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Abstract

If a ring R is called weak nil clean if every element in R can be expressed as
the sum or difference of nilpotent element and idempotent, if further the
idempotent element and nilpotent element commute the ring is called weak*
nil clean. The purpose of this paper is to give some characterization and basic
properties of weak nil clean rings. The main results of this work are: 1) Let R
be a ring, then R is weak nil clean if and only if R/ A R) is weak nil clean; 2) In
a commutative ring R, if x is weak nil clean element, then x” is a weak nil

clean element if (x—y)" = ZT:O(—l)Zk (ijkymk X,ye€R (2); 3) Let Rbe

aring with Idem(R)={0,1}, then R is weak nil clean if and only if R is local
ring and J(R) is Nil ideal.
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1. Introduction

If an element a in an associative unital ring can be represented as a sum
a=u+e, where eis an idempotent element and u is a unit [1] [2] [3] [4], it is
called clean. Similarly, diesel [3] developed the nil clean ring, which defined an
element a in a ring as nil clean (strongly nil clean), a=b+e (a=b+e and
be =be).

a=Db+e for eis an idempotent element and b is a nilpotent element. If each
member of a ring R is nil clean (Strongly nil clean), then a ring R is nil clean
(Strongly nil clean) [5]. A ring is considered to be von Neumann regular ring (or

simply regular) if and only if for each ain R there is an element cin R, such that,
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a=aca [2]. If there is a positive integer n for all a in a ring R, it is said to be
strongly 7-regular. And an element cin Rsuch that a" =a""c [6].

A ring Ris referred to as a local ring, if it contains a unique maximal ideal [7].
For a ring R, we will use U(R), MR), reg(R), [(R), Idem(R), (AR) and A(R), de-
note to group of units, the set of nilpotent elements, the set of regular elements,
the Jacobson radical, the set of idempotent elements of R, the centre of R and
(A(R)) the prime of (R).

2. Weak Nil Clean Rings

This section is devoted to defining weakly nil clean rings, as well as some of their

characterization and basic features.

2.1. Definition 2.1. [8]

If a=b+e or a=b-e, for some beN(R) or eeldem(R), an element a
is said to be a weak nil clean element of the ring, and a ring is said to be weak nil

clean if each of its elements is weak nil clean.

2.2. Maintaining the Integrity of the Specifications

Example:

1) All nil clean rings are weak nil clean rings, but the convers is not true, Z,
is not a nil clean ring since 2" and 5' cannot be expressed as a sum of idempotent
and nilpotent of Zj.

2) Zg isweak nil clean rings.

3) Zy

4) Consider R be a commutative ring and A a left R-module. The idealization
of Rand M is the ring R(M ) =R®M , where @ the direct sum, with product
defined as (r,m)(r’,m’)=(rr’,rm’+r'm) and sum as
(r,m)+(r',m)=(r+r,m+m’) for (r,m),(r',m)eR(M).

Now, we give the most important results of this section.

k e N, is weak nil clean but not nil clean.

Proposition 2.1 [8].

Any weak nil clean rings homomorphic image is weak nil clean. The opposite
is not true; for example, Zg =Z/(6) is a weak nil clean ring, but Z is not a
weak nil clean.

Proposition 2.2 [8].

Let R be a commutative ring. Then R is weak nil clean if and only if R/Nil(R)
is weak nil clean, when the idempotents can be lifted modulo Nil(R).

Proposition 2.3 [8].

Let Rbe a weak nil clean ring, then,
J(R)= N(R) (1)
Proposition 2.4.

Let R be a ring. Then R is weak nil clean if and only if, R/PA(R) is weak nil

clean.
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Proof:

Assume that the ring R is a weak nil clean ring. Then, according to proposi-
tion 2.1, we have R/P(R) is weak nil clean. Now, assume that R/P(R) is weak
nil-clean consider ae R, So a+ P(R) = (b+ P(R))+(e+ P(R)) or
a+P(R)=(b+P(R))-(e+P(R)). Thatis, a+P(R)=(b+e)+P(R) or
a+ P(R) =(b—e)+ P(R) implies that, (a—(b+e)) € P(R) or
(a-(b-e))eP(R), ((a—e)-b)eP(R)=N(R) or
((a+e)—b) eP(R)c N(R). Thus, (a—e)eN(R) or (a+e)e N(R). Hence,
a—e=b or a+e=Dh, therefore Ris weak nil clean ring.

Proposition 2.5.

Let R be abelian weak nil clean ring. Then (IR) is weak nil clean.

