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Abstract

This article extends the concept of the shape of numbers. Originally, a shape
was defined as [LK},K,,--], 1<K <K, <---, K;eN. In this paper, the
domain of a shape is extended from Nto Z the low bound is extended from 1
to Zand K; <K,,;, K;=K
can be calculated with the similar form (T, + K, )(T, + K, )(T, +K,)---. In this

way, a lot of calculation formulas can be obtained. At the end, the form is ob-

K; > K;,; are allowed, which prove that they

i+1?

tained to calculate
Kyxox Ky + (L4 K ) xeoox (L+ Ky )+ (2L + Ky ) x-x(2L+ Ky, )
+(BL+ K, )x-x(BL+ Ky )4+ '
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1. Introduction

Peng, J. has introduced Shape of numbers in [1] [2] [3]:

(|1.|2,-'-, Iy
adjacent numbers. |

), b eN, Iy <l,<--<Ily. There are M — 1 intervals between

41— l; =1 means continuity, |;,; -1, >1 means discon-

i i+
tinuity.

Shape of numbers: collect (l,,1,,---,1,,) with the same continuity and

discontinuity at the same position into a catalog, call it a Shape.

A shape has a min Item: (1K, K,,...) that use the symbol PS = [min
Item] to represent it.

If K,-K,=D>1, only I

i+

.~ ;=D is allowed. If K, -K; =1, only
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l,,—1,=1 is allowed.

i+1
The single (I,,1,,---,1,) isanitem, I x1I,x---xI, isthe product. is a
factor.
Example
[1 2]—)( ,2 (2,3),(3,4)
S=[L3]->(13).(14).(2.4),
PS=[1,4] (1L,4),(1,5),(2,5),
7)

,(1000,1001) € PS
(1,5),(2,5),(3,5),(1000,2001) € PS
(16),(2,6),(3,6)ePS, (35),(4,6)«PS

PS=[14,6] >(14,7),(15,7),(257)ePS, (357)¢PS

Define:

SET(N, PS) = set of items belonging to PSin [1, N—- 1]

PM(PS) = count of factors

PB(PS) = count of discontinuities

MIN(PS) = min product: MIN ([12,3])=1x2x3, MIN([1,2,4])=1x2x4

IDX(PS) = (max factor) + 1

PH(PS) = IDX(PS) — PB(PS) - 2

Basic Shape: intervals = 1 or 2

BASE(PS) = BS: if (1) PB(BS) = PB(PS), (2) PM(BS) = PM(PS), (3) BSis a
Basic Shape, (4) BS has discontinuity intervals at the same positions of PS.

Example:

PS =[1,2] - BASE(PS) =[1,2]

PS =[1,3],[1,4],[L K > 2] > BASE(PS) =[1,3]

PS =[1,3,4],[1.4,5],[L K >2,X = K +1] - BASE (PS) =[1,3,4]

PS =[1,3,5],[14,9],[L K >2,X > K +1] > BASE(PS) =[1,3,5]

End(N, PS) = set of items belonging to PS with the max factor = N - 1;

| SETUN;, PS)| = count of items in SET(N, PS);

SUM(N, PS) = sum of all products in SET(N, PS).

Example:

SUM (6,[1,2,4]) =1x 2x 4 +1x2x5+2x3x5

SUM (9,[1,4,7]) =1x4x 7 +1x4x8+1x5x8+2x5x8

[3] introduced the subset:
If PB(PS) = 0, SET(N, PS) is simple.
If PB(PS) > 0, then can fix some interval of discontinuities to get subsets.
SET(N, PS, PT) = subset of SET(N, PS), a valid
T,-T,=1:K,,, - K, =1, means |, , -1, =1
PT :[1,T v T ] =4T,,-T,=1:K,-K,=D>1 meansl_,—1,=D (¥
T,-T=2:K,-K,=D>1 means|,,, -1, >D

PT only has the change at (*), when a change happens, make the interval
fixed.

PCHG(PS, PT) = count of change from BASE(PS) to PT

Example:

PCHG([1,3,5],[1,3,5])=0

DOI: 10.4236/0alib.1107120

2 Open Access Library Journal


https://doi.org/10.4236/oalib.1107120

J. Peng

PCHG([1,3,5],[1,2,4]) = PCHG([1,4,7],[1,2,4]) =1, changed at T;

PCHG ([1,3,5],[1,3,4]) = PCHG([1,4,7],[1,3,4]) =1, changed at T

PCHG ([1,3,5],[1,2,3]) = PCHG ([1,8,10],[1,2,3]) = 2, changed at T, 75

SUM_SUBSET(N, PS, PT) is defined in [3] = sum of all products in SET(N,
PS, PT)

Now, SUM() and SUM_SUBSET() are uniformly defined as SUM(N, PS,
PI), SUM(N, PS, BASE(PS)) is abbreviated as SUM(N, PS)

Only valid PT'is discussed below.

