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[Omom

Vector Spaces

1. Introduction

Let X and Y are fuzzy normed spaces on the same field K,and f:X—>Y be
a mapping. I use the notation Nare the normon X andon Y respectively. In
this paper, I study the relationship between Quadratic-type functional equations
and Quadratic ¢( 4, 1, ) -function inequalities when (X,N) is a fuzzy normed
space and (Y,N) is a fuzzy Banach space.

In fact, when X is a fuzzy normed space and Y is a fuzzy Banach space we
solve and prove the Hyers-Ulam stability of the following relationship between
quadratic ¢( yl,,uz) -function inequalities and quadratic-type functional equa-

tions:
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i=1 i=1

N{Zkf {W}rm [%]—i (%)= 1( i),t}

i=1 i=1 i=1

Smin(N[;ﬁ(f[gxi+gyij+f(ixi—iyij—2i (xi)—ZiZ::f(yi)J,tj, W

N ﬂz[‘lkf (W]"‘ f [Zk‘,xi _zyij_zi f (Xi)_zg f (Yi)}t

Kk
i=1 i=1 i=1
based on following Generalized Quadratic functional equations with 24-variable

(Zne i (En-

k k

_lyijzzgf(xi)uzf(yi)

i k=1

1 1
Ao={h:R—>R:g(,ul,luz)zz+—<l,,ul,,u2ER}.

2

Note that: With kis a positive integer and he A, .

The study of the functional equation stability originated from a question of
S.M. Ulam [1], concerning the stability of group homomorphisms. Let (G,*)
be a group and let (G',o,d) be a metric group with metric d (). Geven &>0,
does there exista 0 >0 suchthatif f:G—> G’ satisfy the condition

d(f(x*y), f(x)ef(y))<s,
forall x,yeG then there is a homomorphism h:G —> G’ with
d(f(x),h(x))<g,

for all xe @G, if the answer, is affirmative, we would say that equation of ho-
momophism h(x*y)=h(y)oh(y) is stable. The concept of stability for a func-
tional equation arises when we replace a functional equation with an inequality
which acts as a perturbation of the equation. Thus the stability question of func-
tional equations is that how the solutions of the inequality differ from those of the
given function equation.

Hyers [2] gave a first affirmative partial answer to the question of Ulam for Ba-
nach spaces. Hyers” Theorem was generalized by Aoki [3] for additive mappings
and by Th.M. Rassias [4] for linear mappings by considering an unbounded Cauchy
difference. A generalization of the Th.M. Rassias theorem was obtained by Gavrut
[5] by replacing the unbounded Cauchy difference with a general control function
in the spirit of Th.M. Rassias’ approach. The stability problems of several func-
tional equations have been extensive.

Through the process of studying the works of mathematicians see ([6] [7] [8]
[9] [10] [11]) in 2020, I set up a general quadratic equation with 2&-variables on
the space Non-Archimedean Banach.

K k k K K k
f(in+Zyij+f(ZXi—Zyij—ZZf(Xi)—ZZf(yi) @
i=1 i=1 i=1 i=1 i=1 k=1

Next in 2020, I build quadratic inequalities on the application of groups and

rings,
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f[ixj +£Zn‘,xn+1] [anxj _iixnﬂ)_zif(xi)_zif[hj <&,0)
i=1 L i= Nij= i= i= n oy
forall £€>0 and
f(ﬁxj +£ﬁxn+jj+ f(ﬁxj —llﬂ[xmjj—Zlﬂ[ f (xj)—Zﬁ f [hj <4, (4)
j-1 nja j=1 Nja = i=1 Ny

forall 6>0.
Next in 2021, Ly Van An construct the quadratic inequality functional inequa-
lities in non-Archimedean Banach spaces and Banach spaces,

it ol e e

=1 ]

