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Abstract

In this paper, we study to solve the quadratic type A-functional equation with
3k variables. First, we investigated in non-Archimedean Banach spaces with a
fixed point method, next, we investigated in non-Archimedean Banach spaces
with a direct method and finally we do research in non-Archimedean random
spaces. I will show that the solutions of the quadratic type A-functional equation
are quadratic type mappings. These are the main results of this paper.
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1. Introduction

Let X and Y be anormed spaces on the same field K,and f:X—>Y.We
use the notation |||| for all the norm on both X and Y. In this paper, I
study and expand the A -function equation from non-Archimedean normed
space to non-Archimedean random normed space.

In fact, when X is non-Archimedean normed space and Y is non-Archi-

medean Banach spaces.
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Or X is a vector over field K and (Y,I,T) be a non-Archimedean ran-
dom Banach space over field K. We solve and prove the Hyers-Ulam-Rassisa

type stability of forllowing quadratic A-functional equation.
k k
2> f(z;)+ 2> F(x+Y;)
j=1 =1
K K Kk k k K
=f (Z’HZ 7 +sz]+ﬂ.2mf A" [ij +Y, —szj
=t =t =1 i=1 j=1

=1

(1)

where: Let |2k| #1, 1is a fixed non-Archimedean number with 172" =4k —1
and k,m is a positive integer. The notions of non-Archimedean normed space
and non-Archimedean Banach spaces and non-Archimedean random Banach
space over field K will remind in the next section. The study the stability of
generalized stability of the quadratic type A-functional equation with variables in
non-Archimedean Banach space and non-Archimedean Random normed space
originated from a question of S.M. Ulam [1], concerning the stability of group
homomorphisms. Let (G, *) be a group and let (G "o, d) be a metric group with
metric d (,) . Geven & >0, does there exista & >0 such thatif f:G > G’
satisfies

d(f(x*y),f(x)of(y))<5,VXeG

then there is a homomorphism h:G — G’ with
d(f(x),h(x))<evxeG

The Hyers [2] gave firts affirmative partial answer to the equation of Ulam in
Banach spaces. After that, Hyers’ Theorem was generalized by Aoki [3] additive
mappings and by Rassias [4] for linear mappings considering an unbouned
Cauchy difference. Gajda following the same approach as in Rassias gave an af-
firmative solution to this question for p >1. It was shown by Gajda [5], as well
as by Rassias and Semr [6] that one cannot prove a Rassias, type theorem when

p =1. The counterexamples of Gajda, as well as of Rassias and Semr have sti-
mulated several matematicians to invent new definition of approximately addi-
tive or approximately linear mappings, was obtained by Gavruta [7].

The functional equation
f(x+y)=f(x)+f(y)

is called the Cauchy equation. In particular, every solution of the Cauchy equa-
tion is said to be an additive mapping.

The functonal equation
f(x+y)+f(x-y)=2f(x)+2f(y)

is called the quadratic functional equation. In particular, every solution of the
quadratic functional equation is said to be a quadratic functional mapping.

The stability the quadratic functional equation was proved by Skof [8] for map-
pings f:E, — E,,where E, isanormed spaceand E, isa Banach space.

Recently the author studied the Hyers-Ulam stability for the following a-func-
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tional equation.
2f(x)+2f(y)=f(x+y)+af(a(x-Y))

in Non-Archimedean Banach spaces and non-Archimedean Random normed
space.

In this paper, we solve and proved the Hyers-Ulam stability for A-functional
Equation (1.1), ie. the A-functional equation with 34-variables. Under suitable
assumptions on spaces X and Y, we will prove that the mappings satisfying
the A-functional Equation (1.1). Thus, the results in this paper are generalization
of those in [9] for A-functional equation with 34-variables.

In this paper, based on the work of world mathematicians [1]-[33], I intro-
duce a new generalized quadratic function equation with 34-variables to im-
prove the classical form, which is a new breakthrough for the development of
this field functional equation.

The paper is organized as followns: In section preliminarier we remind some
basic notations in [10] [11] [12] [13] [14] such as non-Archimedean field, Non-
Archimedean normed space and non-Archimedean Banach space, Random
normed spaces, Non-Archimedean random normed space.

Section 3: Establishing the solution for (1.1) by the fixed point method in
Non-Archimedean Banach space.

+ Condition for existence of solutions for Equation (1.1)

+ Constructing a solution for (1.1).