[1] [2] [3] came to the following conclusion:
N - PH (PS)—PCHG (PS, PT)—l]

(1.1) |SET(N,PS,PT)|:( PB(PT)+1

(1.2) SUM(N,PS)zMIN(PS)( , PSis a Basic Shape

N

IDX (PS)

The following uses count of X € K for count of

(X0, X0, Xy b e (K Kyyo Ky )

(1.3) PS=[LK, - Ky], PT=[LT,T,, T, ]

Use the form (T, + K, )(T, +K,)--+(Ty +Ky ) =D X, X, - Xy, » Xi= Tior K

The expansion has 2 items, don’t swap the factors of X, X,---X,, , then
each X X,---X,, corresponds to one expression =

N —PH (PS)—PCHG (PS,PT)
IDX (PT)-q
g=countof X eK.
~ N —PH (PS)—PCHG (PS,PT)
SUM(N,PS,PT)_ZA{ DX (PT)—g :
-m: X; =T;,;m=countof {X,,---,X; ;}eK
+m: X; = K;,m=countof {X,,---,X,,}eT

A =TT5(%+D). D :{

Example:
PS=[LK, =23 K, >K, +2,K,;>K, +2],
BS = BASE(PS)=[13,57],
IDX (BS)=8
The form =(3+K,)(5+K,)(7+K;)

=3x5x7+3x5x K, +3x K, x7+3xK, xK,
+ K x5x7+ K x5x K, + K, x K, x7+ K, xK, xK,

P=N-PH (PS)-PCHG(PS,PT)
=N -{IDX (PS)-PB(PS)-2}-0
=N-{K;+1-3-2} =N -K; +4

9
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P P
SUM (N, PS) :3><5><7(8j+3><5><(K3 +2)(7j

+3x(K, +1)><(7—1)[|;]+3><(K2 A1)x(K, +1)(Pj

6

s le(5_1)><(7—1)[:)+ K, x(5-1)x (K, +1)[Pj

6
P P
+K x K, x(7-2) 6 +K, xK, xK, .

An item e PS = {begin,K, + E,,---, Ky, + E,, } , Kis fixed, Eis variable.

A product = beginx (K, +E,)---(K,, + E,, ) =beginx > FF,---F, , F; = E; or
K;

That is, a product can be broken down into 2* parts.

Define SUM_K(N,PS,PT,PF =FF,---F,) =Sum of one part in SUM(N,
Ps).

PFindicates the part. F;= E;or K;

Rewrite 1.3), add {braces}:

SUM (N, PS,PT)=> product = > beginxF,---F,
-S040y

oD :{{Ti—Di}:Xi =T,,D, =count of {X,,~+, X} e

K
{Ki}+{Di}:Xi = K;, D; = count of {Xl""’xifl eT

Expand SUM(N, PS, PT) by {braces}:
(1.4) SUM_K(N, PS, PT, PF) = YExpansion of SUM() with same

kjep=3IT |

0:F =K, X, =T,
K, F =K, X; =K,
Y =17 _D:F —E, X, =T,D, = count of (X, X, eK
D :F =E,X; =K;,D, =count of {X,,--, X} eT
Example:
SUM (N,[LK, 23K, 2K, +2]),
form=(3+K,)(5+K,) >
N-K,+3 N-K,+3
=t i TN ET) e
N-K,+3 N-K,+3
+K1({5_1})( 52 ]+K1K2[ 42 j
Expand by the {braces}:
DOI: 10.4236/0alib.1107120 4
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N-K,+3 N-K,+3 N-K,+3
=415 +3 +3K,
6 5 5
N-K,+3 N-K,+3
+4K, 5 + KK, 4

= z:eéi:;z begin x ( Kl + El,begin )( KZ + E2,begin )
>
SUM_K (N, PS,BS,E,E, )

N-K,+3 N-K,+3
:Zallitemsbegin*El,iEZ,i :15{ 62+ J+3( 2 F J

5
N-K,+3
SUM_K(N,PS,BS,Ele)=Zalmemsbegin*EMK2=3K2( 52 ]
N-K,+3
SUM_K(N,PS,BS,KlEz)zzauitemsbegin*KlEz,i=4Kl( 52 ]
N-K,+3
SUM_K(N, PS, BS, K1K2)=Zall nemsbegin* K.K, = Kle[ 42 j

In this paper, we extend the definition of Shape of Numbers and generalize the

corresponding results.

