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Abstract 
This paper zeroes in on the existence result of solutions to a fractional Kir-
chhoff equation with doubly critical exponents, mixed nonlinear terms and a 
continuous potential V. After utilizing some energy estimates, one obtains the 
effect of exponents p and q on the existence of constrained minimizers, 
namely, the connection between the existence of normalized solutions and 
exponents p, q. 
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1. Introduction 

This paper is focused on the fractional Kirchhoff equation with combined non-
linearities as follows:  

( ) ( ) ( )
2

2 2
2 d inN

s p qs Na b u x u V x u u c u u d u uλ − − 
+ −∆ −∆ + = + +  

 
∫   (1.1) 

where a is a positive constant, which will be defined specifically in the sequel, 
0b > , 1 3N≤ ≤ , 0 1s< < , 2 4 2sq p ∗< < = =  and 0c > , 0d ≠ , λ  is a La-

grange constant. The fractional Laplacion ( ) ( )( )0,1s s−∆ ∈  can be defined as  
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for ( )Nv S∈  , where ( )NS   is the Schwartz space of rapidly decaying C∞  
function, ( )B xε  denotes an open ball of radius ε  centered at Nx∈  and  

the constant 
( )

1

1
2

1 cos
Ns N sC

ξ

ξ

−

+

 −
 =
 
 
∫� . 

For the case of 0a > , 0b > , 1s = , problem (1.1) is a classical Kirchhoff 
equation. And this type of equation has been associated with the following equa-
tion  

 ( ) ( ) ( )2 d , in 0, .Nttu a b u x u f x u− + ∇ ∆ = Ω× ∞∫  (1.2) 

Problem 1.2 was proposed by Kirchhoff [1] in 1883 at the outset, where he 
obtained the classical D’Alembert wave equation, where the nonlinearity 
( ),f x u  is of general type. Besides, the physical and biological background of 

(1.2) can be found in [2] [3] and the references therein. And it has brought itself 
into notice after the seminal contribution of [4]. Next let’s study this type of eq-
uation:  

 ( ) ( ) ( )
2

2 d , in .N

s
s Na b u x u u f x uλ

 
 + −∆ −∆ − =
 
 

∫   (1.3) 

When 1s = , equation (1.3) is a type of typical Kirchhoff equation. And in the 
recent years, it has been studied by many authors. For example, in [5], He and 
Zou obtained the existence and concentration behavior of positive solutions for 
a Kirchhoff equation. In [6], Figueiredo et al. studied the existence and concen-
tration results for a Kirchhoff type equation with general nonlinearities. For 
more results about the existence of solutions to the Kirchhoff type equation like 
(1.3) with 1s = , we refer readers to [7] [8] and the references therein. 

Moreover, for the case of 0 1s< < , namely, for the nonlocal operator ( )s−∆ , 
its background can be found in several areas such as fractional quantum me-
chanics [9], physics [10] and so on. About the fractional Kirchhoff problems, to 
the best of our knowledge, a lot of authors have obtained fruitful results. For 
example, in [11], Caffarelli and Silvestre introduced the harmonic extension 
method changing this nonlocal problem into a local one in higher dimensions. 
In [12], Gu and Yang studied a singular perturbation fractional Kirchhoff equa-
tion in the critical case. Furthermore, readers can refer to [13] [14] and the ref-
erences therein for more results on the existence of solutions for the fractional 
Kirchhoff equation (1.3). 

Motivated by Li and Chen ([15] and [16]), the aim of this paper is to general-
ize their results to the case of mixed nonlinearities. 

By direct computation, it is easy to find that if 4N s= , the critical Sobolev 

exponent 22
2s

N
N s

∗ =
−

 and the fractional Gagliardo-Nirenberg-Sobolev critical 

exponent 82 2GNS
s

N
∗ = +  are equal, moreover, 2 2 8 4

2
N N s

N s N
+

= =
−

. And in  

this paper, we study the case of 4N s= , namely, the doubly critical exponents 
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case. Besides, we have  

 

1if 1, then ,
4
1if 2, then ,
2
3if 3, then .
4

N s

N s

N s

 = =

 = =

 = =

 (1.4) 