Section 4: Establishing the solution for (1.1) by the direct method in Non-
Archimedean Banach space

Section 5: Construct a solution for (1.1) on non-Archimedean Random normed

space.

2. Preliminaries
2.1. Non-Archimedean Normed and Banach Spaces
A valuation is a function || from a field K into [0,00) such that 0 is the
unique element having the 0 valuation,
|r-s|=|r|-]s|, vr.se K

and the triangle inequality holds, Z.e;

|r+s| s|r|+|s|,Vr,s ek
A field K is called a valued filed if K carries a valuation. The usual absolute
values of R and C are examples of valuation. Let us consider a vavluation

which satisfies a stronger condition than the triangle inaquality. If the tri triangle

inequality is replaced by

|I’+S|SmaX{|I’|,|S|},VI',SEK

then the function | | is called a norm-Archimedean valuational, and filed. Clearly
m = |—]4 =1 and |n| <1,vne N. A trivial example of a non-Archimedean valu-
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ation is the function || talking everything except for 0 into 1 and |0| =0 this
paper, we assume that the base field is a non-Archimedean filed, hence call it
simply a filed. Let be a vecter space over a filed K with a non-Archimedean || .
A function |||| X - [O,oo) is said a non-Archimedean norm if it satisfies the
follwing conditions:

1) ||X|| =0 ifandonlyif x=0;

2 ] =l (r < K. xe X);

3) the strong triangle inequlity

[+ vl < max{x], [yl x. v e X

hold. Then (X ,||||) is called a norm-Archimedean norm space.
1) Let {Xn} be a sequence in a non-Archimedean normed space X. Then se-
quence {Xn} is called cauchy if for a given &>0 there a positive integer N

such that

I, —l<e

forall nm>N
2) Let {Xn} be a sequence in a norm-Archimedean normed space X. Then
sequence { Xn} is called cauchy if for a given & >0 there a positive integer N

such that

[x, = x| < e

forall nm>N.Thewecall xe X alimitofsequence X, and denote
lim, ., X, =X.

3) If every sequence Cauchy in X converger, then the norm-Archimedean

normed space Xis called a norm-Archimedean Bnanch space.

2.2. Random Normed Spaces

A random normed space is triple (X,F,T) , where X isa vector space, T'is a is
a continuous t-norm, and T is a mapping from X into D" such that, the fol-
lowing conditions hold:
1) (RNy) T, (t) forall t>0 ifandonlyif x=0;
t
2) (RNy) T, (t)=T, (—

J forall xeX, a=#0;

g

3) (RN) T, (t+5)=T(T,(1),[,(s)) forall X,yeX, t,s>0;

Note: If (X,F,T) is a random normed space an {Xn} is a sequence such

that x, —x then lim T (t)=T,(t) almosteverywhere.

2.3. Non-Archimedean Random Normed Space

A non-Archimedean random normed space is triple (X,F,T) , where X isa
linear space over a non-Archimedean filed K, 7'is a is a continuous t-norm,
and T is a mapping from X into D" such that, the following conditions
hold:

1) (NA-RN,) T, (t) =&, (t) forall t>0 ifandonlyif x=0;
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2) (NA-RNy) I, (Hj forall xeX, t>0, a=#0;

3) (NA-RN3) T, (max{t,s})=T (T, (t),T,(s)) forall x,yeX, t,s>0;

It is easy to see that if (NA-RN3) hold then so is (RN3)
L., (max{t,;s})>T (T, (t),T, (s))

Let (X,F,T) is a non-Archimedean random normed space. Suppose {Xn}
is a sequence in X. Then {Xn} is said to be convergent if there exists x e X
such that

limr, | (t)=1

n—oo

forall t>0.In that case, xis called the limit of sequence {X,}
Theorem 1. Let (X,d) be a complete generalized metric space and let
J: X — X be a strictly contractive mapping with Lipschitz constant L <1.

Then for each given element x e X, either
d(.]n,.]nﬂ):oo
for all nonegative integers 1 or there exists a positive integer n, such that
1) d(3"3") <0, Vn=ng;
2) The sequence { J ”X} converges to a fixed point Yy~ of J;
3) Y is the unique fixed point of /in the set Y = {y eX|d (J”, J"*l) < oo} ;

4) d(y.y )<—Id(y,Jy) VyeY

2.4. Solutions of the Equation

The functional equation
f(x+y)=f(x)+f(y)
is called the cauchuy equation. In particular, every solution of the cauchuy equa-

tion is said to be an additive mapping.

