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[Omom

In this paper, I study to solve functional inequalities and equations of type
Cauchy-Jensen with 34-variables in a general form. I first introduce the con-
cept of the general Cauchy-Jensen equation and next, I use the direct method
of proving the solutions of the Jensen-Cauchy functional inequalities relative
to the general Cauchy-Jensen equations and then I show that their solutions
are mappings that are additive mappings calculated and finally apply the de-
rivative setup on fuzzy algebra also the results of the paper.
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1. Introduction

Let G be an m-divisible group where meN\{0} and X, Y be a normed

space on the same field K,and f:G—>X (f:G— Y ) bea mapping. I use

the notation |||, (|-|,) for corresponding the norms on X and Y. In this

paper, I investigate functional inequalities and equations when when G be an

m-divisible group where meN and X is a normed space with norm ||-|,

and that Y isa Banach space with norm |||, -

In fact, when G be an m-divisible group where meN and X is a

normed space with norm |-, and that Y isa Banach space with norm ||,
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I solve and prove the Hyers-Ulam-Rassias type stability of following functional

inequalities and equations.

Kk

k k Kk Xj+yj k
;f(xi)+§f(yj)+2k§f(zi)Ys 2kf(§T+§zjj||Y (1)
and
“ f  f K> £z, )=2kf | S5V LS 2
,Z:l (X,—)+JZ:1 (¥;)+ ,2:1 ()= 2ok +J_§Zj 2)

Where kis a positive integer.

The study of the functional equation stability originated from a question of S.
M. Ulam [1], concerning the stability of group homomorphisms. Let (G,*) be
a group and let (G’,o,d) be a metric group with metric d(--). Geven £>0,
does there exista 6 >0 suchthatif f:G—>G' satisfies:

d(f(xxy), f(x)ef(y))<s
forall X,ye€G then thereisa homomorphism h:G — G’ with
d(f (x),h(x))<$,

for all xeG, if the answer, is affirmative, I would say that equation of
homomophism h(x#*y)=h(y)eh(y) is stable. The concept of stability for a
functional equation arises when we replace a functional equation with an
inequality which acts as a perturbation of the equation. Thus the stability question
of functional equations is how the solutions of the inequality differ from those of
the given function equation. Hyers gave a first affirmative answer the question
Ulam as follows:

In 1941 D. H. Hyers [2] Let £¢>0 andlet f:E, > E, bea mapping between
Banach space such that

||f (x+y)-f(x)-f (y)||Sg,

forall x,yeE, andsome &>0.Itwasshown that the limit

(2"
T(X)=lim———
nN—o0 2
exists for all xeE, and that T:E, > E, is that unique additive mapping
satisfying
[t (x)-T(x)|<e vxeE,.
Next in 1978 Th. M. Rassias [3] provided a generalization of Hyers” Theorem
which allows the Cauchy difference to be unbounded:
Consider E,E’ to be two Banach spaces, and let f:E —E' be a mapping

such that f(tx) is continous in ¢ for each fixed x. Assume that there exist
6>0 and pe[0,1) such that

[ (x+9)= 0= (]’ + Iy ). vy <.

then there exists a unique linear L:E — E’ satifies
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20
[# G- L= 55Kl x<E

Next J. M. Rassias [4] following the spirit of the innovative approach of Th. M.
Rassias for the unbounded Cauchy difference proved a similar stability theorem
in which he replaced the factor [x|" +[y|" by |x|"[|y|" for p.geR with

p+q=1.

Next in 1992, a generalized of Rassias’ Theorem was obtained by Gavruta [5].

Let (G,+) beagroup Abelian and E a Banach space.

Denote by ¢:GxG —[0,0) a function such that

#(x, y):iz”‘qﬁ(znx, 2"y) <

forall X,yeG . Supposethat f:G —E isamapping satisfying
[t (x+y)-f(x)-f(y)|<e, VX, yeG.

There exists a unique additive mapping T :G — E such that
[t (x)-T(x)|<d(xx), VX,yeG.

Generally speaking for a more specific problem, when considering this famous

result, the additive Cauchy equation
f(x+y)=f(x)+f(y)

is said to have the Hyers-Ulam stability on (E,,E,) with E; and E, are
Banach spaces if for each f:E;, - E, satisfying

||f(x+ y)—f(x)- f(y)"Sg

forall x,yeE, forsome & >0, there exists an additive h:E, - E, such that
f —h isbounded on E,.The method which was provided by Hyers, and which
produces the additive A, was called a direct method.

Afterward, Gildny showed that if satisfies the functional inequality
HZf (x)+2f (y)—f (xy ) <] f (xy)) (3)

Then fsatisfies the Jordan-von Newman functional equation
2f (x)+2f (y)=f (xy)+ f(xy?) (4)

Gildnyi [6] and Fechner [7] proved the Hyers-Ulam stability of the functional
inequality.
Recently, the authors studied the Hyers-Ulam stability for the following

functional inequalities and equation

||f(x)+f(y)+2f(y)||s 2f(%+zj (5)
f(x)+f(y)+zf(y):zf(&2y+zj ©®)

in Banach spaces.
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In this paper, I solve and prove the Hyers-Ulam stability for inequality (1.1) is
related to Equation (1.2), ie the functional inequalities and equation with 3%
variables. Under suitable assumptions on spaces G and X or G and Y,1I
will prove that the mappings satisfy the (1.1) - (1.2). Thus, the results in this
paper are generalization of those in [1]-[33] for inequality (1.1) is related to
Equation (1.2) with 34 variables.