It is customary that a (weak) solution of problem (1.1) is a critical point of the 
energy functional  

( ) ( ) ( ) ( )
22 2

22 21d d d
2 2 4

d d ,
4

N N N

N N

s s
c
V

p q

a bE u u x V x u x u x

c du x u x
q

 
 = −∆ + + −∆
 
 

− −

∫ ∫ ∫

∫ ∫

  

 

 

constrained on  

{ }2: : d 1 ,N
s

V VS u H u x= ∈ =∫  

where  

( ) ( ){ }2: : d .N
s s N
VH u H V x u x= ∈ < ∞∫  

The fractional Sobolev space ( )s NH   is defined as  

( ) ( ) ( ) ( ) ( )2 2
2

2

: :s N N N N
N s

u x u y
H u L L

x y
+

 − = ∈ ∈ × 
 − 

     

with the norm  

( ) ( )

1
2 2

22 d ,s N N

s

Hu u u x
  
  = −∆ +
  

  
∫ 

 

where  

( )
( ) ( )

2

22

2
2d d d .N N

s

N s

u x u y
u x x y

x y +

−
−∆ =

−
∫ ∫ 

 

By remark 1.5.1 of [17], we know the fact that a (local) point of minimum of a 
differentiable functional is a critical point. Then we study the minimization 
problem with respect to the fractional Kirchhoff functional on the 2L -constrained 
manifold:  

 ( ) ( ): inf .
V

c
V Vu S

m c E u
∈

=  (1.5) 

This paper p⋅  denotes the norm of ( )p NL   defined by dN
p p
pu u x= ∫ . If 

0V = , we denote the space s
VH  by 0

sH , the set VS  by 0S , the functional c
VE  

by 0
cE , and ( )Vm c  by ( )0m c  respectively. 

By the above notations, we are ready to give the main result of this paper, 
namely, a result about the minimization problem (1.5). 
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Theorem 1.1. Let 2 4q p< < = , 
( )

( )

( )

( )

2 2
2 22

2
2

2

2

2 dN

qs
q

s

s

dS u V x u x
a

u

−

− −∆ −

≥

−∆

∫
  

and 0a >  (where sS  is defined in Lemma 2.1), 0c > , 0d > , and ( )V ⋅  sa-
tisfies the following condition: 

(C) [ )( ), 0,NV C∈ ∞� , ( )lim
x

V x
→∞

= ∞ , ( )inf 0
Nx
V x

∈
=

�
, and there exists a suf-

ficiently small 0 0ε >  such that meas ( ){ }( )0 0V x ε ε≤ ≤ . 

Then, there exists a positive constant c∗  such that if 2 4q p< < = , then 
2
sc bS∗ =  and  

( ) ( ) ( )
( )
( ) ( )

,0 , if 0, ,
0, if ,

, if , .

V

V

V

m c c c
m c c c
m c c c

∗

∗

∗

∈ −∞ ∈
 = =
 = −∞ ∈ ∞

 

Furthermore, ( )c
VE u  has an energy minimizer for c c∗< , and has no mini-

mizers for c c∗≥ . 
Remark 1.1. By Theorem 1.1, we get a threshold value of 0c >  which sepa-

rates the existence and nonexistence of minimizers, which improves ([15], 
Theorem 1.2), where the existence of minimizers for (1.1) with 1s =  and 

0d =  is obtained. The main obstruction is to impose energy estimates to cha-
racterize the threshold value c∗  and the infimum energy level ( )Vm c  for 
2 4q p< < = .  

Remark 1.2. Theorem 1.1 is also true in the case of 0d < , with only a small 
change in the case of 0d > , which we omit here.  

Remark 1.3. For ( ) 2V x x= , readers can verify that it satisfies the condition 
(C) in Theorem 1.1.  

This paper is organized as follows: We first list some preliminaries in Section 
2, the main proof of Theorem 1.1 will be given in Section 3 and finally, we sum-
marize the main contents of this paper in Section 4. 

2. Preliminaries 

In this section, some results which will be used frequently throughout the rest of 
the paper are firstly listed below. 

