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Abstract 
This article presents a methodology to determine the risk of aircrafts lateral 
runway excursion during landing via mathematical risk modeling. In addi-
tion, the methodology is demonstrated by means of detailed calculation of the 
lateral runway excursion risk value during the landing of the aircraft Airbus 
A310-200, in view of the maximum landing weight and the appropriate range 
of landing velocities according to the International Civil Aviation Organiza-
tion specification. Obviously, the calculation demonstrates that the developed 
math solutions and equations presented herein are powerful tools to evaluate 
the risk of lateral runway excursion of the majority of aircrafts and for any 
airport. The method is also applicable to assess the residual level of risk at any 
specific airport and its deviation compared to the recommended safety level. 
Consequently, the presented mathematical solutions to determine the risk 
rate of lateral runway excursion during landing offers airports’ operational 
and safety management departments a viable tool so that appropriate mea-
surements could be adopted. Finally, it is a methodology not only to assess 
the risk but also to determine the appropriate runway width. 
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1. Introduction 

According to the latest statistics from the International Civil Aviation Organiza-
tion (ICAO), the global accident rate is 2.9 accidents per million departures for 
the year 2019 [1], whereas most frequent accidents occur during the landing 
phase. The Airport Corporative Research Program (ACRAP) identifies 5 levels 
of accident probability based on quantitative criteria: frequent, probable, small, 
extremely small, and extremely unlikely. At the same time, the acceptable risk 
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value of the risk category identified as “small” is 1 × 10−6, in other words, one out 
of a million operations [2]. According to the statistics of the lateral runway excur-
sion (known as aircrafts landing veer-off) in the USA the actual frequency of 
veer-offs for USA sample airports is 1.38 × 10−6 [3]. Thus the acceptable risk can-
not be higher than the value of 1 × 10−6 since the present risk value in the United 
States is already close or equal to this value. Therefore, the value of the residual 
risk that has been determined to be acceptable is one incident or accident per mil-
lion flights. 

1.1. Mathematical Models of Risk Assessments 

Mathematical modeling of risk assessments is divided into general solutions and 
particular or individual solutions. General solutions can be used in any area of 
human activity and in any system having the risk of an undesirable event. It is 
only necessary to settle in input variables affecting our specific task into the gen-
eral mathematical apparatus, which changes depending on the appropriate dis-
tribution law (according to which the input parameters of our variable are dis-
tributed) and on what ratio between the average value of the specified parameter 
( срА ) and its critical value ( крА ) corresponds to the set of assigned requirements 
( ср крА А ) or ( ср крА А ). Particular or individual mathematical solutions are 
mathematical models of risk assessments applied exclusively to particular or 
precise dangerous situations, for example, to assess and reduce the risk of ve-
hicles crashes on two-lane roads.  

Indeed, a general mathematical model of risk assessments is a general solution 
that is used in any hazardous situation and in any specific task, for example, ap-
plying the general solution of risk assessments to the specific risk situation men-
tioned above. Nevertheless, the final results of both solutions have the same 
outcome. 

1.2. Determination of the Risk of Aircraft Landing Veer-Off  
Using a Particular Mathematical Model 

During takeoff and landing, an aircraft tends to move within a dynamic width 
called the dynamic corridor. When developing the mathematical model of the 
dynamic width of the aircraft movement, to determine the danger of aircraft 
veer-off, the following parameters should be taken into consideration:  
- the distance from the outer edge to the outer edge of the widest set of main 

gear tires (S); 
- the landing speed of the aircraft (V); 
- and the length of the aircraft (D).  

It is obvious that the critical width of the runway, at which the risk of the out-
er wheel departs the physical edges of the runway pavement to the shoulder lo-
cated on both sides, will be equal to 50% risk if the runway width is designed 
according to the overall parameters of the aircraft and based on the standard 
landing conditions. 