The paper is organized as follows:

In the section preliminary, I remind some basic notations such as:

Concept of the divisible group, definition of the stability of Cauchy-Jenen
functional inequalities and functional equation, Solutions of the equation, func-
tional inequalities and functional equation, the crucial problem when constructing
solutions for Cauchy-Jensen inequalities.

Section 3: Establish a solution to the generalized Cauchy-Jensen functional
inequalities (2.2) when I assume that G'be a m-divisible abelian group and Xis a
normed space.

Section 4: Stability of functional inequalities (1.1) related to the Cauchy-Jensen
equation when I assume that G be a m-divisible abelian group and Y'is a Banach
space.

Section 5: Establish solutions to functional inequalities (1.1) based on the
definition when I assume that G be a m-divisible abelian group and Y'is a Banach
space.

Section 6: The stability of derivation on fuzzy-algebras.

2. Preliminaries

2.1. Concept of Divisible Group

A group G is called divisible if for every xeG and every positive integer n
thereisa yeG sothat ny=x, ie, every element of G is divisible by every
positive integer. A abelian group G is called divisible if for every xeG and
every neN there is some yeG so that x=ny. divisible by every positive
integer. Let G be an n-divisible abelian group where neN (ie,
a—na:G—G isasurjection).
Denote by
M(G X)={f|f:G—>X}
L* (G, X)={f:G > X[[ f], =sup,c | f[ <}

The sets M(G,Y),M(G',X) and M(GﬂR*) can be defined similarly

where

G ={(%. % %)X €G, =1, k]

2.2. Definition of the Stability of Functional Inequalities and
Functional Equation

Given mappings E:M(G,X)—)M(Gr,R+), 9:G" >R and y:G >R .If
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E()(%% % ) S0 (%% %)

for all X,X,,~-,X, €G implies that there exists geM(G,X) such that
E(g)<0 and ||f(x)—g(x)||w£1//(x), for all xeG, then we say that the
inequality E(f)<0 is (¢,p)-stable in M(G,X). In this case, we also say
that the solutions of the inequality E(f)<0 is (¢,p)-stable in M(G,X).
Given mappings E:M(G,X)—)M(GF,R*), p:G" >R and y:G >R if

||E(f)(x1,x2,---,xr) C<o(X %0 %)

for all Xx,X,,--,X, € G, implies that there exists geM(G,X) such that
E(g)=0 and ||f(X)—g(X)|LOSl//(X), for all xeG, then we say that the
inequality E(f)<0 is (¢,p)-stable in M(G,X). In this case, we also say
that the solutions of the inequality E(f)=0 is (¢, )-stablein M (G,X).

It is well known that if an additive function f:R — R satisfies one of the

following conditions:
1) fis continuous at a point;
2) fis monotonic on an interval of positive length;
3) fis bounded on an interval of positive length;
4) fis integrable;
5) fis measurable;
then £is of the form f (x)=cx with a real constant c.

2.3. Solutions of the Equation
The functional equation
f(x+y)=f(x)+f(y)

is called the Cauchy equation. In particular, every solution of the Cauchy
equation is said to be an additive mapping.
The functional equation

(e5 o

is called the Jensen equation. In particular, every solution of the Jensen equation
is said to be an Jensen additive mapping.

The functional equation
f(x)+f(y)+2f(z)=2f (%+ zj

is called the Cauchy-Jensen equation. In particular, every solution of the

equation is said to be an additive mapping.

2.4. Solutions of the Functional Inequalities

zf(“hzj
2

The functional inequalities

| (x)+f(y)+2f(2)|<

DOI: 10.4236/0alib.1111241

5 Open Access Library Journal


https://doi.org/10.4236/oalib.1111241

L. V. An

is called the Cauchy-Jensen inequalities. In particular, every solution of the

inequalities is said to be an additive mapping

2.5. The Crucial Problem When Constructing Solutions for
Cauchy-Jensen Inequalities

Suppose a mapping f :G — X, the equation

KX+ Y,

3 1(0)+ 31 (y) smE 12 = £

=1 == m

k
+sz] (7)
=1

is said to a generalized Cauchy-Jensen equation.
And function inequalities

Kk

Zk:f(xj)+§f(yj)+méf(zj)£mf[

k
Xji +Y;

j=1 i == m j=1

k
+>°7, J (8)
is said to a generalized Cauchy-Jensen function inequalitiess Note: case m=2
and k=1 so (7) it is called a classical Cauchy-Jensen equation, (8) it is called a

Cauchy-Jensen function inequalities.

3. Establish a Solution to the Generalized Cauchy-Jensen
Functional Inequality

Now, I first study the solutions of (8). Note that for inequalities, G be a
m-divisible group where meN\{0} and X be a normed spaces. Under this
setting, I can show that the mapping satisfying (8) is additive. These results are
give in the following.