The functional equation
f(x+y)+f(x-y)=2f(x)+2f(y)
is called the quadratic functional equation In particular, every solution of the

quadratic functional equation is said to be an quadratic mapping.

The functional equation
2 (“yj 121 (X y) £(x)+f(y)
2 2
is called a Jensen type the quadratic functional equation

3. Establishing the of (1.1) in Non-Archimedean Banach
Space

3.1. Condition for Existence of Solutions for Equation (1.1)

Note that for Quadratic A-functional equation, X and Y is be vector space.

Lemma 2. Suppose X and Y be vector space. If mapping f:X—>Y sa-
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3 3 k Kk Kk [ (2)
= f(ZxJ +ZyJ +szj+ﬂsz(lm[2xj +2, —szn
= j=1 =1 =1

j=

iR

forall x;,y;,z; eX forall j=1—>k then f:X—>Y isquadratictype
Proof Assume that f:X —> Y satisfies (2)
We replacing (xl,---,xk,y1,~~-,yk,zl,--~,zk) by (0,-~~,0,0,---,0,0,~~-,0) in
(2), we get

(4k-1) f (0)=27"1(0) 3)

So f(0)=0.
Next we replacing (x1,~--,xk,yl,--',yk,zl,---,zk) by
(x,0,---,0,0,---,0,0,---,0) in (2), we have

f(x)=A""f (/Imx) 4)

andso f (/Imx) =A’"f(x) forall xeX.Thusfrom (2)

22k:f(zj)+22f(x +y,)

i1 -1

f( X, +iyj +iz]]+/‘t me{zm[ixj 43y, —isz (5)
f
;

forall x;,y;,z; eX forall j=1—k

M;—

I
=N

i i= =t j=1 =1

M;—

Xﬁi)ﬁi%] [ix +iyj—izj]

j=1 j=1

I
[N

i

Next now we replacing (X, X, Y3, Yi» i+, 2, ) by
(X,O,~~~,0,0,---,0,X,---,O) in (2), we have

f(2x) =221 (x) (6)
forall veX.
Next we replace x by 2x, we get
f(2°x)=2"f(x) (7)

for all xeX. for all xeX, So from (6) and (7) we have the general case for

every m being a positive integer, we have
f(2"x)=2""f (x) (8)

forall Xxe X, So we get the desired result.
Notice now we replacing (xl,---,xk,yl,---,yk,zl,---,zk) by
(X,---,0,0,~--,0,y,'--,O) in (5) we have

f(x+y)+f(x—y)=2f(x)+2f(y)

So, the function fis quadratic. O
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3.2. Constructing a Solution for (1.1)

Now, we first study the solutions of (1.1). Note that for Quadratic A-functional
equation, X is a non-Archimedean normed space and Y is a non-Archime-
dean Banach spacebe then use fixed point method, we prove the Hyers-Ulam
stability of the Quadratic A-functional equation in Non-Archimedean Banach
space. Under this setting, we can show that the mapping satisfying (1.1) is qua-
dratic. These results are give in the following.

Theorem 3. Suppose ¢ :X* — [O, oo) be a function such that there exists an
0<L<1 with

XX AN Yy e B L A
2k’2k’ "2k'2k’2k’ "2k'2k'2k 2k ©)
SL(p(Xl’XZ""'Xklyl!yzl“'!yk’zl’ZZ’“"Zk)

[4K
forall x;,y;,z;eX, forall j=1—>k.Let f:X—>Y beamapping satisfying

f (O):O and

JH ()

for all x;,y;,z; €X, for all j=1-—k. Then there exists a unique quadratic

k k k
—ATf [A"{Z;Xj +Z;yj —szj
J= J=

i1

S(D(Xl"”’xk'yl""vyklzll""zk)

type mapping H :X — Y such that
L
||f(x)—H(x)”Smw(x,m,x,x,u-,x,x,-'-,x) (11)

forall xeX.
Proof We replacing (xl,---,xk,yl,---,yk,zl,---,zk) by
(X,"‘,X,O,"‘,O,X,"‘,X) in(lo)’weget

||f (2kx) — 4kf (x)"s(p(x,---,x,O,-~-,O,x,---,X) (12)

forall xeX forall j=1->k.

