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1. Introduction and Preliminaries

In recent years, great attention has been given to problems driven by the Lapla-
cian. One of the reasons for this comes from the fact that this operator appears
in several applications in different subjects, such as flame propagation, free boun-
dary obstacle problems, and ultrarelativistic limits of quantum mechanics. In
particular, from a probabilistic point of view, the Laplace operator is the infini-
tesimal generator of a Lévy process. For more details and applications, see other
references [1] [2].

Problems with two nonlinearities recently have been studied by several au-
thors. In particular, such problems were considered in [3] [4] for the Laplacian,
the p-Laplacian, the Biharmonic operator and the fractional Laplacian. In [5],

Ghoussoub, Robert and Shakerian investigated problems with doubly critical
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nonlinear terms, with either critical Sobolev term or critical Hardy-Sobolev term,
for the Laplacian and the fractional Laplacian.

Solutions of critical Sobolev problems were found in [6], as critical points of a
suitable functional, by the Mountain-Pass lemma without the (PS )C condition.
In this case, the (PS )c condition only holds true for ¢ in certain intervals re-
lated to the best Sobolev constant. In the control of the Mountain-Pass level, the
extremal function of the best Sobolev constant plays an important role.

For example, Jannelli (see [7]) considered that the problem

u |u|2*(s)—2
“AU-AU = p— 0,
u u ,u|X|2+ |X|S u Xe 1)
u=0, xeadQ,

they proved the existence of nontrivial solutions for the preceding equations in-
volving a critical Hardy-Sobolev exponent in a bounded domain.
Then Kang and Peng in [8] considered the following problem based on the

above equations

u 7(s)-2 2 r-2
_A — = l Ql
u ﬂ|X|2 7 u+Ajul “u, xe @)
u=0, xeoQ.

They established the problem above has at least a pair of sign-changing solu-
tions with 4 >0 and 2<r<2" in this reference [8]. Kang and Peng in [9]
proved that problem above has at least one positive solution under some condi-
tions for r,u and A. They also proved in [10] that as r=2, the problem
above has at least a pair of sign-changing solutions for N>7, xe[0,77-4)
and 0<ZA<2(u).

Motivated by the study of solitary waves of the nonlinear Klein-Gordon equa-
tion interacting with an electromagnetic field, Benci and Fortunato derived in

[11] a model that is described by the following elliptic system
~Au +[m§ —(a)+¢)2}u =",
Ag=(w+9¢) u?,

where m, and ® are real constants. They proved existence of infinitely many
radially symmetric solutions (u,$)e H* (R3)>< D"? (R3) for the above system

3)

when |mo| >|a)| and for sub-critical exponents p satisfying 4< p<2". As in
[12], they derived a variational identity to prove the non-existence of nontrivial

weak solutions for the system above. In [13], Cassani investigated the critical

* 2N LR .
case e p=2" = N_2’ the critical Sobolev exponent. Moreover, Cassani used a

Pohozaev-type argument, which points out an invariance property for the prob-
lem (3), to prove non-existence of solutions with a suitable decay at infinity and
in particular it turns out to be the case of radially symmetric solutions. In [13],

Cassani replaced the first equation of the System (3), adding a lower order per-

DOI: 10.4236/0alib.1107709

2 Open Access Library Journal


https://doi.org/10.4236/oalib.1107709

X. Zhang

turbation, by the following
—Au+[m§—(a)+¢)2}u=y|u|p72u+|u|z*72u, (4)

where £ >0 and 4< p<6=2".In this case, they recovered a Mountain-Pass
type solution for Equation (4) and the second equation of System (3).

The above-mentioned equations with Hardy-Sobolev critical exponents are re-
stricted to bounded regions, and the two Klein-Gordon-Maxwell systems men-
tioned above involve Sobolev critical exponents, not Hardy-Sobolev critical ex-
ponents. Moreover, some parts of the certification process did not give a specific
certification process. We are inspired by the proof methods of a nontrivial solu-
tion and infinitely many solutions in the above-mentioned literatures, and in-
vestigate the existence of solutions for subcritical equations and critical equa-
tions with Hardy-Sobolev critical exponents in R®.