Lemmal.Let f:G — X bea mapping such that satisfies

Jzk_;f(xj)+zk:f(yj)+mgf(zj) mf[kxj+yj+gzj)

j= j=1 = M

9)

<
X

X

forall X, X Vi Yer2, 2, €G ifandonlyif f:G — X isadditive.
Proof. Prerequisites
Assume that f:G — Y satisfies (9) Replacing (x,,-+-, X, Vi,0 s 22+ +0 Zc )
by (O,~~-,0,0,---,0,0,---,O) in (9), I get
[2k-+mi| £ (0)], <[ml]f (0]
(|2k-+m|—[m])| f (0)] <O
So f(0)=0.
Next I replacing (X, -+, %, Y1,-* Yy, 23,0+, 2 ) DY
(-mz,---,-mz,0,---,0,z,---,z) in (9), I get ||kf (—mz)+kmf(z)"s0 and so
f (-mz)=-mf (z) (10)
forall zeG.
Next I replacing (X, -+, X, Y1.-** Y. 23,0+, Z¢ ) DY

X+

X;+Y; .
X X Yo Yo — S o in (9) and (10) I have

m
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X
:Zk:f(xj)+zk:f(yj)—if(x]+yj) (11)
j=1 j=1 j=1 X
KX +Y: KX +y
<|mf L NS T = f(0)|. =0
(B2 520 i,

Therefore
K
Zf(xj)+2f(yj)=_2f(xj+yj) (12)
Finally we replacing (xl,n-,xk,yl,---,yk) by (U,---,u,v,--~,v) in (12) so
f(u)+f(v)="Ff(u+v).

Sufficient conditions:
Suppose f:G — Y isadditive. Then

f[ng+iyj]:if(xj)+§f(yj) -

j=1 j=1 j=1

and so
k k
f(prjJ: Y f(x;)
=1 =1

forall peQ and x,X,,---,X, €G.

Therefore
k K K
gf(xj)+;f(yj)+m;f(zj)
; K X_J._g_ Y. Kk : Kk X +Y, K (14)
=mf(z ! ’j+m2f(zj)=mf[z ! ‘+szJ
= M [ = M [
So I have something to prove
k k k k X4+y_ k
YE(x)+ D f(yy)+mY f(z)) Smf[z ) ‘+sz) (15)
j=1 j=1 j=1 Y j=1 m j=1 Y
O

From the proof of the lemma 2, I get the following corollary:

Corollary 1. Suppose a mapping f:G — X, The following clauses are
equivalent

1) fis additive.

SDIRICIS RICARL VIO RLT D= VRN

m

vX;,Y;,2;€G, j=1,--k.

1 RIS SRR JRICY E b IEE yiy

m
Vxly...,xk,yl,...,yk,zl,...,zk cG.
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Note: Clearly, a vector space is a m-divisible abelian group, so Corollary 3.2 is
right when G is a vector space.

Through the Lemma 2 proof, I have the remark:

Remark: When the letting m = 2k (means that m is always even) and G is

an m-divisible abelian gourp then G must be a 2-divisible abelian gourp.

4. Stability of Functional Inequalities Related to the
Cauchy-Jensen Equation

Now, I first study the solutions of (1.1). Note that for inequalities, G be a
m-divisible group where meN\{0} and Y be a Banach spaces. Under this
setting, I can show that the mapping satisfying (1.1) is additive. These results are
give in the following.

Theorem 2. For ¢:G* — R* be a function such that
1

mw¢((zk)“xl,...,(zk)”xk,(zk)” Voo (2K) Yoo (26) 2,04, (26) 7] =0° (16)

for all Xl!”"xk’yl"”’yklzl'”"zk eG.

And
;5(X1""1Xklzlv"'vzk)
S 1 n+l n+l n n 17
:nzo(Zk)ml ((Zk) X1’1(2k) Xk,O,---,O,(Zk) 21,"',(2k) Zk)<oo (17)

for all x,---,%,2,"--,2,2; €G . Suppose that an odd mapping f:G—>Y

satisfies

gf(xj)+gf(yj)+2kgf(zi)

18
iy (18)
<l2kf| 2=+ 2z |+ (% X Yo Yo T )
a1 2K =1 v
forall X, -, X,V V.2, 2 €G.
Then there exists a unique additive mapping ¥ :G — Y such that
||f(x)—1//(x)||ys;ﬁ(x,---,x,x,~~~,x) (19)

forall xeG.
Pj‘oof: Replacing (Xl""'xk’yl"“'yk'zl'“"zk) by (O,'",0,0,"',0,0,"',0)
in (18), we get

(|2 + k|- J2K)[ F (0)], <O. (20)

so f(0)=0.
Next I replacing (X, -+, X, Y,*** Yy 23,0+, ) DY
(2kx,---,2kx,0,---,0,—X,---,—x) in (18), I get
[iF (2k00) =267 £ (%), < p(2Kx, 2k, -+, 2k6,0,0,:++,0, =%, =X+, =X) (21

s2—i2¢(2kx,2kx,...,2kx,0,0,...,0,—x,_x,...’_x)