Proof:

Assume that Ris weak nil clean and let aeC(R).

Now write, a=b+e or a=b-e for some ec Idem(R) and beN (R),
since eis central, Then eeC(R),Hence a—e=beC(R) or
a+e=beC ( R) . Therefore (A R) is weak nil clean.

Proposition 2.6.

Let Rbe aring. Then forany xeR.

1) If xis weak nil clean, then (1-Xx) is clean element.

2)If (1-x) is weak nil clean, then xis clean element.

Proof:

1) Let x be weak nil clean element. Then X=e+b or X=Db-e. where,
eeldem(R) and beN(R). Thus, (1-x)= (1—e)—b that is, (1— X) is nil
clean and therefore, (l— X) is clean by ([3] proposition 3.4) or
(1-x)=(1-b)+e. Now since, be N(R) that is, b" =0 for some beZ",
then, 1-b" = (l—b)(l+b-i—b2 +---+b"’1), Thus (1—b) eU (R) and
eeldem(R) Therefore, (1-x) is clean element.

2) Let (1- X) be weak nil-clean element, Then (1— X) =b+e or
(1-x)=b—e. Thus, x=(1-e)-b or x=e+(1-b) That is x is nil clean
then, by ([3] proposition 3.4) xis clean element.

Proposition 2.7.

In a commutative ring R, if x is weak nil clean element, then x” is weak nil

clean element
m m n me
i (ey) =00 ey xyeR @

Proof:

Let > beaweak nil clean such that X=b+e or x=b—e where be N(R)
and eeldem(R), Now we must prove x” by induction in the number of m.
When m=2 then, X :(b+e)2 or Xx° =(b—e)2 then,

x* =b?+2eb+e? =b(b+2e)+e where, ecldem(R) and b(b+2e)eN(R)
or X =(b2 —2eb+e2):b(b—2e)+e; eeldem(R) and b(b—2e)e N(R) is
true.

1

Now, suppose that X" is weak nil clean, that is
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X"t =(b+e)"" = L”_;(T]bkem‘k or

-1 :(b_e)m—l _ 1 [ jbk m k - _ " 0(kjbk m k then,
1)(e-
2!

T=p"t+e(e—-1)b" 2 + ee- )bmse+ -+e"2  Thus

e(e-1)(e-2)

X" =xx""* = (b" Jre)(bml +e(e—1)b"2 + (

bm3e+~~-+e”‘2}

e(e-1)

Now, x"=xx"1=p"? +e(bml +(Tb”‘2e+--~+ eml] =bh™ +e".

Thus, b" e N (R) and e" e Idem(R).

Or if,
,1:(b_e)mfl
e n e(e-1)(e-2), . N
=b 1+e[(—l)2(e—l)b 2+(—1)4%b 3e+~-+(—1)2 e 2J
Now,
X" = xx"*

_ 2 _ se(e-1)(e-2) . am e
=(b" +e)(brn 1+6[(—1) (e—1)b™ 2 +(-1) %bm g4 (-1)"em ZB
=b" +e"

Hence, b™ e N (R) and e" e Idem(R) Therefore, X™ is weak nil clean
element.

Lemma 2.8.

Let Rbe aring with Idem(R)={0} if x e J(R), Then xis weak nil clean.

Proof:

Let xeJ(R),then (1-x)eU(R),thatis 1-x=u+0,hence x=(1-u)+0
or x=(1-u)-0, (1-u)eN(R) and Oeldem(R) therefore x is weak nil
clean element.

Proposition 2.9.

Let R be a weakly Nil clean ring and let aeR. If aR contains no non-zero
idem potent. Then, ais the sum of a nilpotent and a right unit.

Proof:

Suppose aR contains no non- zero idempotent choose, eeldem(R) and
beN (R)

Such that, a-1=e+b or a-1=b-e.Then, a=e+(b+1) or
a=b+(1-e), a=e+(b+1) or —a=-b-1+e or —a=—(b+1)+e, such
that, a=e+(b+1) or —a=e—(b +1) Now, (b+1)eU(R) and e= e? since,
a(l)e=e+(b+1)(1)e or —a(l)e=e—(b+1)(1)e. Then,
a(l-e)=(b+1)(1-e) or —a(l-e)=(b+1), So,

a(l-e)(b+1) " =(b+1)(1-e)(b+1)" or

—a=(1-¢e)(b+1)" =(b+1)(e-1)(b+1)eaR , Clearly (b+1)(1-e)(b+1)"
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and (b+1)(e-1)(b+ 1)71 are idempotent in aR then by assumption,
(b+1)(1-e)(b+1) =0 or (b+1)(e-1)(b+1) =0 Hence, 1-e=0 and
then, e=1 Therefore, ais the sum of a nilpotent and a right unit.