Lemma 2.1. ([18]) Let ( )0,1s∈  and [ )1,p∈ +∞  be such that sp N< . 
Then, there exists a positive constant ( ), ,s sS S N p s=  such that, for any mea-
surable and compactly supported function : Nu →  , one has  

 
( ) ( )

2

2
2

22 d d ,Nss N s

u x u y
S u x y

x y
∗ +

−
≤

−
∫  (2.1) 

where 22
2s

N
N s

∗ =
−

 is the so-called fractional critical Sobolev exponent. More-

over, equality (2.2) holds if and only if ( )
2

22 2
0

N s

u x xµ
−

−
= + −�   with 
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{ }\ 0∈ , 0µ > , 0
Nx ∈  fixed constants, sS  is the best Sobolev embed-

ding constant.  
Lemma 2.2 ([19]) Let )0,2 2sp ∗∈ −  and ( )s Nu H∈  , then inequality  

 ( ) ( )
2 2 44

2 2 42

2

2d d dN N N

Np
ps Np sss

p s
p pp

pu x u x u x
Q

α β
− +

+
 +  ≤ −∆
 
 

∫ ∫ ∫  
 (2.2) 

holds, where 
2

2 4p
s

ps Np s
α =

− +
, 

42 4
Np

s

p
ps Np s

Np
β

 − +
=  
 

 and the function  

( )Q x  optimizes (2.2) and is the unique nonnegative radically solution of the 
fractional nonlinear equation  

( ) 0 in .ps NQ Q Q Q−∆ + − =   

According to Lemma 2.1 and Lemma 2.2, when 4N s=  and 
2 1u = , the 

fractional Sobolev inequality (2.1) and the Gagliardo-Nirenberg-Sobolev inequa-
lity (2.2) can be rewritten, in other words, the fractional Sobolev inequality (2.1) 
turns into  

 ( ) ( )
22

42 2d d , .N N

s
s N

sS u x u x u H
 
 ≤ −∆ ∈
 
 

∫ ∫ 
  (2.3) 

If we change p into 2p −  in (2.2), then the fractional Gagliar-
do-Nirenberg-Sobolev inequality (2.2) becomes  

 ( ) ( )
22

2
2

2

d d , ,N N

p
s

p s N
p pp

pu x u x u H
Q

α β

−

−

 
 ≤ −∆ ∈
 
 

∫ ∫ 
  (2.4) 

with the equality holds when ( )2
2

N

u Q x Qλ λ= , where 
1

4p p
α =

−
 and 

( )

2
4

2 2

p

p
p

p
β

−
 −

=   − 
. 

Particularly, when 1
2s
s

xU u
S

 
 =  
 
 

, where 
2s

uu
u ∗

=
�
�

, one has  

( )
( )

4

2
2

42 22 2
4 4

24

, .

s

s

s s

U
S S U U

U

−∆

= = −∆ =  

Similar to ([20], Lemma 5.1), one gets the result about the embedding as fol-
lows:  

Lemma 2.3. Assume that ( )V x  satisfies condition (C), then the embedding 
s
VH ↪ ( )p NL   is compact for [ )2,4p∈ .  
The proof of this lemma has already been given in ([16], Lemma 2.3), but for 

the readers’ convenience, we sketch it here again.  
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Proof. Step 1. We first show that s
VH ↪ ( )p NL   holds for 2p = . 

By the Sobolev embedding theorem, one gets that ( )s NL  ↪ ( )2 NL   conti-
nuously. Further, from s

VH ↪ ( )s NL   continuously, we deduce that s
VH ↪

( )2 NL   continuously. 
Suppose that { } s

n Vu H⊂  is a sequence such that 0nu   in s
VH . Then one 

gets 0nu   in ( )s NH   and 0nu →  in ( )2
RL B , where RB  is a ball in 

N  with radius R centered at 0 N∈ . 
From condition (C), one gets ( )lim

x
V x

→∞
= ∞ , it follows that for any 0ε > , 

there exists 0R >  such that  

( )
1 for .x R

V x
ε≤ >  

Thus,  

( )

( )( )

2 2 2

2

2

d d d

d

sup d .