X2

(5)
k k k k k k
SF[%ZW ZX,j+F[ S EZXJ]—EZF[M—EZF( )
=TS kg kg Tk ks .
and
1 & K 1 & 1 & 2 & Xeii 2 k
F[ S ZX,}F[—ZZXM » ,}——ZF[k j——ZF( )
K25k kST k&g Tka = 5
2 (6)

X2

Continuing into 2021, Ly Van An construct the quadratic inequality on

y-homogeneous complex Banach space,

f[z"ruzxjn{zxr_z j sz:f( kj 2zf( )

j=1 =1 =1 ]

Y )
k+j k+J 1 k k Xk+j k
<|B| K| 2 —Zx +kf Z e RN B -2 f(x))
j=1 j=1 j=1 j=1 v
and
k . K K . k k . Kk
kf(zxk;‘+lzxjj+kf(zxk;‘ _1’ xj)_zzf(hj_zzf(xj)
j=1 k k j=1 j=1 k k j=1 j=1 k j=1 v
k Xk+' k k Xk+' k k Xk+' k (8)
<IB] FI XL x|+ | ==Y =2 = -2 (xg)
j=1 k j=1 j=1 K j=1 j=1 k j=1 v

Next in 2023, Ly Van An generalized stability of functional inequalities with

3k-variables associated for Jordan-von Neumann-type additive functional equa-

tion,
K k k
Kk k k X+ ) L+ L
D)+ ()X f ()] <2k YRR NP L] C)
j=1 j=1 j=1 v 2k
Y
and

, (10)

Y

3 k 3
< f(in +Y, +szJ
i1 -1 =1

Y
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final
d K k Z‘ij+zk_:yj K
;f(xi)Jréf(yi)Jeréf(zi)Ys ZKfL%Jr;Zj A
Y

Continuing into 2023, Ly Van An construct the broadly derivation on fuzzy
Banach algebra involving functional equations and general Cauchy-Jensen func-
tional inequalities,

Zk:f(xj)Jer:f(yj)Jrf[Zka:zj]

=1 j=1 j=1

k . . k
< oxf [Z X’;ky’ +sz] (12)

i1 =L

The paper is organized as followings:

In section preliminary, we remind some basic notations in [12]-[18] such as
Fuzzy normed spaces, Extended metric space theorem and solutions of the Jen-
sen function equation.

Section 3: Setting up quadratic ¢( My ,uz)-function inequalities (1) based on
quadratic Equation (2).

3.1: Condition for existence of solution of (1).

3.2: Establishing a solution for the quadratic h(z, ,uz) -function inequality
(1). So that we solve and proved the Hyers-Ulam type stability for functional Equ-
ation (1) Ze. the functional equations with 24-variables. Under suitable assump-
tions on spaces X and Y, we will prove that the mappings satisfying the func-
tional Equations (1).

Thus, the results in this paper are generalization of those in [19]-[65].

2. Preliminaries
2.1. Fuzzy Normed Spaces

Let X be a real vector space. Afunction N:X xR —>[0,1] is called a fuzzy norm
on Xifforall x,ye X andall s,teR,

1) (N1) N(xt)=0 for t<0;

2) (N2) x=0 ifand onlyif N(X,t)=1 forall t>0;

3) (N3) N(cx,t):N( iJ if c#0;

Xl
i

4) (N4) N(x+y,s+t)= min{N (x,s),N (y,t)} ;

5) (N5) N (X,-) is a non-decreasing function of R and lim

6) (N6) for x=0, N (X,~) is continuous on R.