Now we consider the set
M:={h:X > Y,h(0)=0}
and introduce the generalized metric on S as follows:

d(g,h):=inf {p’eR:||g(x)—h(x)||sﬁq)(x,m,x,O,--~,O,x,---,x),VxeX},

where, as usual, inf ¢ =-+o. That has been proven by mathematicians (M,d)
is complete see [14]

Now we cosider the linear mapping T :M — M such that

Tg(x) = 4kg [Z_)Iij
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forall xeX.Let g,heM be givensuchthat d(g,h)=¢ then
||9(X)—h(X)||Ssgo(x,m,X,O,-u,O,x,---,x)

forall xeX.
Hence
[T9(x)-Th(x)| = H4kg (ﬁj — akhf (ﬁ)
S|4k|g¢(1,1,...,i, , ,...,O,L,L,...,Lj
2k 2k 2k 2k 2k 2k
L
s|4k|sm(p(x,x,---,x,0,0,---,O,x,x,---,x)

< Lep(X,X,+,%,0,0,-,0,%,X,+-,X)

forall xeX.So d(g,h)=¢ impliesthat d(Tg,Th)<L-¢. This means that
d(Tg,Th)<Ld(g.h)

forall g,heM. It folows from (12) that

Hf (x) - 4kf (%)

X X X X X X
qu —_——,,— 0 T, ——
2k 2k 2k 2k 2k

SﬁQ(X,X,-..,X,O,O,...,()’X’X,...,X)

forall xeX.So d(f,Tf)< 4Lk| for all xe X By Theorem 1.2, there exists a

mapping H:X > Y satisfying the fllowing:
1) His a fixed point of 7, ‘e,

X
H (x) = 4kH (Ej (13)
forall x e X. The mapping His a unique fixed point 7'in the set
Q={geM:d(f,g)<o}
This implies that H is a unique mapping satisfying (13) such that there exists a
B e(0,0) satisfying
||f (x)-H (X)"Sﬁgp(x,X,-~,X,0,0,'--,O,X,X,m,X)

forall xeX
2) d (T' f,H ) — 0 as | — oo. This implies equality

lim (4k)" f[ X ”J: H (x)

1= (2K)

forall xeX

3) d(f,H)Sﬁd(f,Tf).Whichimplies

||f (x)-H (X)"S|4|(|(%L)¢(X’X’m,X'O’O,“"O'X,X,m,X)
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forall x e X. It follows (9) and (10) that

lek_;H(Xj+yj)+2gH(zj)—H[:—lxj+j§k_;y,»+jzk_;zi)
ﬂH[ﬂm(;X +Zy, gz’ﬁ
- limlakf sz[ (21){']”?[(22;)”}

fz—ll Z—lyl 2—11
(2k)

A_zm{ﬁm[z_l X0+ s DH
(2%

<I|m|4k| (p[ Xln, in,..., an, yln’ yzn,m, ykn'
" (2k)" (2k)" (2k)" (2k)" (2k)" " (2K)

Zl Z2 Zk
(26)"" (20 ""'<2k)“]
=0
forall x;,y;,z; eX forall j—k.So

ng(xj +yj)+2j§k‘1H(zj)—H[ixj +iyj +§kajj

j=1 =1 j=1
o & K K
—A7"H| A (Zx]—+2yj—22jj =
j=1 j=1 j=1

forall x;,y;,z;eX forall j=1-—k.ByLemma 3.1, the mapping H:X —>Y
is quadratic type. O

Theorem 4. Suppose ¢ :X* — [O, oo) be a function such that there exists an
0<L<1 with

(le)(z,...,xk’yl’yz,...’yk’ZPZZ’...,Zk)
BV BT T N RS VS B
2k 2k U2k 2k 2k T2k T2k 2k T2k

forall x;,y;,z; eX,forall j=1->k.Let f:X—>Y beamapping satisfying
f(0)=0 and

sz:f(zj)J’ZZk:f(xj +yj)—f[ixj +Zk:yj +Zklzi]

=1 j=1 =1 =1 j=1

]

