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Extension of Homomorphisms-Isomor-

phisms and Derivatives on Quasi-Banach  In this paper, I establish homomorphisms, isomorphisms, and derivatives of
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variables. First, I establish the homomorphisms for Equation (1.1); second, I
establish the isomorphisms for Equation (1.2); and finally, I develop the de-

rivative for Equation (1.3). These are the main results of this paper.
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1. Introduction

Let X and Y are two linear spaces on the same field K,and f:X—>Y be
a linear mapping. I use the notation "”x (||-||Y) for corresponding the norms
on X and Y. In this paper, I investigate the stability of generalized homo-
morphisms-isomorphism and derivatives when X is a quasi-normed algebras
with quasi-norm "”x and that Y isa p-Banach algebras with p-norm ||||Y

In fact, when X is a quasi-normed algebras with quasi-norm "”x and that

Y is a p-Banach algebras with p-norm ||-|Y, I solve and prove the Hyers-

Ulam-Rassias type stability of generalized Homomorphisms-isomorphism and
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derivatives on quasi-Banach algebra, associated to the following generalized
Cauchy-Jensen additive functional equations

k¢(z%+§zij+k¢(zu+24j - §¢(xi)+2kz¢(zi) 1)

i=l1 i=1 2k i=1 i=1

Ly Lk kK oy —vy Lk k
Lty +;z,-j—k¢[z—"'2ky' +§z,.j:;¢<y,.) )

i=1

(2

2k¢(z;xi2+kyi +Zzl):2¢(xi)+ ¢(yi)+2k2;¢(zi) (3)

i=1 i= i=1 i=

The study the stability of generalized homomorphisms-isomorphism and de-
rivatives in quasi-Banach algebras originated from a question of S. M. Ulam [1],
concerning the stability of group homomorphisms.

Let (G,*) be a group and let (G',O,d) be a metric group with metric
d(-). Given &> 0, does there exist a &>0 such that if f:G—>G’ satis-

fies inequality
d(f(x*y),f(x)Of(y))< o,Vx eG,
then there is a homomorphism #:G — G’ with

d(f(x),h(x))<g,VxeG

If the answer is affirmative, I would say that the equation of homomorphism

H(x*y):H(x)OH(y),‘v’xeG

is stable. The concept of stability for a functional equation arises when I replace
the functional equation by an inequality which acts as a perturbation of the equ-
ation. Thus the stability question of functional equations is that how do the solu-
tions of the inequality differ from those of the given functional equation? In
1941, Hyers [2] gave a first affirmative answer to the question of Ulam for Ba-
nach spaces.

Let Xand Ybe Banach space. Assume that f: X — Y satisfies

flx+y)-f(x)-f(y)se (4)

forall x,ye X andsome &> 0. Then there exists a unique additive mapping
T:X —Y such that

||f(x)—T(x)||£5 (5)

Next 1978 Th. M. Rassias [3] provided a generalization of Hyers’” Theorem
which allows the Cauchy difference to be unbounded.

J. M. Rassias [4] [5] [6] built no continuity conditions are required for this
result, but if A £x) is continuous in the real variable ¢ for each fixed x e E, then
L is linear, and if f is continuous at a single point of E then L:E — E' is also

continuous. J. M. Rassias assumed the following weaker inequality

|/ (x+ )= ()= r () =6 | ()
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Vx,y € E ; involving a product of different powers of norms, where >0 and
real p,q such that r=p+g=#1, and retained the condition of continuity
f (tx) in t for fixed x. Analogous results could be investigated with additive
type equations involving a product of powers of norms.

Next 1994 Gévruta [7] Generalized the Rassias’ result. There are also many
mathematicians who have built many results for this topic as [1]-[24].

Recently, the authors studied the Hyers-Ulam-Rassias type stability for the
following functional equations (see [8] [9] [10] [11] [12])

(i)t o
SN S N A
f[ 2 ”j f( 2 ”) 7o) Y
2[5 e o35 =02 () ®
Next
f[ixj+%Zk:xk+jj:if(xj)+if[xl};j] (10)
and
1 & 1 & & [ Kre
Zkf(ﬁj;xj+W;xk+jj=;f(xj)+§f[Tj .
Final
mf Zj:lxj +m2j—1xk+j :if(xj)+if<Xk+'j) (12)

In this paper, I have built a general problem about homomorphisms-isomor-
phism and derivatives on quasi-Banach algebra based on the general additive
Cauchy-Jensen equation. To write these problems, I follow the ideas of mathe-
maticians around the world see [1]-[24]. In order to provide researchers in Ma-
thematics when building problems, there is no restriction on variables for the
problem. This is what I consider an open dream problem or a bright horizon for
the field of functional equations in quasi-Banach algebras.