The pair (X ,N) is called a fuzzy normed vector space:

N(X,t)=1;

t—o

1) Let (X N ) be a fuzzy normed vector space. A sequence {Xn} in X is said
to be convergent or converge if there exists an Xe€ X such that
lim N (Xn - X,t) =1 for all t>0. In this case, x is called the limit of the se-

n—oo

quence {Xn} and we denote itby N —Ilim___x, =X.
2) Let (X,N) be a fuzzy normed vector space. A sequence {Xn} in X is
called Cauchy if for each £>0 and each t>0 there exists an n,eN such

that forall n=n, andall p>0,wehave N(xn+p—xn,t)>1—g.
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It is well-known that every convergent sequence in a fuzzy normedvector
space is Cauchy. If each Cauchy sequence is convergent, then the fuzzy norm is
said to be complete and the fuzzy normed vector space is called a fuzzy Banach
space. We say that a mapping f :X —Y between fuzzy normed vector spaces
Xand Yis continuous at a point X, € X if for each sequence {Xn} converging
to X, in X then the sequence {f(x,)} convergesto f (). If f:X Y is
continuous at each Xe X ,then f:X —Y issaid to be continuous on X.

Let Xbe an algebraand (X,N) a fuzzy normed space.

1) The fuzzy normed space (X,N) is called a fuzzy normed algebra if

N (xy,st)>N(x,s)-N(y,t),

forall x,ye X and all positive real numbers sand ¢

2) A complete fuzzy normed algebra is called a fuzzy Banach algebra.

Let (X, Ny) and (Y,N) be fuzzy normed algebras. Then a multiplicative
R -linear mapping H:(X,Ny)—(Y,N) is called a fuzzy algebra homomor-
phism. Example:

Let (X,[]) beanormed algebra. Let

t
N (x,t) =1 t+[x]
0 t<0 xe X

Then N(xt) is a fuzzy norm on X and (X ,N (x,t)) is a fuzzy normed alge-
bra. Let (X Ny ) and (Y, N) be fuzzy normed algebras. Then a multiplicative
R -linear mapping H :(X,NX)—>(Y, N) is called a fuzzy algebra homomor-
phism.

2.2. Extended Metric Space Theorem

Theorem 1. Let (X ,d) be a complete generalized metric space and let
J:X = X be a strictly contractive mapping with Lipschitz constant L <1.

Then for each given element X e X , either
d(‘]n,\]nﬂ):w’
for all nonnegative integers 11 or there exists a positive integer n, such that
1) d(3",9" ) <o, Wnzng

2) The sequence {J "X} converges to a fixed point y" of }
3) y* is the unique fixed point of Jin the set Y ={y eX|d (J "J "+l) <oo} ;

. 1
4) d(y,y )J<—d(y,Jy) VvyeY.
) d(yy)2 = d(ndy) wye
2.3. Solutions of the Equation
The functional equation

f(x+y)+f(x—y)=2f(x)+2f(y)

is called the Qquadratic equation. In particular, every solution of the quadratic

equation is said to be a quadratic mapping.
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2.4. Solutions of the Inequalities

The solution of the quadratic function inequalities is called the quadratic map-

ping.

3. Setting up Quadratic (,, 1, ) -Function Inequalities (1)
Based on Quadratic Equation (2)

3.1. Condition for Existence of Solution of (1)

In this section, assume that X and Y be a fuzzy normed vector spaces Under

this setting, we can show that the mappings satisfying (1) is quadraticand he A.

Lemma 2. Suppose that (Y,N) be a fuzzy normed vector space and let

f :X—>Y beamapping and it satisfies the functional inequality

N [Zkf [Zi-lx‘;kzi-ly‘ ]+2kf {z‘-lx‘z_kz"ly‘ J—Zk) F(x)-2 1 (yi),t}

k
i=1 i=1

i=1 i i=1

N[y2{4kf [WJ+ f(izkllxi —Zk:yi)—ZiZkllf(xi)—ZiZkll f (yi)}t]

smin[N[M[f@xi +gyi]+f[zk:xi _ : yij—zzk:f(xi)—ng(yi)j,t], (13)

i=1

Forall x,y,eX,i=1—>k andall t>0 then fis quadratic.
Proof 1 replacing (Xl,---,Xk,yl,‘--,yk) by (0,---,0,0,---,0) in (13), we have

N(=3kg f(0),t)=N(0,t)=1 (14)
Thus f(0)=0.
Next I replacing (xl,---,xk,yl,---,yk) by (X,---,X,X,---,X) in (13), we have
1< N (4 F(2kx) - 4kf (x),1)) (15)
So
f (2kx) = 4kf (x) (16)
Forall xeX.
Now I consider
G:X->Y.