Hf (1)~ A 1 (20

Y
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e

(@) (@)

mZ—> (2050”3 .
JZ.H(Zk) B((26)™ %+, (2K) %,0,0,4++,0,~(2K) x,-++,~(2K)' )

=0

for all nonnegative integers m and /with m>| and all xeG. It follows from

(22) that the sequence {( i -~ f ((2k)” x)} is a cauchy sequence for all xeG.
2

Since Y is complete space, the sequence {

f ((2k)n X)} coverges.
So one can define the mapping ¥ :G —>Y by

v (x )_Ilm(zi) f((26)"x)

for all xeG. Moreover, letting | =0 and passing the limit Mm—o0 in (22), I
get (19).
Now, It follows from (18) I have

DS |

. k n 1 & n 1 & n
= lim (Zk)n;f((Zk) xj)+wgf((2k) yj)+2k(2k)n§f((2k) zJ)Y
:!Lw(zi)“ ]Zk;f((Zk)" XJ)+JZk;f((2k)" yj)+2kak;f((2k)n Z,)
<lim—1 nkXj+yj+ nkz
_ka) [2kf ((Zk) ; S+ (26) ; ,JY
+((2K)" x4, (2K)" % (26)" Vi, (26)" i (2K) 23,0+, (2K) )J
o33
(23)
So I have
gw(xj)+gw(yj)+2kgw(zi) ZKV/(gX‘;kyWéZjJ‘ (24)

forall X, X, ¥y, Ver 2,2, €G.
Hence from Lemma 1 and corollary 1 it follows that y is an additive
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mapping.
Finally I have to prove that y is a unique additive mapping.
Now, let y':G — Y be another generalized Cauchy-Jensen additive mapping
satisfying (19). Then I have
, 1
w(x)—w'(X)|. =

f((2K)"x)-w((2K)" x|

w((26)" x)-w'((26)" %) ’
f((2x)" x)—w'(zlnj

B((2K)" x-++,(2K)" %,0,0++,0,(2K)" x,-++,(26)" x

IA

+
Y

arl
2

1

)
(26)

which tends to zero as N—> o forall xe X .So we can conclude that

<

w(x)=y'(x) forall xeG. Thisproves the uniquence of y'.
U
From Theorem 2 I have the following corollarys.
Corollary 2. For G is a normed space and p,r=0,94>0,6>0. Suppose
f:G —>Y bea function such that

‘gf(xj)Jrgf(yj)Jeréf(zj)

Y (26)

X r

<

k . k K k k
o[£35+ S | +o [Tl [Tl e
j=1 =1 v j=t =1 =t

forall X, -, X, ¥ Y 2,02, €G  then fia additive mapping.

Corollary 3. For G is a normed spaceand 0< p,r<1,q#0,8>0. Suppose
f :G — Y bea function such that

jzk;f(xj)+jzk;f(yj)+2kak;f(zj)

Y (27)
X +

2kf(§kj' iy j J
+ Z.
j:1 2k j:]_J

for all X, X, Vi, Y, Z, €G . Then there exists a unique additive

<

k b & g &
0| 2l + 2l + 2z
v j=1 j=1 j=1

mapping G —Y such that

(2k)° ; 1 .
f(X)-w(x)|, <6k X||” + X (28)
forall xeG.
Theorem 3. For ¢:G* — R* be a function such that
. n 1 1 1 1 1 1
lim(2k X, » = Z, - ——17, |=0 (29)
= ”[(2@"‘ (@ 2 g g J

forall X, X, ¥, Yer2,, 2, €G,and

&(Xl'”'ixkvzl!'”’zk)

> n 1 1 1 1 (30)
- ok 0,0,---,0,---, s - 0o
Z¢( ) ¢[ X (2k)n Xy (Zk)m—l z (2k)n+ ij<
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forall X, X, ¥y, Ver 2,2, €G.
Suppose that be an odd mapping f:G — Y satisfies

JZZf(xj)JrJZli;f(yj.)JrZKJZli;f(zj)

Y

31
oy (31)
<||2kf Z 2K +ZZJ +¢(x11"',xkyy]_;"'lykyzj_l"'!zk)
i ity
forall X, X, Y. Y122 €G.
Then there exists a unique additive mapping ¥ :G — Y such that
[t () =w (x)], <X %%+, %) (32)

forall xeG.
Proof. Replacing (X", X, Y12 Yy - Z.) by (0,---,0,0,---,0,0,--,0)

in (31), I get
(2K + ||k} F (0)], <O. (33)

so f(0)=0.
Replacing (X, X, Y1 Yin Z0o-, 2 ) by (2kx,-++,2kx,0,--+,0,=X,-++,—X)

in (31), I get
[KF (20h06) =2k £ (%), < p(2Kx, 2K,:++,2Kx,0,0,-++,0,=%,=X,+++,=x)  (34)

Hf(x)—Zkf(%) <£¢[x,x,-.-,x,O,O,m,O,—L,—L,..-, XJ

LK k' 2k 2k
The remainder is similar to the proof of Theorem 2. This completes the proof.
U

