two jumps on.  

So, we get:  

( )

1

1 ,

b

p tT T
t c

w
τ ρ

τ −

∂∆
+ ∆ =

∂

=

                      (70) 

Using Laplace transformation:  

( ) ( )

( ) ( )2
0

1 ,
1

1 1 e e es s sn

T s p s
c s

p s p
s

τ
ρ τ

− Θ − Θ − Θ

∆ =
+

= + + + +

             (71) 

We get by inverse Laplace transformation the time-function of the temperature 
rise:  

( ) ( ) ( )

( ) ( )

0 1 1

2

1 1

1 e 1 e

1 e 2 1 e

t t

t t n

T t p H t H t
c

H t H t n

τ τ

τ τ

τ
ρ

−Θ
− −

− Θ − Θ
− −

   
∆ = − + − −Θ         

   
+ − − Θ + + − − Θ            



    (72) 

Note, 0p SAR= , in simple one-step heating, like it was used in (54). This is 
physically simple: in every Θ time a new exponential function starts and added 
to the previous time-function Figure 35.  

The time-derivative function of (72) is: 

( ) ( ) ( )

( )

2
0

1 1 1

1

d e e e 2
d

e

t t t

t n

pT H t H t H t
t c

H t n

τ τ τ

τ

ρ

−Θ − Θ
− − −

− Θ
−

∆
= + −Θ + − Θ +




+ − Θ 




    (73) 

The right-side derivatives of the time-dependent temperature of (72) show the 
newly started targeting: 

0 0

0

2
0

d d, 1 e , ,
d d

d 1 e e e
d

t t

n

t n

p pT T
t c t c

pT
t c

τ

τ τ τ

ρ ρ

ρ

Θ
−

=+ →+Θ

Θ Θ Θ
− − −

→+ Θ

 ∆ ∆
= = +  

 
 ∆

= + + + +  
 





            (74) 

It is simply the identical restart of the SAR process, when the time Θ is longer 
than the τ blood-perfusion time-constant. In this case all the jumps could be de-
scribed independently. Using the practical units in physiology:  

[ ] [ ]

0
0

0

0

0

1 e

W kg W kg
in practical units : min[]

67

t

t

t

pT p
t c c

SAR SART C
t c

ττ
ρ ρ

−

=

=
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= − ≅  

 
 ∆
 
 

   (75) 
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Figure 35. The time-function of temperature in case of step-up jumps of SAR.  

 
with the above calculated (75).  

When the incident power is terminated, the blood-perfusion starts to cool the 
target (clearance of temperature). This could be described by the Pennes equa-
tion too: 

( ) ( )
1

1 0,b
b

b

T T
T T

t
w

τ
τ −

∂ −
+ − =

∂
=

                   (76) 

Its solution is: 

( ) ( ) 0e ,
t

bT t T T p
c

ττ
ρ

−
∆ = − =                   (77) 

From ( )T t∆  function the τ blood-perfusion time-constant could be deter-
mined, and so we get wb too by (57) and (70). The clearance temperature (the 
speed of cooling) is: 

0

0

d
d t

pT
t cρ=

∆
= −                          (78) 

which is in its absolute value identical with (54) (after stationary heating, and so 
the target is in thermal-equilibrium). Using again the physiology units, we get:  

[ ]0

0

W kgd min[]
d 67t

SART C
t =

 ∆
 
 

                (79) 

The results have to be generalized, recognizing, that the living target changes 
during the heating in its multiple parameters, including the thermal and the 
electrical ones. This changes the blood-perfusion as well as the complete tem-
perature rise, despite the constant power provided, the SAR will change too. Due 
to this instead of (72) we use 
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and consequently instead of (73):  
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      (81) 

The right derivatives of the curve in (81):  
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           (82) 

And again, when the switching time Θ is much longer the largest blood-perfusion 
time-constant, than we may use again the approximation (75): 
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             (83) 

The realization of the strategy of blocking the development of thermal spreading  

could be more effective when the linear period of T
t

∆
∆

 is carefully managed  

and the system cooled down before the spread of the heat starts. The concept 
could be completed by the cutting of the heating curve, which could be done at 
various points of the temperature development (Figure 36).  