In this paper, I solve and proved the Hyers-Ulam-Rassias type stability for
functional Equations (1.1), (1.2) and (1.3), ie., the functional equations with 3k
variables. Under suitable assumptions on spaces X and Y, I will prove that
the mappings satisfying the functional Equation (1.1), (1.2) and (1.3).

Thus, the results in this paper are generalization of those in [8] [9] [10] [11]
[12] [24] for functional equations with 3k variables. The paper is organized as
follows:

In section preliminarier I remind some basic notations in such as Qua-
si-normed space—Quasi-Banach algebras. Some theorems R -linear mapping
and Solutions of the equations see ([3] [4] [5] [6]).
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Section 3: Constructing homomorphisms on quasi-Banach algebras for (1.1).
Section 4: Constructing isomorphisms on quasi-Banach algebras for (1.2).

Section 5: Constructing derivatives on quasi-Banach algebras for (1.3).

2. Preliminaries

2.1. Quasi-Normed Space—Quasi-Banach Algebras

Let X be a real linear space. A quasi-norm is a real-valued function on X sa-
tisfying the following:

1) ||x|| 20 forall xeX and ||x|| =0 ifandonlyif x=0.

2) |[Ax|=|A||x| forall 2eR andall xeX.

3) There is a constant K >1 such that

e vl K (el +[1v]) ¥, € X

The pair (X, ||||) is called a quasi-normed space if |||| is a quasi-norm on
X.

The smallest possible K'is called the modulus of concavity of |||| .

A quasi-Banach space is a complete quasi-normed space.

A quasi-norm |||| is called a p-norm (0< p<1)if
e 2" <[l + 1" v,y e X

In this case, a quasi-Banach space is called a p-Banach space.

Note: Given a p-norm, the formula d(x,y):= ||x— y||p gives us a translation
invariant metric on X. By the Aoki-Rolewicz Theorem [13] (see also [14]), each
quasi-norm is equivalent to some p-norm. Since it is much easier to work with
p-norms, henceforth I restrict my attention mainly to p-norms.

Let (X,"") be a quasi-normed space. The quasi-normed space (X,"") is
called a quasi-normed algebras if X is an algebras and there is a constant
K >0 such that

e vl < &[]
A quasi-Banach algebras is a complete quasi-normed algebras.
If the quasi-norm |||| is a p-norm, quasi-Banach is called p-Banach algebras.
2.2.Some Theorems R -Linear Mapping

Theorem 1. Th. M. Rassias: Let f:E, > E, be a mapping from a normed

vector space E, into a Banach space E, subject to the inequality

7 (x4 2)= £ )= F ) < 2 (ol + A7) (13)
for all x,y<E,, where ¢ and p are constants with p<1 and £>0. then
the limit

2}1
T(x)=lim f(zn x) (14)

exists for all x€E, and that 7:E, > E, is the unique additive mapping sa-
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tisfying

", VxekE,. (15)

|7 () -7 ()] =3

If p<0 then (2.1) holds for x,y#0 and (2.2) for x = 0. Also, if for each
x€E, the function If f£x) is continuous in 7 € R, then 7is linear.

Theorem 2. Let E be real normed linear space and E' a real complete
normed linear space. Assume that f:E —E’ is an approximately additive

mapping for which there exists constants >0 and peR—{l} such that
f (x) satisfy inequality

£ (e+3)=f ()= £ ()] <Ol ol ¥y < B (16)

then there exists a unique additive mapping linear T:E — E’ satisfies

CRAC) B ||x||" xeE. (17)

If, in addition f:E —E’ is a transformation ¢ — f (tx) is continuous in
teR foreach fixed xeE,then 7isan R -linear mapping.

