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Abstract

In 2012, Hsu et al generalized the classical connectivity of graph G and in-
troduced the concept of g-component connectivity ck, (G) to measure the
fault tolerance of networks. In this paper, we determine the g-component
connectivity of some graphs, such as fan graph, helm graph, crown graph,
Gear graph and the Mycielskian graph of star graph and complete bipartite
graph.
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1. Introduction

Multiprocessor systems are always built according to a graph which called its in-
terconnection network (network, for short). In a network, vertices to processors,
and edges correspond to communicating links between pairs of vertices. Since
failures of processors and links are inevitable in multiprocessor systems, fault
tolerance is an important issue in interconnection networks. Fault tolerance of
interconnection networks becomes an essential problem and has been widely
studied, such as, structure connectivity and substructure connectivity of hyper-
cubes, extra connectivity of bubble sort star graphs, g-extra conditional diagno-
sability of hierarchical cubic networks, g-good-neighbor connectivity of graphs,
conditional connectivity of Cayley graphs generated by unicyclic graphs.

For any positive integer g the g-component cut of the graph G'is a vertex set
F cV such that G—F has at least g( g2 2) components. The g-component
connectivity of graph G, denoted by ck, (G), is the cardinality of a minimum

g-component cut of graph G, that is, cx, (G)=min {|F| FcV,0(G-F)> g}.
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Of course, we define that cx, (G)=0 if Gis a complete graph K, or a dis-
connected graph. Obviously, cx,(G)=x(G) and K, (G)< CK g (G).

In [1] [2] [3], authors determined the g-component connectivity of n-dimen-
sional bubble-sort star graph BS,, n-dimensional burnt pancake graph BP,,
the hierarchical star networks HS,, the alternating Group graphs AG, and
split star graph S, . Zhao et al. [4] [5] and Xu ef al. [6] respectively determined
the g-component connectivity of Cayley graphs generated by n-dimensional
folded hypercube FQ,, n-dimensional dual cube D, and transposition tree.
In addition, Chang ef al. [7] determined the g-component connectivity of alter-
nating group networks AN, when g=3,4. Ding ef al [8] dealt with the
g-component (edge) connectivity of shuffle-cubes SO, for small g Recently, Li
et al. [9] studied the relationship between extra connectivity and component
connectivity of general networks, and Hao ef al [10] and Guo ef al [11] inde-
pendently proposed the relationship between extra edge connectivity and com-
ponent connectivity of regular networks in the literature. In this paper, we
mainly discusses g-component connectivity of some graphs, such as fan graph,
helm graph, crown graph, gear graph and the Mycielskian graph of star graph
and complete bipartite graph.

All graphs considered in this paper are finite and simple. We refer to the book
[12] for graph theoretical notation and terminology not described here. For the
graph G, let ¢(G), n(G), G,and @(G) represent respectively the size, the
order, the complement and the number of components of G. For u,vcV(G),
No(v)={ueV(G):uveE(G)}, dg(v)= |NG (v)| . We call G k-regular if
dg(u)=k for every vertex uelV(G). By 5(G) and A(G) denote the
minimum and maximum degree of the graph G, respectively. By |S | denote the
number of elements in Sand N (S) denote the set of vertices of G which has
neighbour vertex in S, that means N ()= UVEs N;(v)\S.

2. Preliminary
Proposition 2.1. [13] If H is spanning subgraph of G, then ck,(H)<ck,(G).

Proposition 2.2. [13] Let g be a non-negative integer and G be a connected

n
graph with order n. If cx,(G)#0, then 2<g<n-1, n—lSe(G)S(zj—l-

Proposition 2.3. [13] Let g be a positive integer and G be a connected graph
of order n such that 2<g<n-1. Then k(G)<ck,(G)<n-g. Particularly,
when k(G)=1, 1<ck,(G)<n-g.