2mf(ﬂ,m(2x —',—ZyJ Zk:ZJJJH (15)
Sw(xi,...'xk’yll...,yklzll...,

for all x;,y,,z; €X, for all j=1-—k. Then there exists a unique quadratic
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type mapping H:X — Y such that
L
||f(x)—H(x)”sm(p(x,---,x,x,---,x,x,---,x) (16)

forall xeX.
The rest of the proof is similar to the proof of theorem 3.2 with note that

mapping T:M — M, Tg(x) :=ig (2kx).
Corollary 1. Let r<2 and 6@ be nonegative real numbers andlet f:X —Y

be a mapping satisfying f (0)=0 and

231 (5)+ 251 +y)_f(§x,+§y,+§z,]

j=1 j=1 j=1

K K K
_lsz(ﬂm{ij-i-Zyj—szDH (17)
=1 =1 =1
K r r
< 9(Z| j J ]
j=1

for all x e X . Then there exists a unique quadratic type mapping H:X > Y
such that

[ () =H )< I (18)

|2k| |4k|
forall xeX.

Corollary 2. Let r>2 and & be nonegative real numbersandlet f:X —>Y
be a mapping satisfying f(0)=0 and

Zéf(zj)J’zzk:f(Xj +yj)—f(ixj +Zk:yj +Zklzi]

i= i = i=1

_ﬂsz{ﬂm(iXﬁiyj—iszH (19)
=1 =1 i

j=1
Kk
<6
j=1

1)

for all x e X. Then there exists a unique quadratic type mapping H:X > Y
such that

[f 0RO 22 @)

|4k| |2k|
forall xeX.

4. Establishing a Solution to the Quadratic A-Functional
Equation Using the Direct Methoduse in
Non-Archimedean Banach Space

Next, we are going to study the solutions of (1.1) for Quadratic A-functional eq-
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uation use direct method, we prove the Hyers-Ulam stability of the Quadratic
A-functional equation, the X is a Non-Archimedean normed space and Y is a
Non-Archimedean Banach space, and the field K satisfy |2k| 1,172 =4k -1,
Under this setting, we can show that the mapping satisfying (1.1) is quadratic.
These results are give in the following

Theorem 5. Let ¢:X* —>[0,00) be a function and let f:X —>Y be a
mapping satisfying f(0)=0 and

I|m|4k|J [ X o A N Y
P o (a0 )T ) k)

(21)

Yk_, 21_’ Zz_’m’ Zk_]zo
(26)" (2)" (k)" (2K)
ng(zj)+2if(xj+yj)—f{ixj+zk:yj+zk:zj]

=

k k k
_Asz(ﬂm[ZXﬁZyj—Z“zjj H (22)
j=1 j=1 =1

S(p(xl""’xk’yl""'yk’zl!“"zk)

for all x;,y;,z; €X for all j=1-—k. Then there exists a unique quadratic
type mapping H:X — Y such that

||f (x)—H(x)”

< 4k X X X X X . )
<SUp {| | w((Zk)j 7m'(2k)j T 7m’(2k)j Ty (2k)’}

forall xeX.
Proof We replacing (xl,---,xk,yl,---,yk,zl,---,zk) by
(X,--‘,X,O,-‘-,O,X,--‘,X) in (22), we have

| (2kx) -4k ()| < @(%,+,%,0,++,0,%,++,X) (24)
for all x e X. Therefore
X X X X
4|(f L, 20,0, e — 25
H gD[Zk 2k 2k ZKJ (25)
forall xeX.
Hence

[t |g
< max{ (4k) f{(Zk)' }—(4k)I+1 f [W}

R e Al }
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gmax{|4k|' f{ X,J—4kf( XMJ,---
(2K) (2K)
(o]
(2K) (2) 06

[ x X y
= Ptia- {|4k|J¢[(2k)j+l’.“,(2k;j+1’(ZK;M,W’

|ak|™

Yk L L
(2Kk)"™ (26)™ ’(Zk)m}}

for all nonnegative integers m and /with m>1 and all xe X . It follows (26)

that the sequence {(4k)n f [ﬁ]} is a Cauchy sequence for all x e X. Since
2

Y is complete, the sequence {(4k)n f [ﬁ]} converger so one can define
2
the mapping H: X —>Y by

H (x) = lim (4k)" f[ X ]

o (2K)

for all x e X. Moreover, letting | =0 and passing the limit m— o in (26),
we get (23). It follows from (21) and (22) that

k k k k k
2> H(x, +yj)+22H(zj)—H(ij +2Y; +ZZ;]
=1 j=1 j=1 j=1 j=1

_gzmH(/lm(ng +J.Zk_;yj _izjj]

j=1

ij—lf{(zm ]”%f{( J

_f ZEzlxj +ZE:1yJ' +Zj:121'
(2K
_ﬂ,me[ﬂ,m[ZJ =1 I+Z(:1 1yJ +ZJ =1 J H

= lim|4k|"

<l ¢’[<zk>j""’<2k> @By @ ””’(%)”j @
=0
forall xe X.