N c
R R

c
R

N

n n nB B

nB

n

u x u x u x

V x u x

C V x u x

ε ε

ε ε

= +

≤ +

≤ +

∫ ∫ ∫

∫

∫

�

�

 

From this, we conclude that  

( )20 in .N
nu L→   

Thus, s
VH ↪ ( )2 NL   is compact. 

Step 2. We prove the case of 2p > . 
Since s

VH ↪ ( )2 NL   is compact by Step 1, one obtains that 0nu →  in 

( )2 NL  . By the following fractional Gagliardo-Nirenberg-Sobolev inequality 
( [ )2,4p∈ ),  

( )

( )

( )
( )

2
2 2 2 44

2 42
2

2

d d d ,N N N

N p
ps N p sss

p s
p p n np

pu x u x u x
Q

α β

−
− − +

−

 
 ≤ −∆
 
 

∫ ∫ ∫  
 

we can deduce that 0nu →  in ( )p NL   for [ )2,4p∈ .  
The following lemma is adapted from ([16], Lemma 2.5), for readers’ conven-

ience, we provide a brief proof.  
Lemma 2.4. Assume that 2 4, 0, 0q p c d< < = > >  and the energy function-

al ( )0
cE u  is defined as  

( ) ( ) ( )
22 2

42 2
0 d d d d .

2 4 4N N N N

s s
qc a b c dE u u x u x u x u x

q

 
 = −∆ + −∆ − −
 
 

∫ ∫ ∫ ∫   
 

Set 2
sc bS∗ = , ( ) ( )

0
0 0inf c

u S
m c E u

∈
= . Then ( )0m c = −∞  for c c∗> , where  

( ){ }2
0 : d 1 .N

s NS u H u x= ∈ =∫��  

Proof. Choosing 0 0x =  in u� . Then  
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2
2 2

2 2
1 2 2
2

2
1

2 2 2

,
s s

N s

N s

s
s

s
s

x

Su xU
u u

S

µ

θ µ
∗ ∗

−
−

−
−

 
 

+ 
     = = = + 
  
 

�
� �



 

where 
2s

u
θ

∗

=
�
 . By the assumption of 4N s= , it yields that for 1R > ,  

 

22
2 2

2 2
12 2
2

2 2 1 4
2

2 2
1

d d

d

2 : ,

N s

R x R R x R
s

s

N s
s N R r R

s N

xU x x
S

S r r r

S A

θ µ

θ ω

θ ω

−
−

< < < <

− −

< <

 
  
  = +  
   
   

≤

< =

∫ ∫

∫  (2.5) 

where Nω  is the surface area of unit sphere in N , and  

 ( ) ( )
2 2

22 2d d .N

s s

sx R
U x U x S

>
−∆ ≤ −∆ =∫ ∫�  (2.6) 

 

42
2 2

4 2
1
2

42

4 1
1
2

4 4
2

d d

d

: .

N s

x R x R
s

s

s

N
N r R

s
s

s N
N N

xU x x
S

rr r
S

S A
NR R

θ µ

θ ω

θ ω

−
−

> >

−

−

>

 
    = +     
   

 
 

≤  
  
 

= =

∫ ∫

∫  (2.7) 

For 2 4q< < , there is  

 

2
2 2

2
1
2

2

1
1
2

3

d d

d

: .

qN s

q
x R x R

s
s

qs

q N
N r R

s
s

q q
s N

N N

xU x x
S

rr r
S

S A
NR R

θ µ

θ ω

θ ω

−
−

> >

−

−

>

 
    = +     
   

 
 

≤  
  
 

= =

∫ ∫

∫  (2.8) 

Since 0 1s< <  and 4N s= , we consider the computation of 2d
x R

U x
<∫  in 

three cases as below: 
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1) If 1N = , then 1
4

s =  and  

( )22 2 2 2 2 2
1d ln ln .s s sx R

U x S R R S Sθ ω µ µ
<

 
= + + − 

 
∫  

2) If 2N = , then 1
2

s =  and  

( ) ( )( )
2 2

2 22 22d ln ln .
2

s
s sx R

SU x R S Sθ ω
µ µ

<
= + −∫  

3) If 3N = , then 3
4

s =  and  

3
2 2

2 2 2 2
3 2

3

22 2
2 2 2 3 3

3 22
2 3

d d

ln ln .