Proposition 2.4. [13] Let g be a positive integer. If C, Iis a cycle with order

n(n24),tben ch(G)zg for 25gsEJ,

Proposition 2.5. [13] Let g be a positive integer. For the complete bipartite
graph K,,(a>b>2), wehave g<a and K, (Ka’b) =b.
Proposition 2.6. [14] Let g be a positive integer and P, is a path with order

n(n23),tben CK'g(Pn)=g—1 for 2Sg£{g—‘,
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3. Main Result

In this section, we determine the g-component connectivity of graphs such as
fan graph, helm graph, crown graph, gear graph and the Mycielskian graph of
star graph and complete bipartite graph.

Let n >3, the fan graph G (Figure 1) is defined as the join of K, and the

path P .Let G=K,+P, . Wecall the vertex of K, the center of G.
Theorem 3.1. Let g be a positive integer and G=K,+P, with n>3. If

n
ZSgS’VE—‘,tben ek, (G)=g.

Proof. Let vbe the center of fan graph G=K,+P, and
V(G)={v,u,,uy,-,u,}. Suppose X is a g-component cut of G, then ve X .If
not, assume ve X , then @(G—-X)=1, a contradiction. By Proposition 5, we
know ck, (P,)=g-1 andthus P, hasa g-componentcut X, such that
o(P,-X,)2g and |X|=g-1. Let X'=X,U{v}, it is clear that X' is a
g-component cut of Gsince o(G—-X')=w(P, - X,)>g . Consider
|X'|:|XO|+1:g—1+1 =g, wehave ck, (G)S|X’|:g.

On the other hand, we show cx, (G)Z g . If not, assume that there exit a
g-component cut Xof Gsuch that |X|<g—1.Consider ve X ,let X, =X—{v},
since X, isacutof P, with |X1|£g—2, we have (P, —X1)£|X1|+1 <g-1.
This implies @(G—X)=w(P,—X,)<g-1, a contradiction. So we have
CK, (G) 2 g . Therefore, cx, (G) = g . This completes the proof.

A wheel graph W, with order n, also called n-wheel, is a graph that contains
a cycle of order n, and for which every vertex in the cycle is connected to one
additional vertex. The helm graph is the graph on 2n+1 vertices obtained
from the n-wheel by adjoining a pendant edge at each vertex of the cycle.

Theorem 3.2. Let G be a helm graph with order 2n+1 for n>3 andgbea
positive integer for 2< g<n+1. Then ck, (G) =g-1.

Proof. Suppose V (G)={v,v;,v,, .V, ,u,u,--,u,} such that d(u,)=1 for
1<i<n. First let F, :{vl,vz,'--,vgfl}, it is clear that G—F, is disconnected
with @(G—F,)=g . So we have cK, (G)£|FO| =g —1. On the other hand, no-
tices that w(G-S) S|S|+1 for any cut set S of G, we have |X| >0(G-X)-1
for any g-cut X. This implies that cx, (G)>g—1. Thus we get ¢k, (G)=g-1.
This completes the proof.

The Gear graph G, , also call a bipartite wheel graph, is obtained by subdi-
viding each edge of the outer cycle of a wheel W, .

v

231 o M3 oy Ko,

Figure 1. The fan graph G =k +p,.
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Theorem 3.3. Let G be a Gear graph with n>2 and g be a positive integer.
If 2<g<n+1, then
CKg(G):{g, 2<g<n-1;

n, g=n,n+l.

Proof Let V(G)=V,uV, for V,={v}U{u,} and V,={v,} such that
d(u;)=2 for 1<i<n.Clearly, ¥, and V, areboth independent set of G.

Casel 2<g<n-1.

Let on{vl,vz,---,vg}. Clearly, |X,|=g and ©(G-X,)=g. Thus we
have ck, (G)<
ScV(G) is a g-component cut of G with |S|Sg—1, then veS. In fact, if

X0| =g . Now we show cx, (G)=g. If not, assume there exist

veS, consider G-v is a cycle C,,, then S'=S—{v} is a cut set of C,,
with

S’|S g—2. By Proposition 4, C,,—S" has at most g—2 components
and so does G —S§, the later contradicts to Sis a g-component cut of G. Now we
go on deducing contradictions. If SNV, %@, then either w(G-S)=1 or
a)(G—S)Sg—l , a contradiction. If SNV, =, then a)(G—S) <g-1,acon-
tradiction again. So we get ¢k, (G)>g andthus cx,(G)=g.