Examining at the beginning the critical road width, at which the risk is 50% of 
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two vehicles having design speeds V1 and V2 departs the physical edges of the 
road. The critical road width can be found using the equation: [4] 

1 1 1 1 2 2 2 2

720 2 720 2KP
D V a c D V a cB × + × +

= + + +  

where: 
a1 and a2 are the widths of the first and second vehicle respectively; 
c1 and c2 are the tracks of the first and second vehicle respectively; 
D1 and D2 are lengths of the first and second vehicle respectively; 
V1 and V2 are speeds of the first and second vehicle respectively. 
Given that it’s just a single transport in motion, an aircraft during landing, 

and the distance between the outer edges of the outer wheels of the aircraft cor-
responds to the track measurement, the risk of aircraft landing veer-off is deter-
mined according to the equation: 

720 2 720кр
D V S S D VВ S× + ×

= + = +                   (1) 

where: 
( крВ ) is the critical width of the runway, at which the risk of the outer wheel 

going off the runway is 50% (r = 0.5), m; 
(D) is the length of the aircraft, m; 
(V) is the aircraft landing speed at the moment of touching the surface, km/h; 
(S) is the distance between the outer edges of outer wheels, m. 
It is very important to bear in mind that this equation is true for no wind con-

dition.  
The risk of occurrence of an interval between the mathematical expectations 

of the calculated parameter that reflects the actual situation (or design value) and 
the parameter corresponding to 50% risk can be determined using the equita-
tion: [4] 

2 2
0.5

СР КP

СР КР

А А

А Аr f
σ σ

 − = −
 + 

                    (2) 

where: 
(r) is the risk of an undesirable event; 
( срА ) is the mathematical expectation or average value of the actual or design 

parameter; 
(

срА
σ ) is the standard deviation of the actual or design parameter normally 

distributed with respect to probability; 
( крА ) is the mathematical expectation of the critical parameter; 
(

крА
σ ) is the standard deviation of the critical parameter. 

Thus, the risk of the aircraft wheels leaving the runway edge to the shoulder 
during the landing of the aircraft is expressed as: 

2 2
0.5

cp КP

cp КР

В В

В В
r f

σ σ

 − = −
 +  

                     (3) 
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This relationship is true when respecting the condition ср крB B . 
where: 

( срB ) is the design (regulatory as stipulated in the applicable norms) runway 
width, m; 

( крB ) is the critical runway width at which the risk of outer aircraft wheel (S) 
going off the runway is 50%; 

(
CРВσ ) is the admissible standard deviation of the design width of the runway 

pavement during its construction or the actual standard deviation of the width 
of the existing runway (named also as built value), in m; 

(
КРВσ ) is the standard deviation of the critical width of the runway, m; 

The probability integration of Laplace distribution or the Laplace function 
f(u) that could be determined directly from the table given on appendix in Ref. 
[4] depending on the calculated value of the quintile (u) or by integration. 

( )
2 2

CР KP

CР КР

В В

В ВF u f
σ σ

 − =
 + 

, 

2 2
CР КР

CР КР

В В

В Вu
σ σ

−
=

+
. 

When designing, as well as developing standard parameters, the admissible 
value of the standard deviation of the pavement width, the tolerance, is set via 
the equation: [4] 

Вper
Вcp v CРC Вσ = ×                       (4) 

where: 
( срB ) is the design width (standard as stipulated in the applicable runways 

norms), which during construction should be implemented as an average run-
way value (taking into consideration that deviations are unavoidable, but, re-
main within the admissible range); 

( Вper
vC ) is the admissible value of the coefficient of variation of the runway 

pavement width due to the construction works. This value hovers around 0.05% 
of the design value of the pavement width and is equal to 0.075. Indeed, when 
commissioning a runway for exploitation or examining an existing runway, the 
average value of the pavement and the standard deviation of the runway width 
are determined using mathematical statistics methods (survey). However, under 
all circumstances, the maximum tolerance value must be considered. In reality, 
there are different ways to extract the maximum tolerance value. The Federal 
Aviation Administration (FAA) specified that from the center line of the runway 
to the row of lights alignment located on the runway center line, the horizontal 
tolerance is 0.15 m or 0.075 m on each side [5]. In reality, this value reflects the 
real operational tolerance. Thus, the maximum admissible value of the coeffi-
cient of variation of the runway pavement width due to the construction works 
of runways is 0.075.  