Theorem 3. Let E be real normed linear space and E' a real complete
normed linear space. Assume that f:E —E’ is an approximately additive
mapping for which there exists constants ¢>0 such that f (x) satisfy in-
equality

Hf WG E

(xl,xz,--‘,x"). (18)

(xl,xz,---,xn)eE and K:E" —)R+—{O} is a non-negative real-valued

function such that

1 o .
( ) Z_f (njx17njx25'“7njxn)<oo (19)
is a non-negative function of x, and the condition
.1
lim —mK(n’”xl,n'"xz,“',n’”xn):O (20)
m-—o0 n

holds then there exists a unique additive mapping T :E—E' satisfies

"f(x) " er (21)

If, in addition f:E —E' is a transformation ¢ — f (tx) is continuous in
teR foreachfixed xeE,then 7 isan R-linear mapping.

Theorem 4. Let E be real normed linear space and E' a real complete
normed linear space. Assume that f:E —E’ is an approximately additive
mapping for which there exists constants >0 and p,qeR such that
p+q#1 and fsatisfy inequality

| (et )= 1 ()= 1 )| < O oA s < B (22)

then there exists a unique additive mapping linear 7:E — E' satisfies
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| () -2 ()] < IIXII el (23)

27 —

If, in addition f:E —E’ is a transformation ¢ — f (tx) is continuous in

teR foreachfixed xeE,then T'isan R -linear mapping.

2.3. Solutions of the Equation
f(x+y)=71(x)+/(») (24)
is called the Cauchy equation. In particular, every solution of the Cauchy equa-
tion is said to be an additive mapping.
The functional equation

(552)-3700+370) @9

is called the Jensen equation. In particular, every solution of the Jensen equation
is said to be a Jensen additive mapping.

The functional equation

Zf(x+y

is called the Cauchy-Jensen equation. In particular, every solution of the

+zj:f(x)+f(y)+2f(z) 26)

Cauchy-Jensen equation is said to be a Jensen-Cauchy additive mapping.

3. Constructing Homomorphisms in Quasi-Banach Algebras

Now I construct a homomorphism for (1.1) Note that: (1.2) and (1.3) are also
built exactly the same.

Here I assume that, A is a quasi-normed with norm |||| , and that B isa
p-Banach algebra with norm ||||]B .Let K be the modulus of concavity of ||||]B .
Under this setting, I can show that the mappings satisfying (1.1) is homomor-
phisms.

Theorem 5. Let »>¢g with ¢g>2 and @ be positive real numbers, and
f:X—>Y beamapping such that

ka Z] [zz_kyzjzf(usz()

i=1 i=1 i=1 i=1
r
X

H (o [ T T 0)

Y@

j (28)

for all x,y,z €X, for all i=1—k.If f(&x) is continuous in reR each

)| 5o b Sk

fixed x e X, then there exists a unique homomorphism H:X — Y such that

1
(o), M|

-2y

|7 (x)-

; VxeX. (29)
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Proof. 1 replace (xl,---,xk,yl,“-,yk,zl,---,zk) by (x,---,x,x,---,x,x,---,O) in
(27), I have

i (23)-207 (), <(2k+1)0], 60

forall xe X.So

X 1)6 r
211 = <) 2+—|= 31
‘f(x) f(zjy ( ka,xx e
forall xe X.From Y is p-Banach algebra so I have
e »
2[ i _2m J+l x J

H f(zlj [Zﬂj Z:; ( j f(zﬁl Y

(32)

P m=l P
§2+lj 0 zz_xpr
k P S X X
for all nonnegative integers m and /with m >/ and for all xe X. It follows

(32) that the sequence {2" f (2%}} is a Cauchy sequence for all x e X. Since

Y is complete, the sequence {2" f (Zi"j} converges. So one can define the
mapping H:X—>Y by

H(x)=1im?2" f( ) (33)

forall xe X .By (28)and (27),

‘kH(z 2ky’+2zj+kH[Z y’+22j Y01 (x)- 243 H(z)

i=1 i=1

k _ k
=1lim2" ka x * +Zz—i)+l¢[2—xi i +ZZ—;j

ns00 pr 2n+lk e 2
Sl |0

(34)

—ﬁf(—;)—szf(z—;]
nsm DN [

Y

< hm

forall x,y,,z,eX,forall i=1—>k%.
So
Ex oty & —y k k
kH(ZT+Zzl)+kH(Z ’+sz S H(x)+ 23 H(z) G5)
i=1 i=1 i=1 i=1 i=1 i=1

for all x,y,,z,€X, for all i=1—k. By lemma 5 (see 24]), the mapping
H :X— Y isCauchy additive. (see the theorem of [3])
Then mapping H:X— Y is R -linear. It follows from (28) that

f[nyjnf( /()

Y

JUESRETEY

i=1 i=1
jo

=lim2**

n—o

(36)

Y
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Vx,yeX.
So

([T |- [T )[ 1) @)

Vx,yeX.