Case2 g=n,n+l.

Let X, =V,. Clearly, |X1| =n and co(G—Xl):n—i-l , thus we have
¢k, (G)<n. On the other hand, we show ck,(G)2n. If not, assume S is a
g-component cut of G with |S| <n-1. Consider v¢S, similarly as Case 1, we
would get ¢k, (G) 2n.Hence ck, (G) =n . This completes the proof.

For n >3, the n-crown graph on 2n vertices is defined as K, ,—M , where
M s a perfect matching in K, , . Crown graphs can also be viewed as the tensor
product K, K xK,.

Theorem 3.4. Let G be a n-crown graph with n>3 and g be a positive in-
teger. If 2< g<n, then

2;
g<n.

IA

n_la g=
ox,(6) 1"

Proof Let A= {vl,vz,---,vn}, B= {ul,uz,---,un} be the set of two parts of the
graph Gwith d(v,.):d(uj):n—l for 1<i<n1<j<n).

Casel g=2.

Take arbitrary vertex of A, named v,, consider N (v,)={u,,us,"-,u,}, let
S=Ng(v,),then @(G-S)=2,thismeans cx,(G)<n-1.

Now, to show ¢k, (G)>n—1.If not, assume there exit a 2-component cut S
of G'such that |S|<n-2, this contradicts to the fact that Gis (n—1)-regular.
So, ck, (G) 2n—1.Hence, we get ck, (G) =n-1.

Case2 3<g<n.

Let Fy={v,v,,~-,v,}, consider G-F is disconnected and &(G-F,)=n,
we get ¢k, (G)<n.

Now, show ¢k, (G)=n. If not, assume that there exist is a g-component cut
Fof Gsuch that |F | <n-—1. Similarly, consider Gis (n—1)-regular, it is imposs-
ible to obtain a g-component cut F of G such that |F| <n-1.So, ck, (G)zn
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and thus we get ¢k, (G)=n. Hence, K, (K

M)

Next, we define the traditional Mycielski construction. Suppose G is a graph
with V(G)={v,v,,--,v,}. The Mycielskian of G, denoted x(G), is a graph
with vertex set {v,, v, V,, Uy, *,u,, @} . For each edge v,v, in G, the graph
4#(G) has vv,, vu;,and uyv;.Inaddition, #(G) hasedges uw for
ie{l,2,---,n}.Clearly, 1(G) hasan isomorphic copy of Gon vertices
{(Vi-vp.,}. w(K,,) is show in Figure 2.

Facts: Let Gbe a graph with |G|=n and d;(v,)=k . Then |,u(G)| =2n+1;
d (w)=n; d ) (v,)=2k; d ) (u,)=2k; N o) (,)\{@}=Ns(v,)-

Theorem 3.5. Let S, (Figure 3) be a star graph with order n>2 and g be
a positive integer. 1) If n=2, then cx, (4(S,))=252) If n>3, then

e, (u(S,))= {

2, 2<g<m;
3, n+l<g<2(n-1).

Proof
Casel n=2.

Uy w

U3 usg

U2 U9

Ui
V1 (!

Figure 2. ,u(Km) .

Figure 3. The graph (S, ).
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Clearly, #(S,) isa 5-circle, then by Proposition 2.4, we get ¢, (1(S,))=2

Case2 n>3.

Subcase 1 2<g<n

Let F={v, @}, consider o(u(S,)-F)=n2g.Weget cx,(u(S,))<2.

Now, show cx, (1(S,))=2. On the contrary, suppose F is a vertex set of
4#(S,) such that |F| =1 and x(S,)-F has at least g components. Then
discuss as follows.