From Theorem 2 andTheorem 2. I have the following corollarys.
Corollary 4. For G is a normed space and p,r#0,q>0,6>0. Suppose
f :G — Y bea function such that

Hgf(xj)+_§lf(yj)+zkgf(zj)

Y

(35)

r
<

kK X. +y‘ k
2kf (zﬁgzzjj
j=1 j=1

forall X, X, ¥y, Ver 2y, 2, €G, then fis a additive mapping.

k P k q k
RVR VRN 2
v j=1 j=1 j=1

Corollary 5. For G is a normed space and 0< p,r<1,q=0,8>0. Suppose
f:G —>Y bea function such that

Hgf(xj)+gf(yj)+zkgf(zj)

Y

(36)
X +V.

k k
2kf 7y '
(% TRRD? ] j

for all X, X, Vi, Y, 2o, Z, €G . Then there exists a unique additive

<

k b g &
0| 2 2l 2
v j=1 j=1 j=1

mapping ¥ :G —Y such that

[f () -w(x)], < Hk[(zglp()_ " + (2k)kl—2k ||x||f] (37)
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forall xeG.

5. Establish Solutions to Functional Inequalities Based on
the Definition

Now, I first study the solutions of (1). We first consider the mapping
E:M(G,Y)>M(G",R")

as

E(f)(Xl,---,Xk,yl,"',yk,zl,"’:zk)
( )+§k‘1f( )+2kj§:f(zj)

then the inequalities Ef <0 is (¢,g~ﬁ) -stable in M (G,Y) where is as
Theorem 2 and Theorem 3.

k Xty

j=1

Note that for inequalities, G be a m-divisible group where meN\{0} and
Y be a Banach spaces. Under this setting, we can show that the mapping
satisfying (1) is additive. These results are give in the following.

Theorem 4. For ¢:G* — R* be a function such that

mmqs((zk) o (2K) %, (2K)" Yoo, (26) Yy (26) 24, (2K)" 2,) =0 (38)

forall X, =X,V Ye: 22, €G, and

&(Xr""xklzli”'!zk)

%(¢((2k)”“xi,...,(zk)"*lxk,o,...,o,_(Zk)” 2,000,-(26)" 7,) (39)

+g(=(2K)" e = (2K) 7 0,004,0,(2K) 2y, (2K) 2, ) <0

forall X, X, ¥ Y 2,2 €G.
Suppose that a mapping f:G —Y satisfies f(0)=0 forall xeG,and

Zf( )+ Zf( )+2kak;f(zj)—2kf[Zk:X1;kYJ Jzk; ]

j=1 v (40)
S¢(X1,...’Xk,yl,...,yk’zl'...,zk)
forall X, -, X, Vi Yer 22 €G.
Then there exists a unique additive mapping ¥ :G — Y such that
||f(x)—y/(x)||YS&(x,m,x,x,---,x) (41)
forall xeG.
Proof. Treplacing (X, -+, X, Y1, Yy, 23,0+, 2 ) by
(2kx,---,2kx,0,--+,0,—X,---,—x) in (40), I get
[iF (2k0)+ 26 £ (—x)|, < p(2Kx, 2K+, 2K6,0,0,++,0,=%,=X,-++,=X)  (42)

continue I replace xby —xin (42), I have

[KF (—2kx)+ 2K £ ()], < (2K, =2k, -+, =2K,0,0,++,0,%,X,-++, ) (43)
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put
g(x)=—" (44)

So since (45), (43) and (44), I have

1 1
f(x)—ﬁf(ZKX)H <57
Y

+ ¢ (—2kx, 2K, - -+, —2kx,0,0,-++,0,X, X, -+, X))

(#(2Kx, 2Kx, -+, 2KX,0,0,++,0,=X, =X+, ~X)

Hence

1 | 1 )
Wf((Zk) X)_(Zk)m f((26)" %) Y
gri @ f((20) X)‘ﬁ f((26)" %) Y

Z—( B((2K)" o (2K) " %,0,0,+,0,~(2K) %, ~(2K)'X) (46)

j=l I+1(2k)
+¢(—2kx,—2kx,~--,—2kx,0,0,-~~,0,x, X,+,X))
=0

for all nonnegative integers m and /with m>1 and all xeG. It follows from

n

(46) that the sequence {( 1 f ((2k)n x)} is a cauchy sequence for all xeG.
2

Since Y is complete space, the sequence {ﬁ f ((Zk)” x)} coverges.

So one can define the mapping ¢ :G —>Y by

w(x)=lim 1 ((2)"x)

" (2k)'

for all xeG. Moreover, letting | =0 and passing the limit M —o0 in (46), I
get (41).