x R r R

s

s s s

s

rU x r r
S

RS R R S S

R S

θ ω µ

θ ω µ µ

µ

−

< <

 
 

= + 
  
 

 
 
  
 = + + − −       +      

∫ ∫

 

So, there exists a 0ρ >  such that  

 ( )2 2 2d ln .sx R
U x R Sρ µ

<
≥ +∫  (2.9) 

Then we consider a radially symmetric cut-off function ( )0
NCφ ∞∈  , which 

satisfies 1φ =  in { }:N
RB x x R= ∈ ≤� , 0φ =  in { }2 : 2c N

RB x x R= ∈ >�  

and 0 1φ≤ ≤ , 2
R

φ∇ ≤ . 

Set 
2

UU
U
φ
φ

= , ( )2
N

U U xλ λ λ= . Then it’s easy to get that 0,U U Sλ ∈  and  

( ) ( ) ( ) ( ) ( )

( )

22 22 4
2 2

0 2 4

2 2

2 2
4

4

2 2

d d
2 4

d d .
4

N N

N N

s ss s
c

s qN
q

q

a bE U U x U x
U U

c dU x U x
U q U

λ
λ λφ φ
φ φ

λ λφ φ
φ φ

−

 
 = −∆ + −∆
 
 

− −

∫ ∫

∫ ∫

� �

� �

 

According to the definition of function φ , it follows that  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

2 2

2 2
2

2 2

2 2
2

d d

d d ,

N

s s

x R R x R

s s

x R R x R

U x U x

U x U x

φ φ

φ

≤ < ≤

≤ < ≤

−∆ = + −∆

= −∆ + −∆

∫ ∫ ∫

∫ ∫

�

 

where  
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( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )( ) ( ) ( )( )

2

2
2

22

22

22

22

22

d

d d

d d

2 d d .

N

N

N

s

R x R

N sR x R

N sR x R

N sR x R

U x

x U x U y
x y

x y

U y x y
x y

x y

x U y U x U y x y
x y

x y

φ

φ

φ φ

φ φ φ

< ≤

+< ≤

+< ≤

+< ≤

−∆

−
=

−

−
+

−

− −
+

−

∫

∫ ∫

∫ ∫

∫ ∫

�

�

�

 

In addition, we get the following estimate  

( ) ( ) ( )
( )

2 22

2
22 2

d d d ,N

s

N sR x R R x R

x U x U y
x y U x

x y

φ
+< ≤ < ≤

−
≤ −∆

−
∫ ∫ ∫�

 

( ) ( ) ( )

{ }
( )

{ }
( )

22

22

2

2 2 2: 2 ,

2

2: 2 ,

4
2

d d

d d

4 d d

.

N

N N

N N

N sR x R

N sx R x R x y R

N sx R x R x y R

s

U y x y
x y

x y

U yC x y
R x y

U y
x y

x y
A
R

φ φ
+< ≤

+ −∈ < ≤ − ≤

+∈ < ≤ − ≥

−

−

≤
−

+
−

≤

∫ ∫

∫ ∫

∫ ∫

�

� �

� �

 

And it follows from Hölder inequality that  

( ) ( ) ( ) ( )( ) ( ) ( )( )

( ) ( ) ( )

( ) ( ) ( )

22

1
22 2

22

1
22 2

2| | 2

5

2 d d

d d

d d

.

N

N

N

N sR x R

N sR x R

N sR x R

s

x U y U x U y x y
x y

x y

U y x y
C x y

x y

x U x U y
x y

x y

A
R

φ φ φ

φ φ

φ

+< ≤

+< ≤

+< ≤

− −

−

 −
 ≤
 − 

 −
 ×
 − 

≤

∫ ∫

∫ ∫

∫ ∫

�

�

�

 

Choosing { }4 5max ,L A A= , we obtain that  

( ) ( ) ( )
2 2

2 2
2

2d d .N

s s

sx R

LU x U x
R

φ
<

−∆ ≤ −∆ +∫ ∫�
 

In addition,  

3d d d ,N N
q q q

Nx R

AU x U x U x
R

φ
≤

≥ ≥ −∫ ∫ ∫� �
 

where dN
qU x∫  is bounded from above by (2.8) and Hölder inequality. Then 

one gets  
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( ) ( )
( ) ( )