Now I prove the uniqueness of A. Assume that H :X — Y is a Cauchy-
Jensen additive mapping satisfying (29). Then I have

g )
i

(2+1)K6’ 0
Sz#

-2y

"H(x)—Hl (x)”y =2"

+ f[zinxj+H1 [%xj

J (38)

which tends to zero as n—>o for all xeX. So I can conclude that
H(x)=H,(x) forall xeX. This proves the uniqueness of . Thus the map-
ping H,:X —>Y isaunique homomorphism satisfying (29). O

Theorem 6. Let » <g with ¢g<1 and & be positive real numbers, and
f:X—>Y beamapping such that

52 ”*22)+kf(§ g g
<H(Z"x

J

H (T [T e0T 1700

Y (39)

) (40)

for all x,y,z €X, for all i=1—>k.If f(fx) is continuous in reR each

< Q(Z"x

fixed x e X, then there exists a unique homomorphism H:X—Y such that
[1 + 21kj o
|7 ()= # (), <— ]

22y

VxeX (41)

Proof. 1 replace (xl,---,xk,yl,“-,yk,zl,---,zk) by (x,---,x,x,---,x,x,---,O) in
(39), I have

[ (2) =241 (), < (2k +1) 6}l (42)

S(HLJ
2k

forall xe X.Since Y isa p-Banach algebra,

forall xeX. So

H f(x)—% 7(2x) (43)
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p m
0 gor ()] <5
Y Jj= Y
_ (44)
, -1 o o
[14‘5) 0 ZHF"XX

for all nonnegative integers m and /with m >/ and for all xe X. It follows

1
(44) that the sequence {2—n f (2”x)} is a Cauchy sequence for all x e X. Since

1
Y is complete, the sequence {2— f (2” x)} converges. So one can define the

n

mapping H:X—>Y by
.1 N
H(x):llﬁrg?fp x)

forall xe X.

Moreover, letting /=0 and passing the limit m — o in (44) I get (41). The
rest of the proof is similar to the proof of Theorem 5. O

Theorem 7. Let r >k, with £>1 and @ be positive real numbers, and
f:X—>Y beamapping such that

(S50 e o (S22 8 |- S ) -2E 2)

i=1 i=1 i=l1 i=1

. Yoo(45)
<011k ;;gluyl- a1 T
k k k k
(1T T T 0] <o Tl TIbg e

for all x,,y,z,€X, forall i=1—>k.If f(tx) is continuous in feR each

fixed x e X, then there exists a unique homomorphism A :X—Y such that

7 ()~ ()], <Ll
k(2% =20 )

3kr

,VxeX. (47)

Proof. 1 replace (x,,-, X, V1., Vs Zpo 52, ) by (%00, %%+, %,x,++,0) in
(45), I have

3kr

i (2:¢) =24 ()], < 0]l (48)
forall xe X.So
X 1 9 3kr
_2fl = 49
lo-2r(3) <35k @
forall xe X.Since Y isa p-Banach algebras,
x P
2! 2"
H f(zlj f(ij
(50)

m=1
<
=

||3pkr

‘ 1 @7 ml ¥

g

3 pk 3 phrj
kP Zprj:mzprj
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for all nonnegative integers m and /with m >/ and for all xe X. It follows

(50) that the sequence {2" f (2%}} is a Cauchy sequence for all x e X. Since

Y is complete, the sequence {2" f (Zi"j} converges. So one can define the

mapping H:X—>Y by

H(x)= 1im2"f(2inj, (51)

n—»w0

forall xe X .By (46) and (45),

kH[zk:xf;kyf +§k:z,.j+kH[ix"2_kyf +Zk:zij—iH(xi)—2kZH(zi)

i=l1

(52)

_if(z"] Zka(z"
1 (AR (A (T

forall x,y,z, e X, forall i=1—>k.
So

< rlzilolo 23nkr H”

(z +sz+kH(z "2_ky"+Zk:zij:izlj;H(xi)+2kzk:H(zi) (53)

i=1 i=1 i=1 i=1

for all x,x,,---,x;, € X. By lemma 5 (see [24]), the mapping H:X—>Y is
Cauchy additive. By proving as proof of the theorem of [3] the mapping
H:X—>Y is R-linear. Vx,yeX.