Now, It follows from (40)we have

‘gw(xj)+gw(yj)+2kéw(zj)—2kf{ng;kyj+gzj]
_m(%if(zk ) %)+ 1nif(2k)"yj)
: y Xj+yj ns
)nlz_‘;f(Zk) )2 ( () ;zjjy )
’H‘”(Zk X ((2 x)+J§:‘1f( )+2k]§f((2k)”zj)

- 2y S 2y B |

1= '

< p((2K)" 100+, (2K)" %, (2K)" Yasoees(2K)" Yy (2K)" 23,00+, (2K) " 2 ) =0

DOI: 10.4236/0alib.1111241 13 Open Access Library Journal


https://doi.org/10.4236/oalib.1111241

L. V. An

So I have
k K Kk Kk X +Y, Kk
Zy/(xi)+Zy/(yj)+2k2y/(zj):2kz//[z ! ‘+szj (48)
= = =1 o 2k =1

forall X, -, X, Vi Yer 22 €G.

Hence from Lemma 2 and corollary 1, it follows that y is an additive
mapping.

Finally I have to prove that i is a unique additive mapping.

Now, let w':G—>Y be another generalized Cauchy-Jensen additive
mapping satisfying (41). Then we have

w((26)"x)-w'((24)"x)

v ()" (x)], &

Y

s(zi)n[‘f((Zk)n )= ((26)" )]+t (26 x)_,,,r[zinj
< Z(Zi)n gB((ZK)” X,,(2k)" %,0,-+,0,(2k)" x,--,(2K)" x) (49)
=§(2kl)n+1 (¢((2k)n+lxl,""(2k)”+l X, 0,+,0,—(2K)" 2+, —(2K)" Zk)

#(=(2K) o= (2K)7 X100, 0,(2K) 23,00, (2K) 2 ) <0

which tends to zero as N—00 forall xe X .So we can conclude that
w(x)=y'(x) forall xeX.Thisproves the uniquence of y".
From Theorem 4 I have the following corollarys.
Corollary 6. For G is a normed space and p,r=0,q>0,0>0. Suppose
f:G —>Y bea function such that f(0)=0 and

Zk:f(xj)+j2:f(y,-)+2ka:f(zj)—2kf [ixi;kyj 4> zj]

j=1 j=1 j=1

v (50)

r

k P k q Kk
<01 [ TTy[ ™ 1Jz,
j=1 j=1 j=1

forall X, %X, VY. Y, 2, Z, €G then fis an additive mapping.
Corollary 7. For G is a normed space and 0< p,r<1,q=0,8>0. Suppose
f:G —>Y bea function such that f(0)=0 and

Zk:f(xj)+jzk;f(y,—)+2kak;f(zj)—2kf (ixi;kyj +ﬁzjj

j=1 j=1 j=1
rj

for all X, %, Y, Y 2,2 €G . Then there exists a unique additive

v (51)

k k k
<o Sl Sl e

j=1

mapping ¥ :G — Y such that
(2k)° o 1 ‘
f(x)—w(x)| <6k X[+ X (52)

forall xeG.
Theorem 5. For ¢:G* — R* be a function such that

DOI: 10.4236/0alib.1111241 14 Open Access Library Journal


https://doi.org/10.4236/oalib.1111241

L. V. An

1 1 1 1 1
lim(2k cee, X, , VYo, Z, 0, z |=0 (53)
o ”{m) S e g T ]
forall X, - X, Vi Y22 €G.

And
&(Xl' 1 Xir Zys ”’Zk)

:i(zk)”’l(qﬁ((zk)’”x1 S(2K) " 0,004,0,-(2K) " 2 ~(2K) 2 ) (5

#(=(2K) " e =(2K) 7, 0,004,0,(2K) 2y, (2K) 7 2 ) <0

forall X, X.,2,,2,€G.
Suppose that a mapping f:G — Y satisfies f(0)=0 forall
Xll"‘yxkryll"'!yk1zl""'zkEG'

And
k k Kk k X +V, k
zf(xj)+zf(yj)+2k2f(zj)—2kf[z' L1Y2 Jj
i i -1 o 2k j=1 v (55)
S¢(X1""'Xk’y1""lyk'zll'”’zk)
forall X, -, X, VY. V.2, 2 €G.
Then there exists a unique additive mapping ¥ :G — Y such that
||f(x)—y/(x)||YS&(x,m,x,x,---,x) (56)

forall xeG.
The proof is similar to theorem 4.
Corollary 8. For G is a normed space and p,r=0,q>0,0>0. Suppose
f:G —>Y bea function such that f(0)=0 and

Xl+yJ

Zf( ) Zf( )+2kgf(zj)—2kf[g <2k '+,Zk_:{zjj
sotll 1l 1]

forall X, -, X, VY. Y, 2, Z, €G then £1a additive mapping.

v (57)

Corollary 9. For G is a normed space and 0< p,r<1,q=0,8>0. Suppose
f:G —>Y bea function such that f(0)=0 and

3 1(0)+ 31 (1) 208 15,20 £ 00 5 |

j=1 j=1 i=1 =1

k k k
P q r
< . . .
<0 2|, j )
j=1 =1 =1

for all X, %, Y, Y 2,2 €G . Then there exists a unique additive

mapping ¥ :G — Y such that

1wl 2o G C0 e twt | o

forall xeG.
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6. The Stability of Derivation on Fuzzy-Algebras

Lemma 6. Let (Y,N) be a fuzzy normed vector space and f:X—>Y bea
mapping such that

N(éf(xjpi (yj)+2kj§k_; f (zj),th N{zkf [ixj;ky" +gzjj,;—kj (60)

j=1 =1 j

forall X, -, X,V Ye:Z, -2, €Y andall t>0. Then fis Cauchy additive.
Proof. 1 replacing (x,---, % Y1, Yy, 23,2 ) by (0,---,0,0,---,0,0,---,0)
in (60), I have
t t

N ((2k2 +2k) f (0),t) =N ( f(0), 7 +2ka N (Zkf (0),§)=1 (61)

forall t>0.By M and N, N(f(0),;—kj=1.1tfollows]\fzthat f(0)=0.