In this paper, firstly we study existence of solutions for the following Klein-
Gordon-Maxwell equations involving Hardy-Sobolev critical exponents

—Au+[m2—(a)+¢)1u:|u|p2u xeR®
i 5)
~Ag+U’P =—mu?, xeR?
. 2(N-s)
where mand @ arereal constants, 2<p<2 (S) = N2’ 0<s<?2.
Then we study existence of solutions for the following equations
u fu Jufu |u|2*(5)72 u
—Au+{m?* —(w+¢) uzy| , xeR®
e ©
—Ad+Up=—wu®, xeR?
. 2(N-s)
where m, 4 and @ are real constants, 1<q<2, 2<p<2 (S):ﬁ R

O<s<2.
In Section 2, we first give main results for the Systems (5) and (6). In Section 3,
we prove the existence of solutions of System (5). In Section 4, we establish exis-

tence of solutions of System (6).

2. Main Results

Throughout this paper, we denote the L° (]1%3,|X|_S dx) norm by

1
u® P
|u|p,s = [J‘RS ||X||s dXJ

1

and L° (]Rg, dx) norm by |u|p = (IR3|U|p dX)E . For simplicity, set

2N
N-2
D"? (R3) = {u el? (]Rs) : |Vu| el? (R3 )} is a Sobolev space with norm

|ul,+ 0,0 =[ul,+ =|ul;» since 2° =

|2*(0),
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1
Jull g = ( Joa IVl o).

Moreover, H' (]R3) is the usual Sobolev space with norm

1
[, = ( o (Ivuf +u2)dx)2

continuously embedded in L° (R3) for 2<p<2 (S) Define Hardy-Sobolev
best constant as follows

[ IVul* dx
|u
b
Theorem 2.1. If one of the following conditions is satistied:

1) 2<p<4 and (g—ljm2>a)2,0r

S;= inf -
ueD™ (]R ),u¢0 |2*(s) 2*7(5)
dx

2) 4< p<2*(s) and |m|>|a)|

Then System (5) admits at least a nontrivial solution.
Theorem 2.2. If one of the following conditions is satistied:
1) 4< p<2*(s) and |m|>|a)|, or

2) 2<p<4 and[g—ljmz > o,

Then there exists a constant m >0 such that System (6) admits at least two
different solutions (u,$) satisfying [uf . <40 , |§]|. <+ when
O<pu<m.

We define the functional of System (5)

F(06) =30 07l [t oo S

)
Define the functional of System (6) as follows

= 1

F(ug)= EL@ (|Vu|2 -V’ n{m2 —(a)+¢)1u2 )dx

*(s (8)
pp 1 1o "
_EJ']Rs dx—— dx IRs T

o2

Remark 2.1. The functional F and F  are strongly indefinite i.e. unbounded
from below and from above on infinite dimensional subspaces. In order to avoid
this indefiniteness, which rules out many of the usual tools of critical point
theory, a reduction method is performed in [11] which we now recall. For u and

¢ defined above, we have the following lemmas.

3. The Proof of Theorem 2.1

Lemma 3.1. Forevery Ue HI(R3) ,

1) there exists a unique function ¢ = <D(u) e D"’ (R3) that solves the second
equation of System (5);
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2) if uis radially symmetric, then ®(u) is radial too;

3) ®(u)(x)<0, moreover, ®(u)(x)=-w,if u(x)#0 and ®>0.

Proof. The first result is proved in Lemma 3 of [14]. While the second one,
though not explicitly stated, is proved in Lemma 5 of [14]. The third result can
be found in Lemma 2.3 of [15]. ]

Lemma 3.2. Themap ® is C' and

G, ={(u.9) € H'(R*)xD** (R?)| F; (u,4) =0}
Proof. Noticing that ®(u) is a solution of the second equation in System (5),

we have
—IR3|V(D(U)|2 dx = [, ®(u)u’dx+ [ , ®* (u)udx, 9)

In addition,
F(u,®(u)) :%L@(WUF —|VcD(u)|2 J{m2 —(a)+c1>(u))2}u2)dx
p
—lj' 3%dx,
P I