It follows from (46) that

|

f(lilé‘z ) ,Hf( ()
tim 222 Tk Tl

= lim 2"

n—»0

(54)

Y

< 11m

Vx,yeX.
So

[ =TT 0) e

Vx,yeX.
The rest of the proof is similar to the proof of Theorem 5 O

1
Theorem 8. Let r<—, with g>3 and & be positive real numbers, and

f:X—>Y beamapping such that
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ka OV DI D WO EEDNIE

11 k:l i=1 ) i=1 i=1 i=1 Y (56)
se-gnxf||;-131||y,- Al 11T

V(1T T <o Tk Tk

for all x,,y,z;€X, forall i=1—>k.If f(tx) is continuous in f<R each
fixed x e X, then there exists a unique homomorphism A :X —Y such that

9 r
"f(x)—H(x)"Y S—lux o ,VxeX. (58)
k(20 =22 )
Proof. 1 replace (x,,-, X, V1, Vs Zpo 52, ) by (%0, %%+, %,x,+-,0) in
(56), I have
o 2) -2 (s, <ol o)
forall xe X.So
-39 <5l
Y
forall xe X.Since Y isa p-Banach algebras,
1 1 v
?f<2lx)—2—mf(2mx)
Y
m—1 1 1 m— phrj (60)
. it 3 pkr
<2t ()5 (2 )Y ( ek

for all nonnegative integers m and /with m >/ and for all xe X. It follows

1
(60) that the sequence {2_” f (Z"X)} is a Cauchy sequence for all x e X. Since

1
Y is complete, the sequence {? f (2" x)} converges. So one can define the

mapping H:X—>Y by

(x) = hminf(Z"x)

n—w )

for all x e X . Moreover, letting /=0 and passing the lim _, in (60) I have
(56),

It follows from (57) that

(T ) T 10

—>00

Y

= hm SPT

< ilil;lj 22nk} H"X

(HZ”x Z"le Hf(z"xl.)~Hf(2"y,->
1;["% ;( =
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Vx,yeX. So
k k k
([ )= 1617 0)
i=1 i=1 i=1
Vx,yeX.
The rest of the proof is similar to the proof of Theorem 5. O

4. Constructing Isomorphisms Based on Quasi-Banach
Algebras

Now I construct isomorphisms for (1.2). Note that: (1.1) and (1.3) are also built
exactly the same.

Here I assume that A is a quasi-Banach with norm |||| , and unit eand that
B is a p-Banach algebra with norm ||||]B and unit ¢'.Let K be the modulus
of concavity of ||||B . Under this setting, I can show that the mappings satisfying
(1.2) is isomorphisms.

Theorem 9. Let »>g with ¢g>1 and & be positive real numbers, and

f:X—>Y beamapping such that

(g (g 0o

i=l1 i=1 i=l1 i=1
r
X

< H(Zl:nxi ; +§1"zi
([T - TG0 0) ()

i=

v (61)

k
w2l
i=1

for all x.,y,z;e€X, forall i=1—>k.If f(tx) is continuous in feR each
fixed xe X and

lim 2" f(zij =¢ (63)

n—0

then the mapping f:X — Y isanisomorphism.
Proof. 1 replace (x,,-, X, V1., Vs Zpo 52, ) by (%0, %%+, %,x,++,0) in
(61), I have

[ (2x) =24 (), < (2k +1) 0 (64)

forall xe X.So

X 1Y
xX)=2f= |l £|2+—|—| 65
lw-2r(3)) <(2e4 2k (65
forall xe X .Since Y isa p-Banach algebra,

x I

iz frol)

2 2/71 v
(66)

m—1

3)

J=l

pr
X

P V4 _ i

. X . X 1 01’ m—1 24
2 fl = -2l — | <|2+— —|x

f(Z"] f(Z"”JY ( kj 27 j;@””

for all nonnegative integers m and /with m >/ and for all x e X. It follows
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(66) that the sequence {2" f (%}} is a Cauchy sequence for all x e X. Since

Y is complete, the sequence {2" f (Zi”j} converges. So one can define the

mapping H:X—>Y by

Hn—>0

H(x)=lim2" f(ziJ (67)

for all xe X.Moreover, letting /=0 and passing the limit m — o in (66), I

H(x), < @

-2y

get

|7 (x)- [ WreX. (68)