If F={u,} or {v,} or {o}, then w(u(S,)-F)=1<g, a contradiction.
If |Fm{v1,v2, v, 1}| 1, since o(u(S,)-F)=1, then u(S,)-F is con-
{ul,uz,‘--,un71}| =1, then w(u(S,)-F)=1,
that 4(S,)—F is connected, also contradiction. Hence, cx, (4(S,))=2.

Subcase2 n+1<g<2(n-1)

First let X = {v .u,,0}. Clearly, [X|=3 and o(u(S,)-X)=2(n-1)>g
So cx, (u(S,))<3

Now show cx, ( u(s, )) > 3. On the contrary, suppose that Sis a g-component

cut of G with |S|S2. Let ve{v,vy, v, U, Uy, u,  }, we deduce contra-
dictions as follows.

If S={v,,u,} or {v, 0}, then w(u(S,)-S)=n<g-1,a contradiction. If
S={u,, o} or {u,v} or {u,v} or {vw}, then w(u(S,)-S)=1<g, a
contradiction. Hence, cx, (u(S,))=3.

Theorem 3.6. Let K,, be a complete bipartite graph with m>n=>2 and g
be a positive integer. Then

_n+l, 2<g<m+l
CKg(ﬂ<Kn,m>)_{2n+1’ m+2<g<2m.

Proof. Let X ={V,,1,V,u2:"">Voin}» ¥ ={Vs¥5,++,v,,} be two parts of com-
plete bipartite graph K, ., S ={tt,,,1,tp0> >Upn > T ={tt 10,50, 1§
G =G[SuY], G,=G[XUT] and G,=G-{w}. By proposition 2.6, we
have ¢k, (G))=ck, (G,)=n for g'<m.

Casel 2<g<m+l.

Let F :XU{ }:{ Vorst> Vinsao™ s mﬂ,a)} Clearly, F|—n+1 and
(o(y(anm)—F) m+12 g . Hence, ck, (,u )<n+1
) >n+1. If not, assume there exist

On the other hand, we show ¢k ( ulk,,
Fc V(,u(Km )) is a g-component cut of ( ) with |F| <n, then we dis-
tinguish cases to deduce contradictions.

Subcase 1.1 weF.

Let Fy=F—{w}, F,=F,nV(G,) and F,=F,nV(G,),so |F|<n-1.If
F,cV(G,),then F, isacutof G, with |F|<n—l<n we have

(G, —F,)=1, then it is connected between G,—F, and G, ,so
a)(,u(Kn’m ) —F) =1<g, a contradiction. If F, ¥ (G,), the reason is similar to
that of the situation “F, cV (G,)”. If F,#Q and F,#QJ,then o(G —F)=1
and w(G,—-F,)=1, and it is connected between G,-F, and G,-F,, thus
co(,u(Kmm ) —F) =1< g, also a contradiction.

Subcase 1.2 wg F .
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Let F,=FNV(G,) and F,=FnV(G,). If |Fl|:|F|§n, then we have
o(G,—F)=m or 1, however G,—F,, G, and @ are connected, this im-
plies that w(,u(Kn,m)—F): 1< g, a contradiction. If |Fz| :|F| <n, the reason
is similar to that of the situation “ |Fl| = |F| <n” If F{20 and F,#J, then
|Fl|Sn—1 and |Fz|Sn—l,thisimpliesthat o(G,-F)=1 and
o(G,-F,)=1,then G,—F,, G,—F, and @ are connected, this implies that
a)(,u(Kn,m)—F) =1< g, a contradiction. Hence, cx, (,u(Kn’m)) =n+1.

Case2 m+2<g<2m.

Let F=XuSu{a)}={v el
|F|:2n+1 and a)(y(Kn’m)—F)=2m2g.So czcg(,u(K

n,m

v v u

m+2° > “m+n?

u u,,,,®}. Clearly,

m+2° >“m+n>

))<2n+1.
Now, to show ¢k, (,u(K )) >2n+1. Suppose, to the contrary, that

m+12

n,m

Fc V(,u(Kmm )) is a vertex set of y(Kn’m) such that |F| <2n and
,u(Kn,m —F) has at least g components. Let F, =F NV (G,) and
F,=FnV(G,).