F (u,@(u)) == .|V (u) dx- [, od(u)udx—[ & (u)u’dx
According to (9), one gets qu(u,QD(u)):O for any
(u,¢) € H*(R®)x D**(R?). Thus
F'(u,@(u))=F/(u,®(u))+F(u,®(u))®'(u)=F/(u®(u)). O
Define |(u)=F(u,¢).If u,ve Hl(Rs),then one has

p-2
I'(u)v = .’.1]1{3 (Vu VYV + [mz —(o+ ¢)2Juv)dx —fRa |TL|S uvdx. (10)

Lemma 3.3. The following statements are equivalent:

1) (u,¢) e H! (Rs)x D2 (Rg) is a solution of System (5);

2) uis a critical point for 7and ¢ =®(u).

Proof.2) = 1) Obviously.

1) = 2) Suppose F,(u,¢) and F,(u,¢) denote the partial derivatives of
F at (u,¢) IS Hl(Rs)x D'? (R3) . Then for every ve Hl(Ra) and
w e D' (RS) , one gets

p-2
F(u,9)[v]= IR3 (Vu -Vv+[m2 —(a)+¢)2]uv)dx _.[u@ |T| |S uvdx,  (11)
X

F/(ug)w]=-[ Ve Vydx—[  (o+g)puidx (12)
By the standard computations, we can prove that F/(u,¢) and F/(u,¢)
are continuous. From (11) and (12), it is easy to obtain that its critical points are

solutions of System (5), by 1) of Lemma 3.1, one has ¢ = ®(u). O

Lemma 3.4. For ue Hl(Ra) , If |m| > |a)|, then there exist some constants

o0y >0 such that | (u)|HUHH1:Pl >a >0.
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Proof. From (7), one obtains

I(u):%LR3(|Vu|2 (m*-0)u ) j Vg dx

| |p (13)

udx
X

1
[ a)¢u2dx—5.[R3 ¢2u2dx—6j'R3
Substituting (9) into (13), we have
1 1
I'(u) :EIR3 (|Vu|2 +(m2 —a)z)uz)dx+§j]R3 Vo[ dx

1 1 |’
+EIR3 (/52u2dx—EJ‘IR3 dx

X
min{1,m? - @’ 1
{ : }ﬁquﬂ“ﬂ“‘gh4ﬂ

> Cull ~Colulls 2 e, forue HY(R), [ul,,: = o0

>

Thus

| >a, >0
lulyr=1

and the proof is completed. o
Lemma 3.5. Under the assumptions of Theorem 2.1, there exists a function
n, € Hl(R?’) with |||, > p, such that 1(n,)<0.
Proof 1t is easy to obtain

lim 1(tu) = ZI (|Vu| +(m —a)z)uz)dx—tsz3w®(tu)u2dx

t .2 Jul®
—?J'R ®* (tu)u dx——j |Vd> tu| dx—— dx

WH

s%fR3(|Vu|2+(m2—a)) )dx ot? [ ,®(tu)u

3H
tz 2 2 | |p
SEIR3(|VU| +(m —w )u +20U ) J'RS

— —o0,

which implies that 1 (u) — —o0,as |uf,. —> .
The lemma is proved by taking 7, =tu with t>0 large enough and u=0.
Therefore we know that there exists 7, € H' (RS) , "’71"H1 > p, such that
I(n,)<0. o
Therefore, there exists a sequence {un} e H! (Rs) , so-called Palais-Smale se-

quence, such that

I(u,)—>c>0,and I'(u,)—>0, n—> oo, (14)

where

=inf max I (y(t))

yel [E[O 1]
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with
r={yec([01.H (R")):7(0)=0,7 (1) = /.
Since System (5) is set on R?, it is well known that the Sobolev embedding
HY(R®) o LP (R3,|x|’s dx)(z <p<2'(s)) is not compact and then it is usually

difficult to prove that a Palais-Smale sequence is strongly convergent when we
seek solutions of System (5) by variational methods. A standard tool to overcome

the problem is to restrict ourselves to radial functions, namely we look at the
functional Zon the subspace H; (]RS) = {u eH! (R3) lu(x)=u (|X|)} and
D} (R3> = {u e D*? (R3) lu(x)=u (|X|)} compactly embedded in

Lf(]R3,|x|fsdx) for 2< p<2*(s) and Lf(Rs,dX) for

2<p<? =N—NZ =6. By standard arguments, one sees that if a critical point

ueH! (R3) for the functional ||H1(R3

) is also a critical point of I
Lemma 3.6. The PS sequence {U,}e Hrl(R3) given in (14) is bounded.
Moreover, ®(u,)eD;? (RS) is bounded, too.