2. The Extension of Shape
Redefine:
PS =[min ltem]=[K, -+, Ky -], ttem=(1g,--, Iy,-),
BASE(PS)=BS =[G, =1,G,,-+,Gy ']

1) change factor’s domain of definition from Nto Z, change K, from 1 to

Z.
2) allow K, <K, <---<K,,If K,,,=K,,only I, =1, isallowed.
G.-G =1
3) allow K,>K,,,,only |, =1, isallowed. G, , -G, =1.
Example:
PS =[3,5] - BASE(PS)=[13]
SET (8,[3,5]) ={(3.5).(3,6).(4.6).(3,7).(4.7).(5.7)}
# SET (8,[1,3]) - SET (5,[1.3])
PS =[3,5,4,6] — BASE (PS)=[1,3,4,6]
SET(8,PS)={(3,5,4,6),(3,6,5.7),(4,6,5,7),(3,5,4,7)}
Redefine:

Basic Shape: K; = 1 and intervals = 1 or 2

SET(N, PS) = set of items belonging to PSin [Ky, N — 1], Max Factor of
item< N-1
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PB(PS) = Count of discontinuities in BS
PH( PS) = (Max Factor) — 1 — PB(BS)
IDX(PS) = IDX of BS ={max factor of BS}+1=PM (BS)+PB(BS)+1

D'f{n): if f(n)=ZA£Nr;iniJ,then le(n)=ZAi(Nr;in_i1_1j

2.1) |SET(N,PS,PT)|=[N —Ko—PH (PS)—PCHG(P&PT)}

PB(PT)+1

0,

N<M
2.2) Specify ( M j

va (n—K N - K N —K
=(M+1 M +K
N L R o0
2.3) PS=[K, K, Ky], PT=[LT,T,,---T,], can use the form
(To+Ko)-+(Ty +Ky)
N —PH (PS)—PCHG (PS, PT)-1
SUM (N, PS,PT) = >
( ) Z‘\:[ IDX (PT)~g
M
A1:1_[i=o(xi+Di)’
-m: X; =T;,;m=countof {X,,---,X;;} €K
+m: X; = K;,m=count of {X,,---,X; ;}eT

g=countof X eK

[Proof]
Here only prove SUM(N, PS), SUM(N, PS, PT) can use the same method.

BS = BASE(PS)=[LG,,G,,-,Gy, ]

Use the similar way of [2], by definition:

(1*) SUM(N,PS)=3" S END(n,PS)

(2*) S END(N,PS)=D'SUM (N,PS)

(3*) SUM (N,[PS,Ky.,; =1+Ky ])=Y 2" nx> END(n,PS)

(4%) SUM (N,[PS,Ky; =Ky ])=3 " nx > END(n+1,PS)

(5%) SUM (N,[PS, Ky, >1+K,, ])=> "7 nxSUM (n—(Ky,,, — Ky, )+1PS)
N —PH (PS)-1

M.

n=—

Suppose SUM (N,PS)=Y X X, X, { J Max factor of PS
= Ky
P=n-PH(PS)-1=n-[K, -1-PB(BS)]-1=n-[K, —PB(BS)]
Q=N-PH(PS)-1
C =Count of {X,,---, Xy } €K,
M, = IDX (BS)-C

1) PS1=[PS,K,,., =1+K,, ], BSL=BASE(PS1)=[BS,G,,,, =1+G,]

DOI: 10.4236/0alib.1107120
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SUM (N,PS1)=>""" nx> END(n,PS)=Y""" nxD'SUM (n,PS)

) p_1
=2 T X Xy (M —1]

n-[Ky —PB(BS)”}]&)

N-1
= Nx Y Xy X
S N e
-1 -1
zz[xo...xMMi(,\(j+J+xo...xM (M, -1+ K, —PB(BS)+1)[QM_ D
M, = IDX (BS)-C =1+G,, -C=G,,,, -C
M, -1+K, —PB(BS)+1
=M, +K,, —PB(BS)=IDX (BS)-C +K,, —PB(BS)
=(PM (BS)+PB(BS)+1)-C+K,, —PB(BS)
=Ky +1+PM (BS)-C =K., +(M +1)-C
9
SUM (N, Ps1)

Q-1
= Xoo Xy (GM+1_C)[|DX(BS)—C+J

Q-1
+zxo---xM<KM+l+M+1‘C)[IDX<BS)—CJ

N —PH (PS1)-1
:ZXO"'XM (GM+1_C){ |DX(BSl)_C J

H 2 X0 Xy (Kypa +M +1_C)[|§x_(z;1()is(lc)111)]
- Match the form (G, + K, )(G, + K, )--+(Gy + Ky ){Gy.1 + Ky} -
2) PS1=[PS,K,,, =K, ], BSl=BASE(PS1)=[BS,G, , =1+G,]
SUM (N,PS1)=3""" nxSEND(n+1PS)
=>"" nxD'SUM (n+1,PS)