Knowing that the root-mean-square deviation of the critical width of two-lane 
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road during the design phase could be determined using the equation [4]: 

( ) ( )2 2
1 1 2 2

2160KPB

D V D V
σ

× + ×
=  

Hence, with D2 and V2 = 0, the standard deviation of the critical runway width 
equation is determined as follows: 

2160KPB
D Vσ ×

=                           (5) 

where: 
(D) is the length of the aircraft, m;  
(V) is the landing speed of the aircraft at the moment the outer wheels of the 

aircraft when touching the runway surface, km/h. 
So, the coefficient of variation of the critical width of the runway in the par-

ticular mathematical model can now be expressed as: 

КРKP ВВ
v

КР

C
В
σ

=                           (6) 

where: 
(

KPBσ ) is the standard deviation of the critical width of the pavement, estab-
lished in Equation (5); 

( крB ) is the critical runway width determined in Equation (1). 
Typically, when developing roads standards, the admissible deviations for 

road width or the tolerance for the standard deviation is calculated by means of 
equation: [4] 

2
cpad

В ad

B
d

σ
 

= ∆  
 

 

where: 
(Δad) is the admissible deviation of the pavement width relative to the design 

width, (m). The value of this parameter during the construction of the road is 
predetermined as: Δad = 0.06 m; 

(Bср) is the design width or the as-built width of the pavement, m; 
(d) is the regulated (as required by the applicable norms) admissible distance 

between the design cross-sections (m), whereby the measured deviation during 
the acceptance of the road for exploitation (Δi) should not exceed the admissible 
deviation value of the pavement width; 

The (d) parameter is determined according to the equation dedicated to road 
design [4]. d = 0.104 V, where V is the estimated speed according to the category 
of road in question, km/h. For the runway the value of the parameter (d) varies 
from 10 to 30 meters depending on the project, the design standard and the 
owner’s requirements, typically this value is around 20 meters. This indicates 
that the value of (d) can be calculated depending on the estimated speed of the 
aircraft, but must remain below 30 meters. 

Thus, the value of the parameter (d) for runways (m) is calculated according 
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to the dependence: 

0.104 pd V= , 

where (Vp) is the landing speed (at the moment the outer wheels touch the run-
way pavement), km/h. 

Finally, given the operational characteristics (one aircraft and one direction), 
the tolerance of the standard deviation of the runway pavement width is: 

2 2

0.075ad
В ad

B B
d d

σ    = ∆ =   
   

,                   (7) 

1.3. Modeling the Risk of Aircraft Landing Veer-Off Using  
the General Mathematical Model 

The zero incident risk condition satisfies the conversion of Laplace function into 
the number f(u) = 0.5 with the quintile (u) = 5. 

2 2
5

CP КР

cp КР

B В

В В
u

σ σ

−
= =

+
, 

hence, 2 25
CP КРКР CP B ВВ В σ σ= − +  

from the Equation (6) KP
КР

В
В v КРC Вσ = ×  

Solving the equation for ( крB ), both the mean value and the standard devia-
tion of the critical parameters are calculated. The mean value and the standard 
deviation of the critical parameters (in the density of the normal distribution), 
respecting the same condition given in the particular solution ( ср крА А ), in 
the general mathematical model are determined by means of the followings:  
for  

0.2KPВ
vC ≠ ; 

( ) ( )
( )

22 2 2

2

25 1 25

25 1

KP
CP

KP

В
CP v CP В CP

KP В
v

В C В В
В

С

σ + − − −  =
−

;    (8) 

for  

0.2KPВ
vC = ; 

2 225
2

CPCP В
KP

CP

В
В

В
σ−

= ;                 (9) 

Equation (9) is obtained by disclosing the uncertainty of the form 0/0 in the 
event that in Equation (8) 0.2KPВ

vC = . 
The coefficient of variation of the critical pavement width ( KPВ

vC ) in Equation 
(8) is taken equal to the coefficient of variation of the real runway pavement 
width ( CPВ

vC ). Thus, it guarantees the respect of the condition that the distribu-
tion law of the critical variable ( kPВ ) must have homogeneity with the distribu-
tion law of the design or actual variable ( CPВ ). 

To this extent, with this decision, indicators CPВ  KPВ , 
CPВσ  and 

KPВσ  will 
belong to the same set (they are coherent). 

So that the particular and general mathematical models provide coherent cal-
culation, it is necessary to apply in the general solution the coefficient of varia-
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tion of the critical width of the runway established through Equation (6). Hence, 
the initial data of both models will be comparable. If the coefficient of variation 
of the runway width is not equal to 0.2, then its value is substituted into Equa-
tion (8) and the ( kPВ ) parameter is determined. Otherwise, if 0.2KPВ

vC =  pa-
rameter ( kPВ ) is calculated according to Equation (9). 