22 4 2
2 2 2 2
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When 2
sc c bS∗> =  and R is sufficiently large, we get  
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s
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Thus, it follows from (2.10) that ( ) ( )0 0
cm c E u≤ → −∞  as λ →∞ , i.e., 

( )0m c = −∞  for c c∗> .  
In the following lemma, we give the estimates of c∗  for 4p = .  
Lemma 2.5. Suppose 2 4q p< < = , d is a positive constant and ( )V x  satis-

fies condition (C). Let 2
sc bS∗ = , then  
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Proof. 1) If 2
sc c bS∗< = , we set { }2

0 0min , sbS cγ ε ε= − −  and choose 
2

0 sbS cε < −  satisfying condition (C) in Theorem 1.1. Firstly, by Hölder inequa-
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Then by Sobolev inequality, Young’s inequality, Hölder inequality and condi-
tion (C), we get for any Vu S∈ ,  
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= − , by direct computation, one gets  
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If 0γ ε= , namely 2
0 0sbS cε ε< − − , we set 0d >  satisties the condition that  
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and if 2
0sbS cγ ε= − − , i.e., 2
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Then we get ( )
8

c
VE u γ

≤ . This indicates that ( ) 0Vm c >  for all 2
sc c bS∗< = . 

2) If 2
sc c bS∗> = , then by (2.10) of Lemma 2.4, we obtain  
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Similar to the proof of Lemma 2.4, we choose R large enough such that  
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For 1λ > , we obtain that  
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It follows from the Lebesgue dominated convergence theorem that  
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Therefore, according to the above inequalities and the definition of infimum, 
we deduce that  
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3) If 2
sc c bS∗= = , then using the Sobolev inequality and Hölder inequality as 

in case (1), we have  
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Choosing appropriate 0a >  (Actually, we set  
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 and 0a >  in Theorem), we conclude 

( ) 0Vm c ≥  for c c∗= . 

Further, we prove that ( ) 0Vm c ≤  for c c∗= . Analogous to the proof of 
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Repeating the previous proof, we get  
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According to the previous analysis, we obtain  
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where 1 2 3 2 3, , , , , ,C C C C C C C′ ′ ′�  are all positive constants. 

Setting ( )
1
4max , sλ λ ε ε

−  =  
  

, we get ( )
1
2

Vm c Cε∗ ≤ , namely, ( ) 0Vm c∗ ≤ . 

Thus, we deduce ( ) 0Vm c∗ = .  

3. Proof of the Main Result 

In this section, we prove the main result of this paper. 
Proof of Theorem 1.1. By Lemma 2.5, we only need to prove that ( )c

VE u  
has no minimizers for c c∗=  and it has an energy minimizer for all c c∗<  
when 2 4q p< < = . 

If 4p =  and c c∗= , using the fractional Sobolev inequality (2.3) and the 
Hölder inequality as in the proof of Lemma 2.5 and the assumption about a in 
Theorem 1.1, we deduce  
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Arguing by contradiction that c
Vm  can be obtained for c c∗= . Then, by 

Lemma 2.5, we deduce that  
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From this, we get 0u =  in ( ),2s ND  . So 0u =  in ( )2 NL  , which is in 
contradiction with 

2 1u = . Therefore, ( )c
VE u  has no minimizers for c c∗= . 

If 4p =  and c c∗< , let { }n Vu S⊂  be a minimizing sequence for ( )Vm c , 
then by the Fractional Sobolev inequality (2.3), we deduce that  
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From this, we can deduce { }nu  is bounded in s
VH . According to Lemma 2.3, 

we may assume that there exists a s
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Choosing VHφ ∈ , we get  
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Therefore, ( ) ( )c
V VE u m c=  and ( )c

VE u  has an energy minimizer u. 

4. Conclusion 

In summary, in the previous sections, combining the fractional Gagliar-
do-Nirenberg-Sobolev inequality, and fractional Sobolev inequality with some 
energy estimates, we obtained the existing result of the fractional Kirchhoff equ-
ation with doubly critical exponents and mixed nonlinearities.  
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