N-1 P
_ X ... X
ZHrwnXZ 0 M(Mi_lj

-1

gt s ([ PRESI)
_Zn:m > X, XM( M. J -

=Z[Xo"'xMMi[M_Q+J+ Xoo Xy (M 14K, —PB(BS))(&D

N — PH (PSl)—l
= ZXO"‘XM (GM+1_C){ IDX (BSl)_C ]

N —-PH (PS1)-1
+3 Xoo Xy (Ky +M +1—C)[|Dx(531)-(c+1)J

> Match the form (G, + K, )(G, +K,)--+(Gy + Ky ){Gy.1 + Ky} -

DOI: 10.4236/0alib.1107120 7 Open Access Library Journal
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3) PSL=[PS, Ky, > Ky, +1], BS1=BASE(PS1)=[BS,2+G, ]

N-1

SUM (N,PS1)=>""" nxSUM (n—(K,,,, —K,, ~1),PS)

ST Y X X [“—(KMH—KM —1)—PH(P3)_1J

M.

n—[ Ky, —Ky +PH(PS)]
.

=z:_1wnX2xo...xM[
Ql=N-[Ky,,—Ky +PH(PS)]
=N-[Ky.,— K, +K, -1-PB(BS)]
=N-[K,,,~1-PB(BS)]
=N-[K,,, —1-PB(BS1)]-1
=N-PH(PS1)-1
SUM (N, Ps1)—&2

=Y Xo- Xy (M, +1)(MQ12J

+3 X Xy, (KMH—KM +PH(PS)+ M‘)(MQiJ

M;+1= IDX(BS)-C+1=1+G, -C+1=G,,-C
Ky, — Ky +PH(PS)+M, = K,,,, —K,, + PH(PS)+IDX (BS)-C
=Ky, —Ky +( Ky =1-PB(BS))+(PM (BS)+PB(BS)+1)-C
=Ky,+ PM(BS)-C=K,,,,+M +1-C

9

SUM (N, PS1)

=3 X, Xy, (GMH_C)(M(ﬁZj

Q1
+3 KXo Xy (Kyy + M +1_C)[M. +J

QL
:ZXO--'XM (GM+1_C)(|DX(BS)—C+2J
QL
+3 Xo Xy (K + M +1_C)(|DX(BS)—C+J

N~ PH (PS1)-1
=Y Xo- Xy (GM+1—C)[ IDX (BS1)-C ]

N - PH (PS1)-1
+ 2. %o Xy (Kyay +M +1_C)[IDX (351)-(c+1)J

- Match the form (G, + K, )(G, + K, )--+(Gy + Ky ){Gy.1 + Ky} -
4) PS1=[PS,Ky,,, <Ky,], BS1=BASE(PS1)=[BS 1+G,]
By definition:

DOI: 10.4236/0alib.1107120 8 Open Access Library Journal
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SUM (NL[PS, Ky ]) =20 (n+Kyy,y — Ky ) END(n+1,PS)
=3 (N Ky - M)xDSUM(n+1Ps)

=30 (4K =Ky )x Y X ( | J
SE xS K )

o)

=3 X, X, {M{MQ+J+(Mi ~1+K, —PB(BS))(I\?IJ

) 2

=3 Xy Xy, {(le (|3s)—c)[,\/|_Q+J+(|v|i + Ky — PB(BS)—l)['\(ji j}

M; +K,,,, —PB(PS)-1=IDX (BS)-C +K,,,, —PB(BS)-1
=(PM (BS)+PB(BS)+1)-C+K,,,, —PB(BS)-1
=Ky,+(M+1)-C
9
SUM (N, Ps1)

=3 X Xy (GMH—C){N i (PSD_l]

IDX (BS1)-C

+2 KXo Xy (Kyy +M +1—C)[

N —PH (Ps1)-1 ]
IDX (BS1)-(C +1)

- Match the form (G, + K, )-++(Gy, + Ky ){Gy,1 + Kya } -

q.e.d.
Example:

N —PH ([-11,-7,-4])-1=N —(-4-2-1)-1=N +6,
BASE ([-11,—7,-4]) =[1,3,5]

SUM (N,[-11,-7,-4]) > form =(1-11)(3-7)(5-4) >

:15[Nng_llB(N;6j+315(N:6j_308(N;6j
15=1x3x5;
~308 = (~11)x(~7)x(~4)
—118=1x3x(—4+2)+1x(-7+1) x(5-1)+(-11)x(3-1) x(5-1)