That
G(Xl""’xk’yll""yk)

=2 [W}FZ” [W}‘é”xi)_if(%)‘ w7

It follows from (13) and (14)

1
N(Ee(xl,---,xk,ylw-,yk):tj

< min(N(,ulG(xl,-",Xk,yl,--',yk),t), N(ﬂzG(Xll"'!Xk!yl!"'ayk)'t))

. (18)
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NextIput v=2t (18)Ihave

N (G (% X Yoreees i) V)
smin£N[MG(XP""XK'ylr'wyk)%j'N(/‘ZG(XM“’XWyll"-,yk)v%D

. 1 v 1 v
= N _G Ty [ [ [ ra— IN _G [ [} TR [ ra— 19
mm[ {Zk (% Yo+ ¥i) 4k|u1|j (Zk (%0 yk)4k|ﬂ2|j]( )

1
<N (G(Xp”"xk'yll'"vyk)’ﬂh(ful':uZ)vJ
<N (G(Xl,"'vxk’yl*”'Vyk)’h(ﬂl':uZ)v)
forall v>0.By (V) and (Ns) I have

G(Xl!“"xwyl*“"yk)
k (20)

k k k k k
ST D0 A EETEO R SITY
i=1 i=1 i=1 i=1 i=1 k=1
forall X=X, Y1, Y € X, since h(zy,1,)eA).
Hence fis quadratic mapping as we expected. O

3.2. Establishing a Solution for the Quadratic h(u,, 4, )-Function
Inequality (1)

In this section, assume that (X,N) is a fuzzy normed space and (Y,N) isa
fuzzy Banach space. Under this setting, we can show that the mappings satisfy-
ing (1) is quadraticand he A, .
Theorem 3. Let y : X’ —[0,00) be a function such that there exists an
1

L<—,
2k

X X W Yi
v X Ve <4kLy| =L ,... L L .. Tk 21
‘//(Xl X Ya Yk) V/(Zk ok 2k ij (21)

forall x;,y;eX for j=1-Kk.
Let f:X—>Y beamapping satisfying

min [ N [2kf {MJ + 2kf [M]
2k 2k

Kk

—}:f(ﬂ)_zzf(M)ij’t+w(&, ; ]

k
i=1 i=1 ”'vxkyyll“'lyk)

(22)

i=1 i=1

N[y2{4kf {W}L f(zk:xi —iyi)—zgf(xi)—zg f (yi)}t]

£min(N[ﬂl(f(gxi+gyij+f[gxi—zk:yij—zzk: (xi)—ZiZ::f(yi)j,tJ,

i=1 i=1

forall x;,y;eX for j=1—k,forall t>0.Then
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A(x)=N —mﬁ f((24)"x) (23)

exists each Xe€ X and defines a quadratic mapping A:X—Y such that

. 4K ||(1- L)t
N(f (- AM).L)> 4k |(1- L)t,L-L:z//(x,---,x,x,u-,x)

(24)

forall xeX and t>0.
Proof 1 replacing (xl,---,xk,yl,---,yk) by (0,---,0,0,--~,0) in (22), I have
t

N(—3kﬂlf(0),t)2t+(p(0’m,010’m,0):1 (25)

Thus f(0)=0.
Next I replacing (xl,---,xk,yl,---,yk) by (X,---,X,X,--~,X) in (22), we get

t
N P <N (4 F(2kx) -4k (x)).t)

1 (26)
<N (X) = f (2kX),——
4k 4K | 14
forall xeX.Now we consider the set
M:={h:X->Y},
and introduce the generalized metricon M as follows:
d(g,h)::inf{ﬂe[&:N(g(x)—h(x),ﬂt)
(27)
> t ¥XeX,Vt>0),
t+¢)(X,"',X,X,"',X)

where, as usual, inf ¢ =+o. That has been proven by mathematicians (M,d)
is complete (see [47]).