Proof Case 1. 2< p<4. There exists a constant C, >0, then by (7), (9) and
(10), we get
Cq +0(1) u .

2 pl (u,)=(1"(u, ) u, )

(B o (- o - B2 w0, oo
+ [ s @ (u, )uzdx

L N [ R
>C,fu s

for nlarge enough. Therefore, it follows that {u,} is bounded in H; (Ra) .

Case 2. 4<p< 2*(5). We have that there is a positive constant C, such
that

. 1,,
C3+"un"H% Zl(un)_g“ (un)’u">'

According to (9), (10) and (13), ®(u,)>-w, one has

4l

21(0) (1))

:[%_%ij3(|vun|2 +(m2 —wZ)Uf)dX+(%+%j ]qu)2 (un)uﬁdx
+2[|ve (u, )updx

DOI: 10.4236/0alib.1107709 7 Open Access Library Journal


https://doi.org/10.4236/oalib.1107709

for nnlarge enough. It follows that {u,} isboundedin H; (R3) :
According to Equation (9), one has

[ o[V (u,) dx=—[ ;o®(u,)uidx~[ @ (u,)uldx,

then by Holder inequality

1
Fol 0 0oher [ 0 &) Jo e o
=|f (x)|p .|g(x)|q ) (p >1,q >1,%+%=1]
and Sobolev inequality
jul, = Cllul,

One obtains

2
”H}'

(v,

Co o (u,

Dl 2 = D1,2

Thus {@(un )} is bounded in D} (Ra) by the boundedness of
{un}CHrl(R3). o

Up to subsequence, we may assume that there exists Ue H; (]R3) and
peD;? (R3) such that

U, —u in H}(R3), (15)
u, >u inLf (R dx) for2< p<8, (16)
d(u,)—¢ in D,“(R3). (17)

Lemma3.7. ¢=®(u) and ®(u,)—>®(u) in D;? (RS) :
Proof. First we prove the uniqueness. For every fixed ue Hﬁ(RS), we con-

sider the following minimizing problem  inf E, (¢), where

geDF?(R)
E, :D}? (Ra) — R defined as energy functional of the second equation in Sys-
tem (5).

E,(¢)= %J']Rg Vo[ dx +%.[]R3 grudx+ [ ogu’dx.
In fact, by the proof of Lemma 2.1 in [16], one can know
®(u,) - ¢, locally uniformly in R®,
S0 we obtain
[ ®(uy)uzdx— [ udx, [ @ (u,)uidx — [ ,p°u’dx

From the weak lower semicontinuity of the norm in D;? (Ra) and the con-

vergence above, one has
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E, (@) <liminf E, (®(u,))<liminf E, (®(u))=E, (®(u)),

n—oo n—co0
then by 1) of Lemma 3.1, ¢ =®(u).

Next, we prove that {d(u,)} converges strongly in D}’ (]R3). Since

n

®(u,) satisfies the following equation
[ VO (u, ) Vydx+[ Ui (u, )ydx =—of ;ulydx, yeD?(R®). (18)
Let us take the difference between (18) and the corresponding equation for
®(u) tohave
[V (®(u,)-@(u))Vy+ul (@ (u,)-@(u))y +(uZ —u® )@ (u)pdx
= —wIRa (uf -u? )y/dx, w e DM (Rs).
Testing with y = (CD(un ) - CD(U)) , by the Holder inequality, the following
holds
2
[ (s,) -0 ()

DH?
< |w|IR3 u? —u2||®(un)—®(u)|dx+IR3

(19)

U2 —u? | (u)]| (u, )~ @ (u)[dx

£|a;|||<l>(un)—d>(u)||6 u? —u2|9 +|d>(u)|6 <I>(un)—®(u)|6 u? —u2|g (20)
5 2
<C,|u, —u|g +GC; U, —u|3,
5
according to (16), one has ®(u,) —> ®(u) stronglyin D;? (R3). O

Lemma 3.8. {u }e H:(R3) has a strongly convergent subsequence in
HY (R?).