315 :1><(—7 +1)><(—4+l)+(—ll)><(3—l)><(—4 +l)+(—ll)><(—7)>< (5— 2)

DOI: 10.4236/0alib.1107120 9 Open Access Library Journal
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SUM (-2,[-11,-7,-4])
= (L)< (7)< (4) + (1)< (-7)x(-3)
+(—11)x(-6)x(-3)+(-10)x(-6)x(-3)
=315-308x 4 =917
SUM (-1,[-11,-7,-4])
= SUM (-2,[-11,-7,-4]) + (-11)x (=7) x (-2) +(~11) x (-6) x(-2)
+(—11)x(-5)x(-2)+(-11)x(=7)x(-2)
+(—11)><(—6)><(—2)+(—11)><(—5)><(—2)
=-118+315x5-308x10 = -1623
SUM (N,[4,7,11],[1,2,4]) > form=(1+4)(2+7)(4+11) >

N -10 N -10 N -10 N -10
=8 +62 +200 +308
62 :1><2><(11+ 2)+1><(7+1)x(4—1)+4x(2—1)><(4—1)

200=l><(7+1)><(11+1)+4><(2—1)><(ll+1)+4><7><(4—2)

[1,2,4] means |, —l,=K,—K,=7-4=3, |,-1,=K,-K, >11-7=4

SUM (15,[4,7,11],[1,2.4])

=4xTx11+4x7x12+5x8x12+4x7x13+5x8x13
+6x9%x13+4x7x14+5x8x14+6x9x14+7x10x14

=8+62x5+200x10+308x10 =5398

N-PH([4,7,1,8])-1=N—(8-1-2)-1=N -6, BASE([4,7,1,8])=[134,6]

SUM (N,[4,7,1,8]) > form=(1+4)(3+7)(4+1)(6+8) >

:72(N _6J+417[N _6]+922(N _6]+876[N _6]+224(N _6]
7 6 5 4 3
417 =l><3><4><(8+3)+1><3><(1+ 2)><(6—l)
+1><(7+1)><(4—1)><(6—1)+4><(3—1)><(4—1)><(6—1)
922 =1x3x(1+2)x(8+2)+1x(7+1)x(4-1)x(8+2)
+4x(3-1)x(4—1)x(8+2)+1x(7+1)x (1+1)x(6-2)
+4><(3—1)><(1+l)><(6—2)+4><7><(4—2)><(6—2)
876=4><7><1><(6—3)+4><7><(4—2)><(8+1)
+4x(3-1)x(1+1)x(8+1) +1x(7+1)x (1+1)x(8+1)
SUM (13,[4,7,1,8])
=4xTx1x8+4xTx1x9+(4+5)x8x2x9+4x7x1x10
+(4+5)x8x2x10+(4+5+6)x9x3x10+4x7x1x11
+(4+5)x8x2x11+(4+5+6)x9x3x11+(4+5+6+7)
x10x4x11+4x7x1x12+(4+5)x8x2x12+(4+5+6)x9x3x12

+(4+5+6+7)x10x4x12+(4+5+6+7+8)x11x5x12
=T72+417x7+922x21+876x35+224x35=60853
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2.2. SUM_K(N, PS, PT, PF)

Aniteme PS ={K, +E;, K, +E,,---,K, +E,, } , Kis fixed, Eis variable.
Aproduct = (K, + E, )x( K, +E)--+(Ky +Ey ) =Y FRFRF--F, , F=E
or k=K,
That is, a product can be broken down into 2#*! parts.
Use the same method of [2]

2.4) SUM_K(N, PS, PT, PF) is similar to (1.4), except the form =
(To+Kq)-+

Example:
BASE ([4,7,11]) = BS =[1,3,5]
SUM (13,[4,7,11))
=AxTx11+4xTx(11+1)+4x(7+1)x (11+1)+(4+1)x(7+1)x(11+1)
= {4><7><11+4><7><11+4><7><11+4><7><11}
+H{AXTx1+4xT x1+ 4x T x 1 +{4x1x11+ 4x1Ix11} + {1x 7x11}
+{4><1><1+ 4><1><1}+{1><7><1}+{1><1><11}+{1><1><1}

4x7x11— 308
SUM_K (13, PS,BS,K, Kle)

N-9
:{4><7><11+4><7><11+4><7><11+4><7><11} =308( 3 j

4x7x(5-2) > 4x7x3
SUM_K (13, PS, BS, K,K,E, )