It follows from (62) that

‘m(ﬁ%é%j_m(z y’+Zz] 3 H(x)

i=1 i=1 i=1

(69)

:}li})gzn kf‘(z );r:-_]yl +zznj (Z n+l Zzz_nj_zf(ij

22k,

forall x,y,z, e X, forall i=1—>k.
So

kH(i%*‘ZI{:xzm] kH(Z LTkt +zx2k+zj: Zk:H(xi) (70)

i=1 i=1 i=1

Jo

I +Z||Z

n—>x%

for all x,y,z, €X, for all i=1—>k. By lemma 5 (see [24]), the mapping
H :X— Y isCauchy additive. See the theorem of [3].
The mapping H:X —Y is R-linear. Since

f@jm}ﬁ[f(xi)ﬁf(yi) (71)

forall x,y,,z,eX,forall i=1—>k%.
koo kg
=1im 2" f(]‘[_;j.z"k f[Hz—;J (72)
k

for all x,,y,,z,€X, for all i=1— k. So the mapping H:X —Y is homo-
morphism.
It follows from (62) that
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H(x)=H (ex)=lim2’ f( j ggznf(zin.xj

n—0

(73)
:li_r){.lOZ"f(zinj-f(x)ze'-f(x):f(x),VxeX

Vx € X . So the mapping f:X — Y isanisomorphism. O
Theorem 10. Let »<q with g<1 and & be positive real numbers, and

f:X—>Y beamapping such that

Hf y’+zz] (zz—yzjzm

<o Sheli+ | k)
f[ljx,-y,-}ﬁf(x,.)]i[f(yi) (75)

for all x,y,z €X, for all i=1—>k.If f(fx) is continuous in reR each
fixed xe X and

v (74)

lim 2" f( j e (76)

then the mapping f:X — Y isanisomorphism.
The rest of the proof is similar to the proof of Theorem 9.

1
Theorem 11. Let »>— with ¢g>3 and & be positive real numbers, and

f:X—>Y beamapping such that
+ — . k k
(S35 (B3 B £ )
= 2k i=1 i=1
k
<o-T Tkl TT Al {111
k k k
f(nxiyij=nf<xi>nf<yi> 78)
i=1 i=1 i=1

for all x.,y,z;e€X, forall i=1—>k.If f(tx) is continuous in feR each
fixed xe X and

Y (77)

lim 2" f(zij =¢ (79)

then the mapping f:X — Y isanisomorphism.
Proof. 1 replace (x,,-, X, V1, Vs Zpo 52, ) by (%00, %,x,0+,%,x,++,0) in
(77), I have

3kr

i (2x) =241 ()], < 0|lxl (80)
forall xe X.So
1 9 3kr
f(x)=-2f ) . (81)
H \ k 23 k X
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forall xe X.Hence

¥4

e
oofg)

for all nonnegative integers m and /with m >/ and for all x e X. It follows

, | (82)
m-1 < 1 ep m-1 217]
- k_p 23krp j;l

=l+

||3pkr

Pkrj
=i \ 2

(82) that the sequence {2" f (%]} is a Cauchy sequence for all x e X. Since

Y is complete, the sequence {2" f (Zi"j} converges. So one can define the

mapping H:X—>Y by

n—x0

H(x)=1lim?2" f( ) (83)

forall xe X.
Moreover, letting /=0 and passing the limit m — o in (82), 1 get

"f(x)—H(x)"Y S——————7 1 "
k(23""’ 21’)

3kr

,Vxe X (84)

The rest of the proof is similar to the proof of Theorems 7 and 9. O

1
Theorem 12. Let »>— with ¢g>3 and & be positive real numbers, and

f:X—>Y beamapping such that

ka $ax +sz (ﬁuézi}zﬂ%)

i=1 i=1 2k i=1

k k
<TI0k - 1+ T,
X Yi X X illx

i=1 i=2

Y (85)

f[ﬁxiyi}ﬁf(xi)ﬁ[f(yi) (86)

for all x,,y,z;€X, forall i=1—>k.If f(tx) is continuous in f<R each
fixed xe X and

lim 2" f(zij = ¢ (87)

then the mapping f:X — Y isanisomorphism.
The rest of the proof is similar to the proof of Theorems 8 and 9.