25" H (x +y,) + 22 H ()~ (Zk: Zk: Zk:]

=1 =1
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k k k
-A7"H (/1"‘ (in +Zyj —szB =0
j=1 j=1 j=1

for all xe X. By Lemma 3.1, the mapping H:X — Y is quadratic. Now, let
T:X—>Y be another quadratic mapping satisfying (23). Then we have

00 ol | 2o |
< max{ (4k)" H [(Zk)q ]—(4k)q f [(Zk)q} :

H(“k)qT[@k)“}“k)q f[(zka }

+j-1 X, X y
<SUP {|4k|q ! q{(zk;j” (2k;j+l 21_11

L
(2k)j+1’(2k)j+1’ '2j+l

which tends to zero as g — o0 forall xe X. So we can conclude that
H (X) =T (X) for all x e X. This proves the uniqueness of H. Thus the map-

ping H:X —>Y isaunique quadratic mapping satisfying (23) U
Theorem 6. Let (piXak —>[O,oo) be a function and let f:X—>Y be a
mapping satisfying f(0)=0 and
. 1 -1 -1 j-1
lim{——o((2k (2K (2K

(28)

(2K) 7y, (2K) ™ 7, (2K) g, )} -0

j=1

k k k k k
25 0(2)+ 25 (1 0)- 1 Ex 0 Ty Be)
= 4 4 .
k k k
—Mf(i’“(ZXﬁZyj—szB (29)
j=1 j=1 j=1

S¢(X1'X21"'lxkvylvyZI"'1kazllzZI"'vZk)

for all x;,y;,z; e X for all j=1-n. Then there exists a unique quadratic
type mapping H:X — Y such that

1 j-1 -1 j-1
"f(X)—H(X)"SSUijN{W(p((Zk)J X, (2k) 7 %, (2K) 7 %,
(30)

(2Kk)"7 %, (2k) ™ %, (2K) x)}

forall xe X.
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The rest of the proof is similar to the proof of theorem 4.1.
Corollary 3. Let r<2 and @ be nonegative real numbers and let
f :X —>Y beamapping satisfying f(0)=0 and

k k k k k
25 1 (z,)+ 251 (x,+7,) - f[2x1+2y,-+2zj]
=1 i=1 i=1 i=1 i=t

(31)

k k k
FATf [ﬂm (in +Zyj —ZZJJJ
j=1 j=1 j=1

k r
<6
j=1

for all x € X. Then there exists a unique quadratic mapping H:X —Y such
that

20,
2

[f ()=H ()<

forall xe X.
Corollary 4. Let r>2,and 0 be nonegative real numbers andlet f: X —>Y
be a mapping satisfying f(0)=0 and

k k k k k
25 1(z,)+ 251 (x +7,) - f(2x1+2yj+2z,}
=1 =1 j=1 j=1 j=1

(32)

k k k
+ AT f [ﬂm [ij +Y; —szn
j=1 j=1 =t

k r
j=1

for all x e X. Then there exists a unique quadratic mapping H: X —Y such
that

700 H 00 < P b

forall xe X.
5. Construct a Solution for (1.1) on Non-Archimedean
Random Normed Space

In this section, K be a non-Archimedean field, X is a vector space over K
and let (X, F,T) be a non-Archimedean random Banach space over K

We investigate the stability of the quadratic functional equation
k k
2y f (zj)+22 f (xj +yj)
j=1 j=1
i j (33)
k k k k Kk Kk
SR EDNTED NI AV WD RIS
j=1 j=1 j=1 j=1 j=1 j=1

where f:X —>Y and f(0)=0.