N-9
:{4><7><1+4><7><l+4><7><1}:4><7><3( 4 )
4><(3—1)><(ll+1)—>4><2><11
N-9
SUM_K(lS,PS,BS,K0E1K2)={4><1><11+4><1><11}=4><2><11( 4 j
1><(7+1)><(11+1)—>1><7><11
N-9
SUM_K(lS,PS,BS,EOK1K2)={1X7><11}=1><7><11( 4 j

4><(3—1)><(5—1)+ 4><(3—1)><(11+l)—>4><3><4+4><2><1
SUM_K (13, PS,BS, K, ElEZ)

N-9 N-9
:{4><1><1+4><1><1}:4><3><4[ 5 j+4><2><1[ 4 j

1><(7 +1)><(5—1)+1><(7 +1)><(11+1) —>Ix7x4+1x7x1
SUM_K (13, PS,BS, E, K1Ez)

N-9 N-9
:{1><7><l}=1><7><4 5 +1x7x1 4
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1><3><(11+ 2)+1><(7+1)><(1l+1) —1x3x11+1x1x11

SUM_K (13, PS, BS, E,EK,)

N-9 N-9
:{1><1><11}:1><3><11 5 +1x1x11 4

1x3x5+[1x3x (11+2) +1x(7+1)x(5-1) + 4x(3-1)x(5-1)|
+[1x(7+1)x(11+1)+4x(3-1)x (11+1)+4x7x(5-2) ]
—>1><3><5+[1><3><2+1><1><4+0]+[1><1><1+0+O] :15+[10]+[1]

SUM_K (13,PS, BS,E,E,E,)
N-9 N-9) (N-9
= {1x1x1} =15 +10 +
6 5 4

3. Coefficient Analysis
K=[K, Kyl
T:[le"':Tm]
Use the form (T, + K, )--+(Ty + Ky ) =D X, X, -+ Xy » Xi= Tror K;
Define H(K,T,N,S)=>B,, 0<SN<M, N=countof X eT
-mS : X; =T;,m=count of {X,,---,X;;} e K
+mS: X; =K;,m=count of {X,,---, X} €T

By :Hi’\;(xi +Di)’ D, :{

H(K, T, N, 1) is abbreviated as H(K, T, N)
3.1) H(K,T,M):Tlezx---xTM, H(K,T,O)=Kl><KZ><---><KM
[3] has proved:

SUM (N +1,[11,+,1],[L 2, M])= 3" n" =ZZ_1K!32(M’K)(E13

S(M; K) is Stirling number of the second kind. 2>
32) H([LL-1],[2.3,M],N)=(M=N)IxS,(M,M -N)
SUM (N,[Ky =LKy, Ky |.[Ty =T, T ])

can use the form = (T, +K,)---(T, +K,,) or (T0+KO)(T1+K1)---(TM+KM)
For arbitrary K, T¢
3.3) H([P.K],[P.,T],N,S)=PxH(K,T,N,S)+PxH (K, T,N-1S)

[Proof]
H([P.K Ky, [P.T. Ty LN +18)
:(XM+1 =Ky + (X =Tya)
=H([P.K],[P.T],N +1S)(Ky, +[N +1]xS)
+H ([P,K].[P,T],N,S)(Ty., —[M +1-N]xS)
={PxH (K, T,N+18)+PxH (K,T,N,S)}(Ky, +[N +1]xS)
+{PxH (K, T,N,$)+PxH(K,T,N-18)}(Ty,,—[M +1-N]xS)
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= Px{H (K,T,N+1S)(Ky., +[N +1]xS)
+H(K,T,N,8)(Ty .. ~[M -N]xS)}
+P><{H(K,T,N,S)(KM+1+N><S)
+H(K,T,N-18)(Ty, ~[M ~(N-1)]x8)}

=PxH ([K, Ky, L[T. Ty LN +18)+PxH([K, Ky, ].[T.Ty.1] N, S)

q.e.d.
this 2>
3.4) SUM (N,[12,--,n, Ky, Ky [,[L 20T, Ty ])

can use the form:
N —PH (PS)—PCHG (PS,PT)+n-1
—nl
(TL+Ky)(Ty +Ky) nZAq( DX (PT)-q
[2] has proved:
M
3.5) H(K,K,N,S)ZEN]leszmeM

1.3) can derive 1.2) from this.
3.6)if K, +S=K_,, T,+S=T,,, then

M
H (K,T,N,S)= N T Ty x Ky Ky

[Proof]
M
Suppose H(K,T,N,S):(NJT Ty Ky Ky Ky

H([K. Ky, =S+Ky [T Ty, =S+T,[,N+15S)
:(XM+1 = KM+1)+(XM+1 :TM+1)
=H(K,T,N+18)(Ky; +[N+1]x$)

+H (K, T,N,8)(Ty,, —-[M =N]xS)