5. Constructing Derivatives on Quasi-Banach Algebras

Now I construct derivatives for (1.3). Note that: (1.1) and (1.2) are also built ex-
actly the same.
Here I assume that, A is a p-Banach algebras with norm |||| , Let K be

the modulus of concavity of |||| , - Under this setting, I can show that the map-
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pings satisfying (1.3) is generalized derivation.
A generalized derivations S:X — X is linear and fulfills the generalized

Leibniz rue
(1 Tora = T 1T T (1T Uz 1T T ) 09

forall x,x,,-,x;, €X.
Theorem 13. Let »>¢g with ¢>3 and & be positive real numbers, and
f:X—> X beamapping such that

b (52225 )- ;f< 53 ()-%E /(=)
se(;”xi;

v (89)

J
I ﬁxfyfzf)-ﬂ(ﬁxﬂﬁ%+1ﬁxﬁ£f!yf)f1 {1l
<o Sheli+3 )

for all x,y,,z €X, for all i=1—>k.If f(fx) is continuous in reR each

*(90)

fixed x e X, then there exists a unique generalized derivation S:X — X such
that

[r2)

1+— 1|0

2k -

|7 ()-8, s~y .vxeX. (91)
Proof. 1 replace (x,,-, X, V1, Vs Zpo 52, ) by (%00, %%+, %,x,++,0) in

(89), I have
|2 (2x)—4kf (x)[ < (2K +1) 0|, (92)

S(1+Lj-i’_|x
X 2k) 2

forall xe X.Since X isa p-Banach algebra,

%J e
*1(5)2(5)

for all nonnegative integers m and /with m >/ and for all xe X. It follows

forall xe X.So

”

X

po-21()

P

(93)

m=1

I P ogp m-1 B
£(1+L) 9—2 2 1]
v 2k 20 o 277

X

/=/

(93) that the sequence {2" f (%]} is a Cauchy sequence for all x e X. Since

X is complete, the sequence {2" f (Zi”j} converges. So one can define the

mapping f:X—> X by
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plo)=tm2 ()

n—x0

for all x e X. Moreover, letting /=0 and passing the limit m — o0 in (93), I
get (91). It follows from (89) that

szﬂ[zx;ky' +Zz ) iﬁ(xi)—fﬁ(y,-)—%iﬁ(zf)

i=1 i=1 i=1

X
. . +y X k 2 k z.
= lim2" 2 ! - 2|2k Zi
s kf[z;‘ 21k leJ Zlfﬁzj Z;f[zj Z;f(zJX
<11m (Z"x j=0
4)002'”
forall x,,y,,z,eX,forall i=1—>k.
So

k

k k
2kﬁ[2 +, +sz W WIAREDWICIR:
for all x,,y,z,€X, for all i=1—k. By lemma 5 (see [24]), the mapping
B:X — X is Cauchy additive. By the theorem of [3] the mapping f:X —> X
is R-linear.

It follows from (90) that

k k k k k
R i

i=1 i=1 i= 1 =

XViZ; - .
[zl 2% j l:[ J-l

X Ji . x: XviZi
+H27f[nznkjnz,,k (15[ 115

i=1 i=1 i=1 i=1

Sl S+ Bl )0

forall x,y,,z,€eX,forall i=1—k.So

ﬂ(ﬁxiyizlj— (ny,jl_[ Z; ]f[ ,ﬂ( f yijﬁzi+ﬁxiﬂ(ﬁyizij (95)

i=1

X

= lim 2™

n—o

(94)

X

< 11m0

n—o0

forall x,y,,z,eX,forall i=1—>k%.
Now I prove the uniqueness of S . Assume that £ :X—>X is a
Cauchy-Jensen additive mapping satisfying (91). Then I have

o)l =2 (e o)

SR

[1+IJK9 o
<oy 2K)

1 nr

-2y

X

(erale

)

X
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which tends to zero as n—>ow for all xeX. So I can conclude that
ﬂ(x) =p (x) for all x e X. This proves the uniqueness of . Thus the map-
ping B :X — X isaunique generalized derivation satisfying (91). O

Theorem 14. Let r<q with g<1 and @ be positive real numbers, and
f:X—> X beamapping such that

H gy +Zz) > F(5)-2 A ()23 £ (2)

se(gnxi ; .|
oAl it
<o Sheli+3 .

for all x,,y,z,e€X, forall i=1—>k.If f(tx) is continuous in feR each

¥ (96)