Proposition 2.10.

Let R be abelian and weakly nil clean ring in which, 2€U (R). Then every
element of R can be written as a sum of nilpotent two unit elements.

Proof:

Let xeR, Then X=b+e or X=b—-e where be N(R) and ee Idem(R),
Nowlet v=2e-1 then, v’ =(2e-1)° =4e®-4e+1=1. Thus,
(2e-1)(2e-1)" =1, 2e=v+1, Since 2eU(R), then e=2"v+2™, There-
fore a=b+u, +u, now, a=b+2"'v+2" or a= b—(2_lv+2_1).

3. The Relationship between the Weak Nil Clean Ring and
Other Rings

Throughout this section let us study the relationship between weakly nil clean
ring and local ring, strongly 7-regular ring and clean ring.

Proposition 3.1.

Let Rbe a ring with Idem(R)={0,1} . Then R is weak nil clean if and only if
Ris local ring and J(R) is Nil ideal.

Proof:

Suppose R be a weak nil-clean ring and let aeR, then there exist
eeldem(R) and beN(R), Such that a=b+e or a=b-e, Now if e=0,
then a=b is nilpotent element. If e=1 that is, ecU(R), then a=b+1
or a=bh+ (—1) . Hence ais a sum of nilpotent element and unit element which is
commute. Therefore either a or 1—a is unit that is R is local ring. Now let
ael (R) , then similarly either a is a nilpotent or a unit, in the second case is
impossible, Thus J(R) is nil and write a=b+e or a=b-e for some
eeldem(R) and beN(R).If r=0,Then a=b is nilpotent, If
r=1eU(R) then, a=b+1 or a=b-1 then, a=b+(-1), that is a is a
sum of a nilpotent or a unit, where is commute. Therefore aecU (R) (Contra-
diction)!

Now, suppose R is a local ring with f(R) is nil. Then, for any aeR, either
aeJ(R) or (a—1)eJ(R). In first case, a is nilpotent (JR) is nil). and
a=a+0, e=0 or a=a-0.

In the second case (a—1) is nilpotent thatis, a=1+(a-1).

Thus, ais a weak nil clean element. therefore, R is a weak nil clean ring.

Proposition 3.2.

Every weak nil clean ring is clean.

Proof:

Let R be weak nil clean ring and let ae R, then a=b+e or a=b-e
where beN(R) and eeldem(R), a-1=b+e, thus a=e+(b+1), since
(b+1) isunit, then a=e+u isclean,or a=b—e then
a=(1-2e+b)—(1-e) where (1-2e+b)eU(R) and (1-e)eldem(R)

DOI: 10.4236/0alib.1108812

5 Open Access Library Journal


https://doi.org/10.4236/oalib.1108812

Z. M. lbraheem, N. N. Fadil

Therefore, ais clean.

Proposition 3.3.

If ais weak *nil clean element, then ais a strongly 7regular.

Proof:

Suppose a is weak* nil clean, then a=b+e or a=b-e and eb=be, if
a=b+e, then, a=(2e—1+ b)+(1—e) is clean where, 2e—1+beU (R) and
(1-e) e Idem(R), hence, a is strongly clean, thus strongly nil clean. or
a=b-e=(1-2e+b)+(1-e) where, (1-2e+b)eN(R) and
(1-e) e ldem(R), thus a is strongly nil clean Therefore, a is strongly 7-regular
element by ([3], corollary 3.11).

4. Conclusion

From the study on characterization and properties of weak nil clean rings, we
obtain the following results:

1) Let R be a ring, then R is weak nil clean if and only if R/ R) is weak nil
clean.

2) Let R be abelian weak nil clean ring, then ({R) is weak nil clean.

3) Let Rbe a ringm, then forany xeR.

a) If xis weak nil clean, then (1—-Xx) isa clean element.

b) If (1-x) is weak nil clean, then xis a clean element.

4) In a commutative ring R, if xis a weak nil clean element, then x” is a weak

nil clean element
if (x—y)"=3" (-1)* (E] xy" K xyeR )

5) Let R be a weakly Nil clean ring and let a e R. If aR contains no non-zero
idem potent, then ais the sum of a nilpotent and a right unit.
6) Let R be abelian and weakly nil clean ring in which 2eU (R), then every

element of R can be written as a sum of nilpotent two unit elements.
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