M
:[N +1]T1"'TN+1KN+2"'KM(KM+1+[N+1]XS)
M
+(NJT Ty Ky Ky (TM+1 [M-N] Xs)
M
=T1'”TNKN+2 b [ 1 TN+1 M+1+[N+l]xs)
+T1“'TNKN+2 "KM[NJK <M+l [M N]XS)

M
=T, Ty Kyup - Ky N o1 [TwaKyg + Ty (N +1)xS |

M
+T, T Ky, Ky, (N][KM+1—[M ~N]xs]

x([Ty.p +[M =N]xS]-[M —N]xS)
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M M
=T1"'TNKN+2"'KM N +1 TN+1KM+1+ N TN+1KM+1

M jTM(N +1)—(’KIIJTNH(M —N)}S

N+1

M M
:Tl"'TNKN+2"'KM N +1 TN+1KM+1+ N TN+1KM+1

M +1
= N +1 T Ty Ky

+T Ty Ky Ky K

> H([K,Ky, [T, Ty,1],N+LS) holds

q.e.d.

Define

Fo' =>.Q—product with different factors € K , the sum traverse all combi-

nations.
Eg = ZQ —product with factors € K , the sum traverse all combinations.

Fél'z"“'N} is abbreviated as F, , Eél’z””’N} is abbreviated as Ej ;

R =Es =1; Fgq=0;

By definition:
EN = (N+1)ESE+EY; FIMwal =K, R +FEL
3.7)if T,+1=T,,, then
H(KT,N) =T, Ty [ R yEo' + R (BN +++FEp |
[Proof]
Suppose H(K, T, N) holds
H([K, Ky [T Ty =1+ T, [N +1)
= H (K, T,N+1)(Ky, + N +1)+ H (K,T,N)(T,,, ~[M -N])
=TT [ P v B ™ R B e+ REN T (K + N +1)
+T,-Ty, [F;_NEON +FK LEN 4 FREN ](TM+1—[M ~NJ)
=TT P B ™ R B e+ RERN T (K + N +1)
T T [ R g + P 1B o+ ROEN ]
H([K Kyt ] [T Ty =14 Ty LN 1) /T Ty
=[ R 1B R BN e REER T [(Kyg + N +1)
+[ R WE + R BN e FCEN
Sum of all items with count of factorse K =M —N -Q
= FJ_[N+1]_Q Eg Ky + FMK_[N+I]_(Q_1) Eot (N+1)+Fy  oEd
= FK ES Ky + Fa o[ (N+1)EYS +EJ |

M-[N+1]-Q
_ K N+l K N+l
=F EQ Ky + FM_N_Q EQ

M-[N+1]-Q

— EIKKma]lp N+t _ [KKya] N+1
- FM—N’\—AQl EQ - F[M +1]-[N+1]-Q EQ
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> H([K Ky, ]s[T.Ty.;].N +1) holds
q.e.d.

Example:
H([AB,C,D].,[1234],2)
=1x2x(C+2)(D+2)+1x(B+1)x(3-1)(D+2)
+Ax(2-1)x(3-1)(D+2)+1x(B+1)(C +1)(4-2)
+Ax(2-1)x(C+1)(4-2)+ AB(3-1)(4-2)
=1x2[(C+2)(D+2)+(B+1)(D+2)+A(D+2)
+(B+1)(C+1)+A(C+1)+ AB]
=1x2[(CD+BD+AD+BC + AC + AB)
+(C+D+B+A)(1+2)+(1x2+1x1+2x2)]

3.8) In SUM (N,[Kl,--', Ky |.[L2,-, M]), K; can switch the order.
3.9)if T, +S=T_,, then

H(K,T,N,S)

1 -N

=T, T, [Fr\;w E({)s,zs,-u,Ns} " FJ,N,lE{S'ZS'M'NS} et FOK E’u{s,zs,u-,Ns}J

Fa-n =S, (M +1 N +1), S is the first kind of unsigned Stirling number.
From 3.5) and 3.7)~>

H([L-M=-1],[1,M =1],N)=(M —1)!(MN 1]
= NI B+ R LB e RMEN >
=NI[S;(M,N+1)E' +S,(M,N+2)E" +--+8,(M,M)E} , ]

S, (M,N+1)E} +S,(M,N+2)E" +---+5,(M,M)E}

3.10) :[M —1](M -1)!

N N!