The straight-line sided triangle at the early cut looks the most controllable 
situation, stopping the heating at the end-point when the linear slope fits. Tech-
nically the appropriate pulsing of the SAR follows the optimizing rule well 
(Figure 37). This protocol does not change, or changes by only a little, the over-
all temperature, so all the energy is concentrated on the selected rafts.  

Note, the selective, non-isothermal energy-absorption is similar to the ioniz-
ing radiation concept when the selection is directed at the breaking of DNA. The 
heat and temperature gain which they produce during treatment are adverse ef-
fects, and the protocols try to avoid them. The dose in the ionizing radiation is  
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Figure 36. The temperature development terminated in different stages of the process. 

 

 
Figure 37. Temperature development by the appropriately pulsed power, providing step-up: (a) Terminated before the non-linear 
period starts; (b) Terminated after the non-linear period starts. 

 
the Gray Gy = J/kg, which is the measure of the absorbed energy, by (3), and in 
time-dependent power by (4). The dose of the radiotherapy treatment-cycle is 
the sum of the fractional doses in the process. We may introduce the same in 
hyperthermia with regard to the absorbed energy:  

( ) ( )Σ
1 0

d
itN

dose
i

E t SAR τ τ
=

= ∑∫                       (84) 

where N is the number of treatments in the actual cycle, ti is the time of the i-th 
treatment and  
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1 2 1
1

N

N N i
i

t t t t t tΣ −
=

= + + + + = ∑                    (85) 

is the entire treatment time in the cycle.  
The evaluation of ( )SAR τ  in a selective mode of hyperthermia counts the 

energy absorbed in the target irrespective of the kind of source, so the specific 
energy unit Gy could be applied in the non-ionizing radiation too. The energy 
which is provided by ionizing radiation (IR) triggers biological mechanisms, 
which are mostly the rupturing of DNA, while the desired effects are different in 
non-ionizing applications (nIR). We may observe contrary interests in using the 
absorbed energy in these therapies [3]. In the ionizing strategy, the distortion of 
the DNA strands is the goal, and the heat-production during this process is an 
adverse effect. In nIR hyperthermia, it is the other way round, and the heat pro-
duction becomes the goal of the treatment. While the IR treatment is of short 
duration, the nIR is significantly longer, and while the physiological control 
mechanisms have no role in IR, these have an important role in nIR applications. 
Both treatments are electromagnetic, but IR has a frequency a few billion times 
higher and also has much shorter duration of treatment than nIR. 

5. Verification 

The preclinical verification of the dose and its temperature dependence shows 
the practical applicability of the above model-calculation. Phantom experiments 
[218], and in vitro cell-culture measurements show the apoptotic efficacy [219] 
[220] of mEHT, and the temperature mapping gives also a hint, that the above 
considerations are realistic [221]. The pulsed power application is measured [222] 
and verifies the advantage of the increased efficacy of such heating method [223]. 
The clinical applications have a well-defined protocol [224] and guideline [225] 
with the step-up heating requirements, and the clinical results validate the usage 
of the step-up heating model [226].  

The present considerations are valid for solid tumours, where the Pennes- 
equation is effective. The selective activation of the haematological cancers is in 
progress. 

6. Conclusion 

Considering the homeostatic self-similarity, we have shown a stochastic heuristic 
solution of the Pennes equation and its applicability in hyperthermia treatments 
in oncology. Weibull parametric distribution with satisfactory refinement can 
solve the problem of the description of the heating of the body, without the 
complications involved in solving the Pennes equation. This solution is stochas-
tic, having a probability distribution which fits much more to the dynamic 
changes in the living objects, and eliminates the problem of the deterministic 
behaviour of the Pennes approach. The introduced selective heating allows fo-
cusing upon the malignant cells using the thermal and bioelectromagnetic hete-
rogeneity of the tumorous lesions. The solution allows the introduction of a 
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protocol that most optimally uses the provided energy for molecular changes, 
destroying the malignant cells without a noticeable effect on their healthy coun-
terparts. The present considerations are valid for solid tumors, where the 
Pennes-equation is effective. The selective activation of the haematological can-
cers is in progress.  
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