NextIreplacing (Xll""xklyl!""yk*zlv""zk) bY (_y,...,_y,y,...,y,oy...,o)
in (60), I have

N (f (—y)+kf (y).t)= N(f(‘y)““ f (y),ﬁjz N (2kf (O)WIWJ (62)

It follows N, that f (—y)+ f(y)=0.
So
f(=y)=-1(y)
Next I replacing (X,,-=+, X, ¥3,***, Yi» Zi*, 2 ) by
(-2z,---,-22,0,--+,0,2,0,---,0) in (60), we have
t t
N (—kf (2z)+2kf(z),t)=N| f(-2z)+2f(z),— [=N]| 2kf (0),————| (63
(-4 (22) 20 (1)) =N (-22) 21 (2) 2N 20 0). 52" | @

It follows N, that f (-2z)+2f(z)=0.
So
f(2z)=2f(z)

forall t>0 andforall zeX.
Next I replacing (X,,-=+, X, ¥1,***, Yi» Zi*, 2 ) by

(Xl...'x’y,...,y,zl:_%,zz :O,~~-,OJ in (60), we have

N(f(x)+f(y)—f(X+y)'%):N(f(x)+f(y)”'f(_%j'a

(64)
t
> N| 2kf (0),
( 0) 2k2+2kj
forall t>0.andforall X,ye X Thus
f(x)+f(y)=f(x+y)
forall x,ye X, as desired.
O

Theorem 7. Let y:X* —)[0,00) be a function such that there exists an
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‘//(Xl’“"xk’yl’“"yk'zl"“’zk)

L (65)
SEW(kal,---,kak,2ky1,---,2kyk,2kzl,---,2kzk)

forall X, -+, XYy, Y, 2,2, € X and f(0)=0.
Let f:X— X bea mapping sattisfying

K gx. Sk k k k
(2330 S| () Sar (o) -2
=1 j=1 j=1 =t

= (66)
t
>
t+y/(x1""’xk7yl!"'Vyk’ZlV”’Zk)
k k k k k
N f{ij~yj]—Hf(xj)-Hyj—ij-Hf(yj),t
j=1 j=1 j=1 j=1 j=1
(67)
t
>
t'H//(Xl'”"Xk*yl"”’ykio"”’o)
forall X, -, XV, Y, €X,forall t>0 andforall q>0.Then
. n X
H(x)=N-Ilim(2k) f| —— (68)
( ) n~>30( ) [(Zk)nJ
exists each xe X and defines a fuzzy derivation H : X — X, such that
N(F(=H 0002 A-L)t (69)

1-L)+ Ly (%, %,0,---,0)

forall t>0 andforall q>0.
Proof. Letting q=1 and Ireplacing (X, -, X, Yi,=*s Yy 2,2 ) by
(x,0,--,0,0,---,0,0,---,0) in (84), I get

X t
N (Zkf (Zj_ f(x),tjz1+(p(X,“.’0’0"“,0,0,“_’0) (70)

forall xeX.Now I consider the set
M:={h:X—>Y}
and introduce the generalized metric on S as follows:

d(g,h):=inf {ﬂe]& :N(g(x)-h(x),5t)

(71)
t

>
—t+¢(x,0,---,0,0,---,0,0,~.-,0)

,VxeX,Vt>0},

where, as usual, inf¢=+oo. That has been proven by mathematicians (M, d)
is complete (see [32]).
Now I cosider the linear mapping T:M — M such that

Tg(x):=2kg (%)

forall xeX.Let g,heM be given such that d(g,h)=¢ then
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N(g(x)—h(x),gt)z t 5 ,Vxe X, Vvt >0.

N(g(x)-h(x),et)=N (Zkg [i)—Zkh(%) Lgt]

2k
=N|g ix -h lx ,Lgt
2k 2k 2k
Lt
> 2k (72)
+¢[X,...,0,0,...,0,0,...,0
2k 2k
Lt
Tt L =
= = 0(%,0,--.0,--,0,0,--,0
TRETIA )
t

= ,Vxe X, Vt>0.
t+ (X, X, X, X+, X)

So d(g,h)=¢ impliesthat d(Tg,Th)<L:e&. This means that
d(Tg,Th)<Ld(g,h)

forall g,heM. It folows from (70) that I have.

For all xeX. So d(f,Tf)<1. By Theorem 1.2, there exists a mapping
H:X—>Y satisfying the fllowing:
1) His a fixed point of T, ‘e,

X 1
H|— [=—H(X 73
(220 2
forall xe X.The mapping His a unique fixed point 7'in the set

Q={geM:d(f,g)<wx}.