Proof. Consider a sequence {u,} in H:(Rs), which satisfies I(u,)—>c,
I'(u,) >0, and sup|u,[,; <+ . Going if necessary to a subsequence, since
the embedding H:(R3) SLP (IR‘Q‘,|X|_S dx) is compact for any p 6(2,2*(5)),
we have

U, > uin L (B2 [ dx). 1)

According to (10), one obtains

I'(u,)(u, —u)
=IR3(VUn -V (u, —u)ﬁ{m2 —(a)+d)(un))z}un (u, —u))dx
p-2
u
—fR3| |"X||S u, (U, —u)dx.
Similarly, one gets
) o)
= IRs(Vu -V(u, —u)+[m2 —(a)+CI)(u))2}u(un —u))dx

By (10), we easily get that
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JR3(|V(un —u)|2 +(m2 —wz)(un —U)Z)dx

=(1"(u,) =1 (u),u, —u)+ [ (@ (u, )u, —@° (u)u)(u, —u)dx

u|P? ul??
+LR3 {%un —%u](un —u)dx

+20[ (@ (u,)u, —®(u)u)(u, —u)dx.

n

It is clear that
(1"(u,)=1"(u),u, —u) >0, asn—co.

Furthermore, in view of (21), we have

e, dX<[LRa| ] ]p[fRs'

=|Un|p,5 Juy —ul =0, asn— o0,

Similarly, we also obtain that
| |p_1
[ u)dx — 0, as n — oo,
R s

Thus combining (24) and (25), one gets that

p-2 p-2
j [ un——|u| u |(u, —u)dx
X[ X[

Bl ol

u
_.[uzz3 s dX_IR3 |X|s

(u, —u)dx

— 0, as h — oo,

By Holder inequality and Sobolev inequality, one has
[s(@(uy) =@ (u))u, (y, —u)dx‘
<[(@ (uy) =@ (u)) (uy ~u), u,

S|q)(un)_(D(u)Lg'un —U|3|U

ol

<G, ||(D(un )—d)(u) Di2 |un —U|3 "un"H} '

(22)

(23)

(24)

(25)

(26)

According to (16), one gets LR3 (CD(un )—CD(U))un (u,—u)dx >0,as n—>oo.

And
@ (0)(0, ~u)° &< @ (W), Ju, -l |u, -,
< ClO "(D(u)"D}z |Un _U|3 "Un —u Kl - 0, as n — oo,
Thus we get that

IR3(q)(un)un _(D(U)U)(Un —U)dX

= IR3(®(UH)_®(U))un (un —U)dx+.|.R3(I)(u)(un —U)Z dx

— 0, as n — oo.

n

We observe that the sequence {d)z (u)u

(27)

} is bounded in L? (Rs) , since
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n

|CI>2 (u,)u

s <o)
2

so that

IR3(®2<u Ju, ~ " (u)u) (u, ~u)x

|CD Ju, —®*(u u| |u, —ul,

< U(DZ (Uy ) Uy |3 +|<I)2 (u)u|3j|un —-ul,.
2 2
By (16), one has

[ o(@* (u,)u, —@° (u)u)(u, —u)dx —>0, asn — o, (28)

Therefore according to (23)-(28) and |m| > |w|, we obtain that

Ju, —ull,;s < max {Lm* -’} [, (|V(un —u)|2 +(u, —u)z)dx
—0,asn— o,

Thus {u,} has a strongly convergent subsequence in H! (RB) .