Next, we define a random approximately quadrtic function. Let
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Q. X3y [0, OO) be a distribution function such that
P(X, Xy X, Vi Yoo o Vi 24 Zpoo+, Z), is symmetric, nondecreasing and

q{x,---,x,O,---,O,x,---,x,|t7|js(p(/lx,-u,ix,O,---,O,/lx,---,ﬂx,t) (34)

For xe X, A#0.
Next, we define:

A mapping f:X—>Y issaid to be gp-approximately quadratic mapping if

r
DX RIS S VTS 3 FEHY ISt (PRI ) 5 SRVED IR 3 93 ))-22'?:1 Hzg)-2Z5a f(xj+v;)

S@(Xllxzy'”lxk!y1!yzy“'lyklzllzgl"'lzk!t)

(35)

forall x;,y;,z; € X, forall j=1—->k, t>0.

* Note: We assume that 2k #0 in K

Theorem 7 For f: X —>Y bea g-approximately quadratic mapping if there
existan feR(S>0) and an integer 4, h>2 with B> ‘(Zk)h‘ and |2k| #0
such that

0((26) "3 (26) " (2K) " o (26) " vy (26) 2 (2K) " 2,0t)

h h h " " " (36)
> p((2K) "+, (2K) " (2K) "y (2K) "y (2K6) 2 (26) 20 B
forall x;,y;,z; e X forall j=1—>k, t>0 and
i
imT M| 2|21 (37)
n—w ‘(Zk)l
forall xe X and t>0.
Then there exists a unique quadratic type mapping Q:X —Y such that
. ﬂi+1t
T g0 (D ZTAM | X, —m =1 (38)
(26)"]
In there
M (%) = Q(@(X - X, 0,0, %, -+, X,t), 2Kk, -+, 2kx,0,--,0, 2KX, -, 2K, t),
(39)

e (2K)" 5, (26)" 5,0,044,0,(2K) " x, (2K) )

forall xe X and Vt>0.
Proof. First, we show by induction on jthat foreach xe X, t>0 and j2>1,
Ff((zk)jx)—(4k)j £(x) (t) 2 M, (X’t)
::T(go(x,m,x,0,--~,0,x,---,x,t),go(2kx,---,2kx,O,---,0,2kx,---,2kx,t),~~~, (40)

o((26)" %, (26)" %,0,0+4,0,(2K)" %, (2K)" .t

we replacing (Xl,-u,xk,yl,m,yk,zl,u-,zk,t) by (X-,%0,---,0,%,--,X,t) in
(35), we obtain

Ff((Zk)x)—(4k)f(x) (t) 2 ¢)(X,~~-,X,O,-~,0, X’""X't) (41)
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xe X, t>0. This proves (40) for j=1. We now assume that (40) holds for
some j>1 Nextwe replacing (x1,~--,xk,y1,~~-,yk,zl,---,zk,t) by
((2K)" %+, (2K)" %,0,:+,0,(2K)" x,:++, (2K)

"+, (2k)! x,0,-+-,0,(2k)’

rf((Zk)j+lx)—(4k)f((2k)j ) ()= (o((Zk).

X,t) in (35) we have
X,+-,(2K)’ x,t) (42)
Since |4k|£1

rf((zk)j+1x)—(4k)j+1 f(x) (t)

=T [F f ((Zk)”lx)—(4k) (2w’ x) (t) ’ r(4k) (2w’ x)—(4k)j+1 £(x) (I)J

t

o) (t),rf((mj RINC)
X, --,(2k)j x,t),Mj(x,t))

T

’—J

Zk j+1

T(¢ 2k) 0,0,(2k)
(x t)

J+l
forall xe X.Soin (40) holds forall j>1.
Other way

Ff((Zk)h x)—(4k)h () (t) =M (x,t),Vx e X,t>0. (44)

Next we replacing x by (2k) "X in (44) and using inequality (36), we have

r (t)
X h X
f[@k)“"}“k) f[(z@“"*“J
(45)
X n+1.
>M [Wt]z M (x,B"t),¥x e X,t>0,neN.
Then
ﬁn+1
r ()=M| x,—t |, Vxe X,t>0,neN. (46)
nh X h+1 X 4k
“ {@k)““J o f[(zm“"*J [
Hence,
r (t)
hn X n+p) X
(4k) f{ Zk)h } (4k) P f[(zk)h(mp)]
=TT | 0
(4k)" f[ J (4 k)h("”)f[+J
(2k)" (2k)(md) (47)
j+l
>TEPM | X, s -t
[ak[”
ﬁj+1
2TEPM | x,——t |, ¥xe X;t>0,neN.
i
[4k]
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Since