Subcase 2.1 n+1<m<2n-1.

If F=FUw,then G —F isconnected or disconnected and
@(G,—F,)<m , then it is connected or disconnected and (G, -F)<n+l<g
between G,—F and G,, thus w(,u(Kn,m)—F) =w(G,—F)<n+l<g, a
contradiction. If F'=F, Uw, then G,—F, is connected or disconnected and
(G, —F,)<m , then it is connected or disconnected and (G, -F,)<m+1<g
between G,-F, and G,, thus a)(,u(anm)—F) =w(G,—-F,)<m+l<g, a
contradiction. If F'=F UF, Uw, assume F,| < |Fz| , since |E|+|F2| <2n-1,

then |Fl|£n—1, we have o(G,—-F)=1, G,-F, is connected or discon-

nected and (G, —F,) <m , then it is connected or disconnected and
o(G,—F,—-F,)<m+1<g between G,—F, and G,—F,,thus
a)(,u(Kn’m)—F) = co(G3 -F —Fz) <m+1< g, a contradiction; assume |Fl| > |F2
since |Fl|+|Fz|S2n—l , then |f72|Sn—1, we have a)(G2 —F2)=1 , G —F is
connected or disconnected and @(G,—F,)<m, then it is connected or dis-
connected and @(G;—F, —F,)<n+1<g between G,-F, and G,—F,, thus
a)(,u(Kn’m)—F) =w(G,-F,-F,)<n+1<g, a contradiction. If F=FUF,,
assume |Fl| = |Fz| =n,wehave G,—F, isconnected or disconnected and
o(G,—F)<m, G,—F, is connected or disconnected and o(G,—-F,)<m,
then G,-F,, G,—F, and @ isconnected or disconnected and
o(G-F,-F,)<m+l<g, thus o(G-F)=w(G-F-F,)<m+1<g, a con-
tradiction; assume |F|<|F,|, then |Fj|<n—1, wehave &(G —F)=1, G,-F,
is connected or disconnected and ®(G,—F,)<m, however G,-F,, G —F,
and @ is connected, thus a)(,u(Kn,m)—F) =w(G,-F, -F,)=1<g, a contra-
diction; assume |Fl|>|Fz|, then |F2|Sn—l, we have o(G,-F,)=1, G -F

is connected or disconnected and (G, -F,)<m, however G,-F,, G,—F,

>

and @ is connected, thus a)(,u(K”,m)— F) =w(G,-F, -F,)=1<g, a contra-
diction. If |Fl| = |F| <2n, then we have @(G,—F,)<m, however G, —-F,, G,

and ® are connected, this implies that a)( U (Kn’m ) -F ) =1< g, a contradiction.
If |F2| = |F| <2n, the reason is similar to that of the situation “ |Fl| = |F| <2n”.
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Subcase 2.2 m=2n.

If F=FUw,then G —F isconnected or disconnected and
@(G,—F,)<m , then it is connected between G, —F, and G, , thus
a)(,u(Kn’m)—F) =w(G,—F)=1<g,acontradiction. If F =F, Uw, then
G, —F, is connected or disconnected and @(G, — F, ) <m, then it is connected
or disconnected and @(G;—F,)<m+1<g between G,-F, and G,,thus
a)(,u(KW)—F) =w(G,—F,)<m+1<g, a contradiction. If F=FUF,Uaw,
assume |Fl| < |Fz| , since |E|+|F2| <2n-1, then |F1| <n-1, we have
o(G,-F)=1, G, —F is connected or disconnected and o(G,-F,)<m,
then it is connected or disconnected and @(G,—F, —F,)<m+1<g between
G,-F, and G,-F,, thus a)(,u(K",m)—F)za)(G3 -F-F)<m+l<g, a
, since |Fl|+|F2|§2n—1 , then |Fz|£n—1, we

contradiction; assume |Fl| > |F2
have @(G,—-F,)=1, G,—F, isconnected or disconnected and