Consequently, we conclude that
I(u)=c, 1"(u)=0. o

Next we begin to prove Theorem 2.1.
Proof. We only need to prove that u=0. Suppose by contradiction that

u=0, and hence ®(u)=0. Since as n— o, <I'(un),un>—>0, u, >0 in
LP (R3,|x|75 dx)(2< p<2*(s)) and Lf(Rs,dx)(2< p<2*).Thusweget

f u2d? (u dx+2a)I JuZdx — 0,

p
IR3 | dx — 0.

S
4
We may assume

s (1v0, [ +(m* =@ )uZ Jax =Cu, [fs . €>0.

Set
Jullis =1, 120,
obviously, I=0<>u, >0 in H;(R®). Asa consequence we obtain that
I(un)a%, n— oo,

Accordingto 1(u,)—>c>0, we get

C:C—I>0
2

which implies that | =0 is impossible, ie, which contradicts with u=0.
Therefore, uis a nontrivial solution of System (5).
This theorem is mainly based on satisfying the conditions of the Mountain
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Pass Theorem, and then there is a (PS) sequence, proving that the (PS) sequence
is bounded and u, has a strongly convergent sub-sequence in H?(RS) , SO as
to prove that the system of Equation (5) has at least a nontrivial solution. o

4. The Proof of Theorem 2.2

Similarly, we also have the following lemmas.

Lemma 4.1. Forevery Ue Hl(]R3) ,

1) there exists a unique function ¢ = (D(u) e D"’ (Rs) that solves the second
equation of System (6);

2) if uis radially symmetric, then ®(u) is radial too;

3) ®(u)(x)<0, moreover, ®(u)(x)=-w,if u(x)#0 and w>0.

Lemma 4.2. Themap ® is C' and
G, ={(u.g) e H'(R?)xD** (R?)| £ (u,9) =0}

Likewise, define J (U) =F (u,¢) .

Lemma 4.3. The pair (u,§) Is a weak solution of System (6) if and only if it
is a critical point of Jin H* (Ra ) x D"? (]R3 ) .

Lemma 4.4 For Ue Hl(Rs) , If |m| > |a)|, then there exist some constants

Py.0,,M>0 such that J (U)|HUHH1:p2 >a, forall u satistying O0<pu<m.

Proof. From (8), one obtains

J(u)= %Jmﬁ (|Vu|2 +(m2 -’ )uz)dx —%jR3|V¢|2 dx—J']Ra ou’dx

*(s (29)
1 2,2 H |u|q 1 |u|p 1 |u|2()
-= udx——| ,——dx——| ;——dx————| ,—/——dx
2.[111{3¢ qIR3|X|s pIR3|X|S 2*(S)J.]R3 |X|S
Substituting (9) into (29), we have
J (u):l R3(|Vu|2 +(m2—a)2)u2)dx+ljR3|V¢|2 dx+%J']RS $2u’dx
u . il
IR3 IR3 (S)IRB |X|S dx
? i (m? d e
_EIR3(|VU| +(m - ) ) X — R3 7 X
Le 2 IUIZ*
N L dx—— rr
ol b Mz @
min{l,m2 —a)z} C, i C A C I
> o lull: - a ||U||11—ﬁIIUIIﬂi—?—@)SS =l
mini{l,m } - _2(s) u
=[ulls {—II Ui’ 2||u||g;‘ - || [ -2
min{l,mz—coz} ,. C TG I
_ -q _ 12 p-q _ 5 2 2(5)7q’ >0.
Set My (p)=———"——» A O p=
Since
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in{l,m? —w?!)(2- B

hl,(p):(mm{ m : I C1)p1,q_clz(p .
p

_2(s)-a

)
- [(min{l,m2 _Q)Z})(Z—q) C,(p-0) 2
(s)-a¢ "

2"(s)-g-1

2 - P

p
2 )_q S Z(S)pz*(s)fz .
2* (S) S
Evidently, when p >0 is small enough, h/(p) is greater than 0, and
h (o) increases monotonically. When p >0 is large enough, h/(p) is less

than 0, and h (p) decreases monotonically. Therefore there exists a maximum
point & such that