This implies that A is a unique mapping satisfying (73) such that there exists a
B e(0,0) satisfying

N(f(x)—H(x),ﬁt)zt+(p(X,O,m’O,tO,.“10’0’.“,0),VXGX.

2) d (T' f.H ) —0 as | —oco. This implies equality

N — lim 2k ) f[(z—k)l]:H(x)
forall xeX.

3) d(f,H)<*

1
L
This follows that the inequality (70) is satisfied.
By (85)

d(f,Tf). which implies the inequality.

[EEN
[

4) d(f,H)<
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N{<2k>"“f[iqx"*qyj+i “Z"p]—@k)“iqf[ ]

i1 (2k)p+1 j:l(2k) i1 (2k)p
_(Zk)piéqf[(;C)p]_(Zk)PZkiéqf{(ZE)pJJ] (74)
t

ey X% v aa
(2k)°(2k)°(26)" (26)" (k)7 (2K)°
forall X, X Vi, ¥ 2, Z, € X, forall t>0 andforall geR. So

S R AN

= (2k) J=l(2k =1
b Y PR Z;
-(2k) ;qf[(zk)p}(m ZKjZ:;qf {W}t] (75)
t
. (2k)P
St L

+ v X Ve Y 2y, Z
(2k)p (Zk)p‘//(xl o Yo Yo 4y <)

forall X, X, ¥y Y 2,2, € X, forall t>0 andforall geRR.
Since
t
(20)°

lim =1
n—w t 4 Lp

(2k)"  (2K)°

forall X, -, %, Y. Y 2,2, €X, Vt>0, geR.So

kgx;+ay; & k K )
N{ZkH (Z#+Zqzjj—ZqH (x,)-2aH (y;)-2kXaH (Z,—),t]=1
2k =1 =1 g =t

=1

(//(Xl,...’xk,yl,...’ykyzl’...,zk)

(76)
forall X, -, X, Y. Y 2,2, €X, Vi>0, geR.So
2kH[i%+iqsz—qu(xj)—qu(yj)_zkqu(zj)ﬂ (77)
= = j=1 j=1 -1
Thus the mapping
H:X—>X
is additive and R -linear by (85) I have

N[(2k)2p f(ﬁ X; Y, \]—(Zk)pﬁf[ X; ]'Hyi

i (2k)2p

j=1 (2k)p j=1
K o K Y
_ng.(zk) Hf[WJtJ (78)
> t
t—H//{ X X, , Y1 N Yk 0, 'OJ
(26)" (2K)" (26)" (2K)°
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forall X+, X, Yy, ¥, €X,forall t>0.

2p iYi p k K _
(e e
k p k yj
_lj:!xj.(zk) H{W]t} (79)
t
g (2k)**
ot LP

+ v Xy Vit ,07...’0
(2 (Zk)pw(xl o Yo i )

forall X+, X, Y;,--+, Y, € X, forall t>0 Since
t
2k
(2€) =1 (80)
l//(xl ...,yklo,...IO)

lim
p—o®© t |_

(2607 (2K’

forall X, -, %,¥. .Y €X,forall t>0 Thus

N[f(]ﬁxj-yjj—f{f(xj)-ﬁyj—ﬁxj-ﬁf(yj),t)zl (81)

j=1 j=1 j=1 j=1

forall X+, X, ¥;,--+, ¥, € X,forall t>0 Thus

K k K K k
f(ij-yj]—Hf(xj)~Hy1—ij'Hf(yj)=0 (82)
=t =1 j=1 j=1 j=1
So the mapping H : X — X is a fuzzy derivation, as desired.
O
Theorem 8. Let i :X* —)[O,oo) be a function such that there exists an

L<1

X %N Ve dw Zk](%)
2k’ T2k2k’ T2k T2k’ T2k

V/(Xl""vxkvylv""ykvzl!"'lzk)SZk‘//(

forall X, -, X, Y,y Yy 2,0, 4 € X and f(0)=0.
Let f:X— X bea mapping sattisfying

N(zkf(zq +qy'+iqzj qu( - qu( - ZKIZk_;qf(zj),t]

= (84)
t
>
t+‘/’(X1""le’Y1v""Yk’Z1"“le)
Kk k k k k
N(f[ij -yj]_H f (xj)-l_[yj —ij H f (yj),tJ
j=1 j=1 j=1 j=1 j=1 (85)

>

t+l//(xl'...,xk,yl,...,yklo,...'O)
forall X+, X, Y;,--+, ¥, € X,forall t>0 andforall q>0.Then
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B(X)=N —m(zﬁ f((26)"x) (86)

exists each xe X and defines a fuzzy derivation H:X— X.

Such that

(1-L)t

1-L)+ Ly (X, %, 0,--,0) (®7)

N(f(x)—H(x),t)z(

forall t>0 andforall q>0.

7. Conclusion

In this article, I introduced the concept of the general Jensen Cauchy functional

equation, then I used a direct method to show that the solutions of the

Jensen-Cauchy functional inequality are additive maps related to the functional

equation, Jensen-Cauchy. Then apply the derivative setup on fuzzy algebra.
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