(G, —F,)<m , then it is connected between G,—-F, and G,—F,, thus
a)(y(Kn’m)—F) =w(G,-F -F,)=1<g, a contradiction. If F=FUF,, as-
sume |Fl| = |Fz| =n,wehave G, —F; isconnected or disconnected and

(G, —F)<m, G,—F, is connected or disconnected and o(G,—-F,)<m,
then G,-F,, G,—F, and @ isconnected or disconnected and

o(G-F -F,)<m+l<g, thus o(G-F)=w(G-F-F,)<m+1<g, a con-
tradiction; assume |F|<|F,|, then |Fj|<n—1, wehave &(G —F)=1, G,-F,
is connected or disconnected and (G, —F,)<m, however G,-F,, G, —F,
and @ is connected, thus a)(y(Kn,m)—F) =w(G,-F -F,)=1<g, a contra-
diction; assume |F}|>|F,|, then |F,|<n—1, we have o(G,-F,)=1, G —-F
is connected or disconnected and (G, —F,)<m, however G,-F,, G —F,
and @ is connected, thus a)(y(Kn,m)—F) =w(G,-F, -F,)=1<g, a contra-
diction. If |F|=|F|<2n, then we have &(G,—F,)<m, however G, —F,, G,
and ® are connected, this implies that a)( u (Kn’m ) -F ) =1< g, a contradiction.
If |F2| = |F| < 2n, the reason is similar to that of the situation “ |Fl| = |F| <2n”.

Subcase 2.3 m>2n.

If F=FUw,then G, —F, isconnected or disconnected and
@(G,—F,)<m , then it is connected between G,—F, and G, , thus
a)(u(Kmm)— F) =w(G, - F)=1<g,acontradiction. If F=F, Uw, then
G, —F, is connected or disconnected and @(G, —F, ) <m , then it is connected
or disconnected and @(G,—F,)<m+1<g between G,—-F, and G,, thus
a)(,u(K,,)m)—F)=a)(G3 —-F,)<m+1<g, a contradiction. If F=FUF,Uw,
assume |E| S|Fz| , since |Fl|+|F2| <2n-1, then |Fl| <n-1, we have
o(G,-F)=1, G,—F, is connected or disconnected and w(G,-F,)<m,
then it is connected or disconnected and @(G,—F —F,)<m+1<g between
G,—F, and G,—F , thus o(u(K,,)-F)=0(G,~F-F)<m+l<g, a
, since |E|+|Fz| <2n-1, then |Fz| <n-1, we
have o(G,—-F,)=1, G,—F, isconnected or disconnected and
(G, —F,)<m , then it is connected between G,—-F, and G,-F,, thus
w(y(Kn’m)—F) =w(G,—F—F,)=1<g, a contradiction. If F=F UF,, as-

contradiction; assume |Fl| 2 |F2
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sume |E| = |Fz| =n,wehave G,—F, isconnected or disconnected and
o(G—F)<m, G,—F, is connected or disconnected and &(G,—-F,)<m,
then G,-F,, G,—F, and @ isconnected or disconnected and
o(G-F-F,)<m+l<g, thus o(G-F)=w(G-F-F,)<m+1<g, a con-
tradiction; assume |F|<|F,|, then |Fj|<n—1, wehave o(G —F)=1, G,-F,
is connected or disconnected and (G, —F,)<m, however G,-F,, G, —F,
and @ is connected, thus w(,u(Knvm)—F) =w(G,-F, -F,)=1<g, a contra-
diction; assume |F}|>|F,|, then |F,|<n—1, we have o(G,-F,)=1, G, —F
is connected or disconnected and (G, —F,)<m, however G,-F,, G —F,
and @ is connected, thus w(,u(Knvm)—F) =w(G,-F, -F,)=1<g, a contra-
diction. If |F|=|F|<2n, then we have @(G,—F,)<m, however G, —F,, G,
and ® are connected, this implies that a)( ,u(Kn’m ) -F ) =1< g, a contradiction.
If |Fz| :|F| <2n, the reason is similar to that of the situation “ |Fl| = |F| <2n”.
Hence, cxk, (,u(Km )) =2n+1.
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