=p

h(£)=o0.
Obviously, we observe that £=0 or £>0, while £=0 is impossible.
Then & >0, next we obtain max h(p)=h (f) > 0. Choosing that
p=

ah, (pz)

||u||H1 = (,‘2 = p,, we deduce, for all 4 satisfying 0< pu< . - m,
11

J(U)HUHH1:p2 2,03 '(hl(pz)_cl(;#jz Pe -hé(pz) =a,>0

and the proof is completed. o
Lemma 4.5. Under the assumptions of Theorem 2.2, there exists a function

7, € Hl(R3) with ||, > p, such that J(n,)<0.
Similarly, a standard tool is to restrict ourselves to radial functions, namely

H (R®)={ueH! (R*)]u(x)=u(]¥)} and
D} (R3> = {u e D*? (Rg) ] (X) =u (|X|)} compactly embedded in

Lf(]R3,|x|fsdx) for 2< p<2*(S) and Lf(Rs,dX) for

2<p<? :m =6. Moreover, one sees that if a critical point u e H:(Rs)

for the functional J |H1(R3) is also a critical point of /.

Lemma 4.6. Under the assumptions of Theorem 2.2, if {u,} e H; (R3) is a
bounded Palais-Smale sequence of J, then {u,} has a strongly convergent sub-
sequence in H; (R3 ) :

Proof. Consider a sequence {U,} in H:(Ra) , which satisfies J(u,)—>c¢,
J'(u,) >0, and Sup"un"H} <40 . Going if necessary to a subsequence, we as-
sume

u, —uin H}(Re’).

Since the embedding H?(R3) S (]1%3,|x|7s dx) is compact for any
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pe (2, 2 (s)) , we have

u, >uin Lf(R3,|X|7S dx). (30)
Moreover, likewise, for pe (2, 2*) , we also get
u, > u in L? (R®,dx). (31)
According to
o
Jf(u)vz.[Ra(Vu-Vv+[ (a)+¢) Juv)dx ,uJ. x | uvdx
- ()2 (32)
- 3| | uvdx - | 3|u|—u dx
o L
one obtains
J'(uy )(u, —u)
:.[Rg(Vun V(un—u)+[m2—(a)+®( )) Jun(un—u))dx
u, q-2 p-2
'u.[]R3| | ||5 I]Ri3| | n u, U)dX
2"(s)-2
_ R3|u"|| |5 u, (u, —u)dx
Similarly, one gets
3'(u)(u, —u)
=I3(Vu.v(u —u)+[m2—(w+®(u))2]u(un—u))dx
[ o[
—-u R3 | | u(u, —u)dx— IR3 w u(u, —u)dx
|u
- u(u, —u)dx.
J'R3 |X|s ( n )
By (32), we easily get that
J'RS(V(un—u)|2+(m2—a)2)(un—u)2)dx
:<J'(u) J'(u),u, - > U . 2 —|u|q_2u (u, —u)dx
n n R3 |X|S n |X|S n
p-2 p-2
+j3 Mun—&u (u, —u)dx
ST o9

+.[R3(q)2 (un)un - o* (U)U)(Un —U)dX.

Then we use similar method in the proof of Lemma 3.8, we obtain that {u, }
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has a strongly convergent subsequence in H}! (Rs) . m
Next we begin to prove Theorem 2.2.
Proof. The proof is divided into two steps.
Step 1. There exists U, € Hi(Rs) such that J'(u;)=0 and J(u,)<O0.
We choose a function v e H! (]R3> .Since ®(u)>-w, one has

J(tv)= %J‘u@ (|Vv|2 +(m* - o )vz)dx —t* [, 0® (tv)vidx

t? ) o1 2
_EJR3® (tv)v dx—EIR3|V®(tv)| dx

q q p p 2*(5) 2*(5)
—ﬂjsMs v 3|"|s b 3|V|s dx (34)
R e N O
t? 2 2 2\,,2 2,2 ut |V|U|
£E.fR3(|Vv| +(m ) )v +20°V )dx—TIR3|X|S dx

<0
for t>0 small enough. Thus we have ¢, =inf {J (u):ue Epz } <0, where
p, >0 is given by Lemma 4.4, B, = {u € H}(Rg) e < pz}. By the Ekel-
and’s variational principle [17], Let €=%>0 , 5:||é’—un||H1 >0 for all
(e Epz , then there exists a sequence {un} c I§p2 such that
¢, <J(uy)<c +e
and
£ £
Sl <)+l .
Then we obtain that

J (g) 2J (un)_§||§_un||H} :

Obviously, in view of Lemma 4.4, u, € B, , for nlarge enough. Thus for any
pe Hi(RS) with ||¢||H} =1, we can take t>0 such that (U, +tg)e I§p2 for n
large enough (see [18]). Then we have

J(u, +tg)—J(u,)
t

> —&.