]+1
limT"M 'B =1,vxeX,t>0,neN,
n—w |4k|

{(4k)hn f [ﬁ} is a Cauchy sequence in the non-Archimedean random
2

Banach space (Y,I',T). Hence, we can define a mapping Q:X — Y such that

limT ] (t)=1,vxe X,t>0, (48)
-Q(x)

n—oo (4k)hnf{ X

Next foreach n>1, ¥VxeX and t>0.

r (t)=T (t)
f(x)- (4k)hnf[ X J z{‘;g(4k)h‘f[ X .J—(4k)h(i+1)f[(2k)+(l+l)]

(Zk)hn (Zk)hl

>TM T

Th(an)" f[ : .J—wk)“‘”“ f[ﬁk)ﬁ(m)

i+l

Therefore,
Fgan (12T| T Sor
(50)
i+l
>T “M[ p htij,r (t)
4k gl X X
4" )" | e oo
By letting N — o, we obtain
. ,Bi+lt
Ff(x)—Q(x) (t)ZTI:O M X’|4k|hi (51)
As T'is continuous, from a well-known result in probabilistic metric space see
[12].
Now we put

Ax=2(2K)™ 3 (26 2, )+ 2(26)™ X5 1 ((26) ™ (x,+v,))

j =1

h”f[2k “” zx +ZyJ+ZZB (52)

+/12m(2k)"”f(( k)" im[ixﬁgyj_gzjﬁ

it follows that
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limrC, =T

t)(53
N (2 Zhayi e S 221 (47 (S + 2y -Zﬁzﬂi))‘zzﬁzﬁ(Zj)‘zz'ﬁzlf(xﬁyj)( )53)

for almost all t>0, O
On the other hand, replacing x;,y; by (2k)hn X; ,(2k)hn y;» respectively, in
(35) and suing (NA-RN2) and (36), we have

T, > g{(Zk)‘h” xl,...,(gk)'h” Xk,O,w,O,(Zk)_h" le...,(gk)‘“" zk,—t th
Bt
2(;} ,"',X,O,"',O,Z,"‘,Z ,—
[Xl k 1 k |2k|hn]

for all X, Y Z; eX,j=1-Kk. Sence

: pt
rlll—qjoqa{xl’”"xkiol”'ao’Zl"”’Zk’|2k|hn :1’

We infer that Qis a quadratic function.
Finally we have to prove that Qis a unique quadratic mapping.
Let Q": X — Y isanother quadratic mapping such that

T o100 (t)=M(xt) (55)

forall xeX and t>0,thenforeach neN,xe X,t>0

oo ()2T|T

Qx)-(4k)" f[é

(Zk)hn

Form (48), we infer that Q' =Q.

From the theorem 5.1 we get the following corollary:

Corollary 5. For f :X —Y be a g-approximately quadratic mapping if there
existan BeR(S> 0) and an integer h,h>2 with g> ‘(2k)h and |2k| =0
such that

o((2K6) " x, (2K) " % (2K) ™ e (2K) Yo (2K) " 2, (26) " 20
2 p((2K) " e+, (2K) " % (26) " Yy (26) " Wi (2K) " 2 (26) " 20 )

(57)

for all x;,y;,z;eX forall j=1-k, t>0, then there exists a unique qua-

dratic type mapping Q: X —Y such that
IBi+lt
T ap (1) 2TEM X,W (58)
forall xe X and Vt>0.In there
M(X,t):Q(go(x,---,X,O,'--,O,X,---,X,t),(p(2kX,-~,2kX,0,~-,0,2kX,---,2kX,t),

...,q,((zk)“’l X, (2K)"7X,0,++,0,(2Kk)" " %, -+, (2Kk)" x,t) &)

forall xeX and Vt>0.
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Application Example: For (X,I'T,,) non-Archimedean random normed
space in which

t
I, (t)=—=VxeXt>0
]
and assuming that (Y,I,T,) complete non-Archimedean random normed
space.
Now we define

¢(X1""!Xk'yl"”’yklzl"“’zk't):m'

It is easy to see that for f =1 then (36) holds, sence

t
M(x,t):m,

We have

i
Bt tim| m T M
K" o

n—o | m—w |4k|hl

limT M| x,

n—oo

VxeX, t>0.

6. Conclusion

In this paper, I have built the condition for existence of a solution for a func-
tional equation of general form and then I have used two fixed point methods
and a direct method to show their solutions on non-Archimedean space and fi-

nally establish their solution on the non-Archimedean Random normed space.
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