Kyxoox Ky + (L4 Ky )xeeox(L+ Ky )
L (2L K ) xex (2L 4 Ky )+

K=[Ky,-- Ky]> T=[T, Ty ]> Max Factor = Ky
SUM (N,PS,PT)=3" S END(n,PS,PT)
=3 . LY END(n,PS,PT)
N —PH (PS)— PCHG(PS,PT)-1
:ZA{ (|[2x(PT)—(q ) j
When N=K,, +1
N —PH (PS)—PCHG (PS,PT)-1
=N —(K,, ~1-PB(BS))-PCHG(PS,PT)-1
= PB(BS)-PCHG (PS,PT)+1
=PB(PT)+1=IDX (PT)-M
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> SUM (N,PS,PT)=A,
Aproduct = (K, +E,)---(Ky +E, ) =D FF,--F, » F=E or F=K;
SUM(N, PS, PT) can be broken down into 2* parts.
SUM_K(N, PS, PT, PF) can explain why SUM(N, PS, PT) has that strange form:
We can calculate every part of SUM() by some way without the form. There
may be complex relationships between the parts, but their sum just match a sim-

ple form.
SUM_K(N, PS, PT, PF) use the form =

(T+Ky) (T + Ky ) = 2T, ['\;'A\J

., X; =T;, D, =count of {X,,--+,X;;} eK
D :F =E,X; =K;,D, =countof {X,,---, X, } T

When 7;and D;all increase L times. If PT =[1,2,---,M ], when Nincrease,
|End (N, PS,PT )| =1, match the corresponding SUM _KJ().
Define

SUML(N,PS,1) = SUM (N +K,,,PS,[1,2,---,M])
SUML(N,PS,L) =K, x---x Ky, +(L+K;)xox(L+Ky, )+
+((N-1)L+K,)x-x((N-1)L+Ky)
SUML_K(N, PS, PF, L) = corresponding part of SUML(N, PS, L)
Above >

4.1) SUML(N, PS, L), SUML_K(N, PS, PF, L),
PT =[T,,---, Ty ] =[1xL,2xL,---,M x L], can use the from

(TL+K)-(Ty +Ky)

N
SUML(N,PS,L):ZA{M +1_q], g=countof X e K, 2¥ items in to-

tal.
—-mL: X, =T,,m = count of {)(1,...')(i
+mL: X; = K;,m = count of {xl,...,x

71}eK
_l}eT

A :H?il(xi*Di)’ D, :{

i
Example:

SUML(N,[35,8],4) >

form = (1x4+3)(2x4+5)(3x4+8)=(4+3)(8+5)(12+8) >

o3 o)l

384 =4x8x12; 120=3x5x8
896 :4><8><(8+2><4)+4><(5+1><4)><(12—1><4)
+3><(8—1><4)><(12—1><4)
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636=3><5><(12—2><4)+3><(8—1><4)><(8+1><4)
+4><(5+1><4)><(8+1><4)

SUML(6,[3,5,8],4)

=3x5x8+7x9x12+11x13%x16 +15x17 %20

+19x21x 24 +23x25% 28
=384x15+896x 20+ 636x15+120x 6 = 33940

SUML(N,p}2)21+3+.u+(2N—4):2(2]+(Tj:rﬁ

4.2) P is a prime number, For arbitrary K, K,,---,K},:
If M <P-1, then

K1XK2><-.->< KM +(|_+ Kl)x...x(L+ KM)+...
+((P-1)L+K,)xx((P-1)L+K, )=0MOD P

If M=P-1 and (L,P)=1 then
Ky x Ky s x Ky (L+ K ) xeox (L Ky )+
+((P=1)L+K;)x---x((P-1)L+K,, )=-1MOD P

[Proof]

P
The expression = SUML(P,PS,L)=Y" A, (M 1 q]

If M<P-1,then M+1<P
If M=P-1 and (L,P)=1,then
SUML(N,PS,L):LP’l(P—l)! P +qu P ,q>0
P M+1-q
= LP’l(P—l)!E—l MOD P

q.e.d.

5. Conclusions

The whole process of [1-3] is reviewed and this paper:

[1] tries to calculate all products of & distinct integers in [1, N — 1], introduces

the concept of Shape of numbers. The idea divides all products of 4 distinct in-
tegers in [1, N— 1] into 25! catalogs and derives the calculation formula of every
catalog, that is 1.2).

[1] only introduces the basic shape. The conclusion is obtained through the

derivation process.

[2] introduces the shape PS =[LK,,---,K}, |, tries to calculate SUM(N; PS),

At the same time, SUM_K() is introduced.
[3] introduces the subset, and shows the way to calculate
MM 3% e NM

the form (G,+K,)(G,+K,)--+(Gy, +K,, ) is guessed by observation and

proved by induction.
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In this paper, the Shape and the form are further extended. So a lot of num-
bers’s series can be calculated.

Some new congruences are also obtained in [1] [2] [3] and this article.

N N N +1
The whole foundation is just + = .
M M +1 M +1
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