During the design phase, the admissible value of the standard deviation of the 
runway width is set either using Equation (7) or through the equation below: 

CP
CP

В
В v PRC Вσ = × ,                      (10) 

where: 
( PRB ) is the design or the regulated (as required by the applicable runways 

norms) width that during construction should be realized as the average value of 
the runway width (taking into consideration that deviation is expected, but must 
be within tolerance), m; 

( CPВ
vC ) is the admissible value of the coefficient of variation of the runway 

pavement width. 
After determining the required parameters of the designed or operated run-

way, the risk assessment is performed for both mathematical models according 
to Equation (3). 

1.4. Example of Computing the Risk of Aircraft Landing Veer-Off 

The following example provides details of the risk calculation of the Airbus A310- 
200 landing veer-off. 

Initial data: Aircraft type Airbus A310-200; Aircraft length D = 46.68 m; The 
distance between the outer edges of the aircraft’s outer wheels. S = 10.97 m; Land-
ing speed V = 257.5 km/h considering standard conditions and maximum landing 
weight; Runway width B = 45 m as stipulated in the applicable norms, reference 
code letter and number (4D) [6]. 

1.5. Calculation Procedure Based on the Particular  
Mathematical Model 

1) The critical width of the runway, upon landing on which an AirbusA310-200 
aircraft outer wheel may veer-off the exiting runway with a probability of r = 0.5 
(50%), is determined using Equation (1): 

46.68 257.5 10.97 16.70 10.97 27.668 m
720 720КР

D VВ S× ×
= + = + = + =  

where: 
(D) is the length of the aircraft, m;  
(V) is the landing speed of the aircraft at the moment the outer wheels of the 

aircraft when touching the runway surface, km/h. 
2) The admissible value of the standard deviation of the runway width is 

computed according to the Equation (7) where d = 0.104. V = 0.104 × 257.5 = 
26.78 m: 
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2 2450.075 0.212 m
26.78

cp
Вcp ad

B
d

σ
   = ∆ = =   

    
where: 

(Δad) is the deviation’s tolerance of the runway width compared to the design 
width (m); 

(Bср) is the design or the as-built value of the runway width, (m); 
(d) is the design or the standard (as required by the applicable norms) dis-

tance between the cross-sections (m), through which the measured deviation of 
the pavement width (Δad) must not exceed the limit deviation. 

3) Substituting specified values into Equation (5), the standard deviation of 
the critical width of the runway is determined:  

46.68 257.5 5.565 m
2160 2160KPB
D Vσ × ×

= = =  

4) The coefficient of variation of the critical width of the runway is deter-
mined from Equation (6): 

5.565 0.201
27.668

КРKP ВВ
v

КР

C
В
σ

= = =  

5) According to Equation (3), knowing the quintile of Laplace function, Lap-
lace distribution or Laplace function f(u) is determined from appendix in Ref. 
[4]. Hence, we determine the risk of the outer wheel of the aircraft coming off 
the runway edge: 

( )

2 2 2 2

4

45 27.6680.5 0.5
0.212 5.565

0.5 3.112053209 0.5 0.49907846 9.22 10
CP КP

CP КР

В В

В Вr f f

f

σ σ
−

   − − = − = −   + +  
= − = − = ×

 

2. Method Validation 

A standard 45-meter runway width, category 4D runway, does not meet the re-
quired maximum admissible risk value of the Airbus A310-200 veer-off, since 
for one million landings probably 922 plane coming off the runway edge, whe-
reas, the acceptable risk corresponds to the value of 1 × 10−6 (one out of million 
landings). 

If the runway width is increased to a value of 55 meters, then the admissible 
standard deviation of the new width according to formula (7) turns out to be: 

2 2550.075 0.316348 m
26.78

cp
Вcp ad

B
d

σ
   = ∆ = =   

  
 

Consequently, the resulting risk corresponds to the admissible value. In other 
words, the probability or the risk value of the aircraft wheels leaving the runway 
edge to the shoulder during the landing is acceptable as the risk value turns out 
to be 1 × 10−6 (one incident per one million landings).  