Letting t — 0, we get
(3'(u,).8) 2=
Wereplace ¢ by —¢ in the above inequality, then it follows that
<J "(u, ),—¢> >,
ie,

(3'(u,) 4)<e.

DOI: 10.4236/0alib.1107709 15 Open Access Library Journal


https://doi.org/10.4236/oalib.1107709

X. Zhang

Thus one obtains
(3'(u,).8)| <&,

which implies J'(u,) >0 as n—>o.

Hence we conclude that {u,} isbounded PSsequence of /for c,. Therefore,
by Lemma 4.6, we get that there exists a function U, € H; (R3) such that
J'(u)=0 and J(u)=c <0.

Step 2. There exists U, € H} (R3) such that J'(u,)=0 and J(u,)>0.

From Lemma 4.4, Lemma 4.5 and the Mountain Pass Theorem [19], there is a
sequence {U,}C H?(R3) such that

J(u,)—>c, =inf maxJ (y(t))=a, >0

yel te[0,1]

and
J'(u,) >0,

where T = {7/ eC ([O,l], H! (R3 )) 17(0)=0,7(1) = 772} . From Lemma 4.6, we

only need to prove that {u,} isboundedin H; (RS)
Case1): 4<p<2 (S) From (8) and (9), one has

J(u)= lsz (|Vu| (m2 ) 2)dx +—J'R3 @ (u)u’dx +%‘|'R3 |Vd)(u)|2 dx

_H ||p 1
IR3 jR3 ( ).[

Then by (32), one obtains

i

(C2 +1)+0(1)us .

23 ()= {9'(0) )
:(E—EJIR3<|Vun|Z+(m2 o) )dx+( 20 i

2 p
+= I Vo (u, | dx + {1—ljjz|u”|q
Poa)™ |x

+£LR3@<D( )de{ ZtS)JjRJ”'S
[%—t]j (Ivu, [ +(m? - " u )dx+[———]j ®? (u, ) uZdx

1 2 Ul
{E‘EJI v (u, ) e s [p q]R3||

{%G%ﬂkw#

11
ol {52 |cu
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for nlarge enough. Therefore, it follows that {u,} is bounded in H! (R3) .
Case 2): 2< p<4.From (8) and (9), one has

q

) (u) :%IR3(|VU|2 +(m2 —a)z)uz)dx—% R a)cp(u)uzdx—ﬁ LY ||L)](||5 dx

BN PV IIM“”
P 26

|p
p

Then by (32) and (E—ljm2>a)2 and ®(u,)>-w, 1<q<2,weget

p(C, +1)+[uy |
> pJ (un)—<J'(un),un>
- [g_ JJRB (|Vun|2 +(m? —a)z)unz)dx—[g—ijR3 o® (u, )uZdx
2 2 p |un|q p |u”|2*(3)
+[.® (un)undx+y(1—aj.[R3de+(l— 2*(5)ij3 ; dx

(o 5o {3- o
p e Junl

1-— dx
+,U[ quRa |X|S

Caluffy {12 el

for nnlarge enough. It follows that {u,} isboundedin H; (R3) :

This theorem is mainly based on the Mountain Pass Theorem and the Ekeland

n

variational principle to prove that the System (6) has at least two different solu-
tions. ]

Remark 4.1. Here a simple infimum definition is given as follows. Suppose S
is a set of numbers in R . If the number ¢, satisties:

1) VxeS§,x>¢&),thatis, & isalower bound of S.

2) Vf,>&,, there exists a X, €S that satisfies X, < f,, that is, & is
maximum lower bound of , then the number &, is the infimum of the number
set. Referred to as: &, =infS.
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