Now we cosider the linear mapping T:M — M such that
1
Tg(x)=—09(2kx),
9(x):= 9(2kx)

forall xeX.Let g,heM be given such that d(g,h):g then

t
N —h(x),&t)> ,Vxe X, Vt>0.
(9(x)=h(x),et) T+ (X KXo X) Xe >
Hence
1 1
N(g(x)—h(x),eLt)_N(EQ(ZKX)—Hh(ka),LgtJ
=N (g(2kx)—h(2kx),4Lst)
N 4Lt (28)
ALt + @ (2kx, -+, 2kx, 2Kx, - -+, 2kx)
S 4Lt
CALt+4ALp (X, X, X, X)
t

= ,Vxe X,Vt>0.
t+(ﬂ(X,"',X,X,"',X)
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So d(g,h)=¢ impliesthat d(Tg,Th)<L-&. This means that
d(Tg,Th)<Ld(g,h),

forall g,heM. It folows from (38) that

sN[f() 41kf(2kx) 4'<T J (29)

t
t+ (X, X, X, -+, X)

.
4k | ,ul|
A:X—>Y satisfying the following:

forall xeX.So d(f,Tf)< . By Theorem 1, there exists a mapping

1) Ais a fixed point of 7, ‘e,
A(2kx) = 4kA(X) (30)
forall xe X.The mapping A4 is a unique fixed point 7'in the set
Q={geM:d(f,g)<w}.
This implies that A4 is a unique mapping satisfying (38) such that there exists a
Be(0,0) satisfying

N(f(x)—A(x),pt)=> ol X’“.,X),VXEX.

2) d (TI f.H ) —0 as | —o. This implies equality

1
_I|m(4k) f((26)' x) =A%),

forall xeX.
1
3) d(f,A)<——d(f,Tf),
) a(r.A)<ta(r)
which implies the inequality.

1

This implies that the 1nequality (24) holds.
By (22)

gl (o) (85-8)

Kk

S (260 0) S m@}

i=! i=1

t
t+z//((2k)" X+ (2K)" X, (2K)" yye-, (2K

) o )

_zzk:f((ZK)”xi)—ZZk:f((Zk)”yi)J, ! J

) i-1 (4k)n
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N {(:‘TZ)H[M {(2k)“(§k) X, + Zk) Y, ZkD + f ((Zk)n (i X —Ekl Yi D

i=1 i=1 i=1 i=1

_2i§kl; ()" Xi)—ZiZkll F((26)"y, )) (4&)” B

forall x;,y;eX for j=1-k,forall t>0 andforall neN.So

oo () (-]

(31)

Sl £ )
smin[N[ 4k)n(f(( Zx +Zy.n+ ( Zkllx Zk;,yD

-2i F((26)"x)- ZZk:f ,tj,

|
(4k

oo b

23 ((21)" xi)—ZiZ: F((2)"y, )jt]]

i=1

(32)

forall x;,y;e€X for j=1-—k,forall t>0 andforall neN. Sosince

lim (4k)"t
1 (4K )"t (4K )" L (X X Yooy Vien Zo o1 2 )

forall x;,y;,z;eX forall j—>k, Vt>0, gqeR.So

:1’

i= i=1

gmin[N[n[A@xi+§yij+A(gx, iy,) . gA(mJ,t} -

i=1 i=1 i=1

N [72[4@{W]+ A(Z:: pa —Zk:yi)—ZiZ: A(xi)—ZiZ:: Ay, )},tﬂ

i=1

So the mapping A:X — X is a Quadratic mapping, as I desired. O

Theorem 4. Let y : X* —)[0,00) be a function such that there exists an
L< i
2k’

W (% X Yo Yie ) S == (2K, -+, 2K, 2Ky, -+, 2k, ) (34)

1
w”
forall x;,y;eX for j=1l-Kk.