Demonstrating the new numerical risk value: 

https://doi.org/10.4236/ojapps.2023.138098


V. V. Stolyarov, A. Jamal-Eddine 
 

 

DOI: 10.4236/ojapps.2023.138098 1254 Open Journal of Applied Sciences 
 

( )

( )

1

2 2 2 2

6

55 27.6680.5 0.5
0.316 5.565

0.5 4.903278 0.5 0.49999894 1.06 10
CP КP

CP КР

В В

В В
r f f

f

σ σ
−

 −  − = − = −   + +  
= − = − = ×

 

Thus, 55-meter runway width meets the maximum admissible probability of 
the Airbus A310-200 landing veer off at 257.5 km/h speed, given that for million 
landings, probably one plane’s wheel leaves the runway edge and that value cor-
responds to the admissible one. 

2.1. Calculation Sequence Based on the General  
Mathematical Model 

According to the value of the coefficient of variation of the critical runway 
width, first of all, we compute the required runway width based on the general 
mathematical model (when CP KPA A ) using one of the equations below: 
for  

0.2KPВ
vC ≠ ; 

( ) ( )
( )

22 2 2

2

25 1 25

25 1

KP
CP

KP

В
CP v CP В CP

KP В
v

В C В В
В

С

σ + × − − × −  =
−

;   (8) 

for  

0.2KPВ
vC = ; 

2 225
2

CPCP В
KP

CP

В
В

В
σ− ×

=
×

;                (9) 

The admissible standard deviation according to Equation (7) 
2 2550.075 0.316348 m

26.78
cp

Вcp ad

B
d

σ
   = ∆ = =   

  
. 

The coefficient of variation of the critical width of the runway should be the 
same as in the previous calculation so that both mathematical models belong to 
the same set (have comparable and matching benchmark input data). Indeed, 
this is the only way to compare the calculation results of both mathematical so-
lutions. Thereby, this coefficient was computed earlier in paragraph 4 of the pre-
vious solution: 

5.565 0.201
27.668

КРKP ВВ
v

КР

C
В
σ

= = =  

Since the coefficient of variation of the critical width corresponds to the con-
dition 0.2KPВ

vC ≠ , then we apply Equation (8) to the calculation: 

( ) ( )
( )

22 2 2

2

25 1 25

25 1

KP
CP

KP

В
CP v CP В CP

KP В
v

В C В В
В

С

σ + − − −  =
−

 

( ) ( )
( )

22 2 2

2

55 25 0.201 1 55 25 0.316 55
27.399 m

25 0.201 1
KPВ

 + − − × − = =
−
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We obtained very close values of the parameter (BKP) (27.668 ≈ 27.399), despite 
the fact that a smaller number of input data was used in the general solution.  

Both solutions yield to almost the same risk value as the discrepancy is almost 
zero, which validates the calculation and at the end the methodology. 

2.2. The Landing Veer-Off Risk Variance of the  
Aircraft Airbus A310-200 

According to ICAO, during the approach phase, the speed range for a category 
4D aircraft to which Airbus A310-200 belongs is between 240 and 340 km/h [7], 
with a likely speed of 257.5 km/h considering the maximum landing weight and 
standard conditions with no wind. Hence, the range of these specified speeds 
yields to corresponding veer-off risk values. Resulting risk values are plotted in 
the Figure 1 below. As a result, the risk of the aircraft A310-200 veer-off when 
landing on a 45 meters wide runway considering the expected speed velocities 
range during landing, can be calculated using the following Equation (10) 

8 3 5 2 34.448663 10 3.291456 10 8.141086 10 0.6729219r V V V− − −= × × − × × + × × −  

where V is the landing velocity Km/h. 
 

 
Figure 1. Risk of veer-off of Airbus 310-200 when landing on 45 m runway width. 

3. Conclusions 

Obviously, linear increase in landing speed results in an exponential increase in 
the risk of veer-off during landing. Thus, special attention should be paid during 
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the design phase and during the operation by assessing the anticipated opera-
tional landing speed that is expected for each airport individually. 

The mathematical risk assessment presented herein for aircraft veer-off is not 
just a powerful tool and research technique. Indeed it is a methodology that 
claims priorities in both, runway design and risk assessment. 
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