¥ (97)

fixed x e X, then there exists a unique generalized derivation £:X — X such

that
(1+21k)0
|7 ()= B <=—=Ix

(-2

;,Vx eX. (98)

The rest of the proof is similar to the proof of Theorem 13.
Theorem 15. Let »>g with g>1 and @ Dbe positive real numbers, and
f:X—> X beamapping such that

szf[zl y’+ZzJ éf(xl.)—iz::f(yi)—2k;f(zi)
<o-TThsli Tk Aal {1+ 1Tl
A it ol s i

i=1 i=1 i=1
rk r
X '(“—H"Zi”xj
i=2

for all x,,y,z;e€X, forall i=1—>k.If f(tx) is continuous in feR each

v (99)

*(100)
k

Hlly,

. |Zl
i=1

fixed x e X, then there exists a unique generalized derivation £:X — X such
that

1
|7 ()= SM

@ -2y

" VxeX (101)

Proof. 1 replace (x,,-, X, V1., Vs Zpo 52, ) by (%00, %%+, %,x,++,0) in
(99), I have

3hr

|27 (2x) - 447 ()] < 0|

(102)
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forall xe X.So

1 9 3kr
SEF X X

X

po-2r()

forall xe X.Since X isa p-Banach algebra,

ff(zJ e

P

m-1 x 1 QP m=l P - (103)
j+1 prr
[ j / f(zjﬂ j < P ’ 23pkr Z 23kprj x"X
_]:[ Y (Zk) Jj=1+1

for all nonnegative integers m and /with m >/ and for all xe X. It follows

(103) that the sequence {2"f(2inj} is a Cauchy sequence for all x e X. Since

X is complete, the sequence {2” f (2%}} converges. So one can define the

mapping S:X—> X by

n—x0

plo)=tm2 ()

for all x e X. Moreover, letting /=0 and passing the limit m —c in (103),
I get (101). It follows from (99) that

2kﬁ[i%+gzij—éﬂ(xi)—éﬂ(yi)—Zkéﬂ(zi)

i=1

X

k k
W(z Sl Ey e e K
<timo- Tl [Tk As (11110 ) -

forall x,---,x,¥, V2,2 € X.
So

Zkﬂ(zklquZklzij—Zklﬂ(xi)—Zklﬂ(yi)—2kﬁ)ﬁ(zl-):0 (105)

i=1 2k i=1 i=1 i=l1 i=1
for all x,--,x., ¥, Vi»2,"+",Z, € X. By lemma 5 (see [24]), the mapping
B:X — X is Cauchy additive. By the theorem of [3] the mapping f:X —> X
is R-linear.
It follows from (100) that

H ny,, (ny,jl_lﬂﬁxlﬁ(ﬁyijflz, lilxlﬁ[l_[y, ]

i=1 i=l1 i=1 i=l1

fEH XiXp4iXok+i j_ f(H XiXpvi )H 2ank

= lim 2*™
N0 i 23nk e 22nk e
k k k k
Ji Xi XiriXok+i
+Hﬂ(nﬁruknﬂ [T
i=1 i=1 i=1 i=1

k
< llm 3k0 nkr [Z| J:

X

(106)

I
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forall x,---,x.,¥, V2,2 € X.S0
k

ﬂ(]szylzlj:ﬂ[nxtylj]:[zt _HXIﬁ[HyI]HZI +szﬂ(Hylle (107)

i= i=1 i=1 i=

forall x,---,x, ¥, V2,2 €X.
Now I prove the uniqueness of . Assume that S :X — X isa Cauchy-Jensen

additive mapping satisfying (101). Then I have

o) o =2 5+ =5

SZ”K(Hﬁ(%xJ—f{%xJX—F f[%x}+ﬁl(2—lnxjx] (108)
(2k+}l)K0 \
SZk—l. 2r1r rX
)

which tends to zero as n—>o for all xeX. So I can conclude that
ﬂ(x) =p (x) for all x e X. This proves the uniqueness of A . Thus the map-
ping S, :X — X isaunique generalized derivation satisfying (101). O

6. Conclusion

In this paper, I construct extensions of homomorphisms, isomorphisms, and de-
rivatives based on Banach algebra. The fundamental contribution here is the de-
velopment of a general Cauchy-Jensen equation, which serves as the cornerstone
for establishing mathematical links across various research areas in mathematics,

without any restrictions on generality.
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