Let f:X—Y bea mapping satisfying
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minLN[ kf{ Bl ]+2kf {MJ
2k
2

Kk Kk t
> f f
5 100-5100) ] o)
Kk k k Kk k k (35)
Smin(N{M(f(2xi+Zyij+f[in—Zyi]—Zzf(Xi)—ZZf(yi)],tj,
=1 i=1 i=1 i=1 i=1
y Kk k k k
N 1, 4kf —1 X |l | f(le—ZyIJ—ZZf(XI)—ZZf(yI) N
forall x;,y;e€X for j=1-k,forall t>0.Then
. n X
A(x)=N-Ilim(4k) f 36
() =N - lim(44) {(Zk)n] 36)
exists each Xe X and defines a quadratic mapping A:X —Y such that
N(f ()~ A(x).1) Akfpaa-L)t (37)

4k|,ul|(1— L)+ Ll//(X,"',X,X,-“,X)

forall xeX and t>0.

Proof. Suppose that (M,d) be the generalized metric space defined in the
proof of theorem 3.

From (35) I have

. Lt
t+(p(x,---,x,x,-'wx)£N{f( " 4kf{( J4k|%|} (38)

forall xeX,andforall t>0.
Now we cosider the linear mapping T:M — M such that

Tg(x):= 4kg(2kj

forall xe X. So d(f,Tf) L . Thus

W]
L
d(f,A)<—
4k |p|(1-1)
which implies that the inequality (37) Satisfied. The rest of the proof is similar to
the proof of Theorem 3. U

From the above theorems we have the following corollary:
Corollary 1. Suppose 62>0 and let p be a real number with 0< p<2. Let

X be a normed vector space with norm |||| Let f:X—Y bea mapping sa-

tisfying
min { N [2kf (M] + 2kf {M]
2k 2k
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t+e(zr_l||xi||t"+zr_l||yi ||p)]
Smin{N[ﬂl{f (Zk:xi +gyi]+ f [Zk:xi —Zk:yij—zz f (xi)—22k: f (yi)J,tj, (39)

= = = =
N [,uz[4kf [W}+ f (i“xi —iyij—ZZkll f (xi)—Zi: f(y, )}tD
forall x,,y,eX for j=1-k,forall t>0.Then
A(x)=N —mﬁf((zk)" ) (40)

exists each Xe€ X and defines a quadratic mapping A:X—Y such that

N(f(x)=A(x),t)= (4K = (2K)° )t

> (41)
4k|,ul|(4k —(2k)p)t+92ik:l||2kxi I’

forall xeX and t>0.
Corollary 2. Suppose €>=0 and let p be a real number with p>2.Let X
be a normed vector space with norm |||| Let f:X—Y bea mapping satisfy-

ing

min [ N [Zkf {M] + 2kf {Zlk_lx,;z:‘_ly,]
2k 2k

gf(x');f(y)'tj’we(zrlnx.ntp+zrl||y||”)J "
< N[ (S )+ 1S4 -En -2 -2 1)
(oo [ErgE (o s reo-sg o)
forall Xy, €X for j=1->k,forall t>0.Then

A(X)=N ~ lim (k) 1 {&x} (43)

exists each Xe€ X and defines a quadratic mapping A:X—>Y such that

) 4K ) (4 - (2K)" )t
N(f(x)-A(xX).t)= o (TR R s

forall XxeX and t>0.

4. Conclusion

In this paper, I construct the ¢( M, ﬂz)-function inequality on fuzzy space,
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which is a great idea for the field of functional equations. Then I show how to

find their solutions in spaces constructed by Mathematicians.
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