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ABSTRACT

In a panmictic population of constant size NNV, random pairs of individuals will have a most
recent shared ancestor who lived slightly more than 0.5 log, NV generations previously, on
average. The probability that a random pair of individuals will share at least one ancestor

who lived 0.5 log, N generations ago, or more recently, is about 50%. Those individuals, if
they do share an ancestor from that generation, would be cousins of degree (0.5 log,N) - 1.
Shared ancestry from progressively earlier generations increases rapidly until there is uni-
versal pairwise shared ancestry. At that point, every individual has one or more ancestors in
common with every other individual in the population, although different pairs may share
different ancestors. Those ancestors lived approximately 0.7 log, N generations in the past,
or more recently. Qualitatively, the ancestries of random pairs have about 50% similarity for
ancestors who lived about 0.9 log, N generations before the present. That is, about half of the
ancestors from that generation belonging to one member of the pair are present also in the
genealogy of the other member. Qualitative pairwise similarity increases to more than 99%
for ancestors who lived about 1.4 log, N generations in the past. Similar results apply to a
metric of quantitative pairwise genealogical overlap.

1. INTRODUCTION

Considerable attention has been given to the topic of population-wide common ancestry: in particular
to the question of how many generations ago did the common ancestor of the present population live? In
the case of an undivided, random-mating population of constant size NV, the answer can be derived analyti-
cally. With bi-parental reproduction, the most recent genealogical common ancestor (MRCA) of all
present-day individuals will have lived very nearly log, NV generations previously [1]. For example, if the
population size is one billion, the time to the MRCA will be about 30 generations. The number of
present-day common ancestors increases with progressively earlier generations, until a generation is
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reached from which all present-day individuals share the exact same set of ancestors. That is the generation
of most recent identical ancestry (MRIA), and it will have occurred about 2 log, NV generations in the past
[1]. In the case of subdivided (non-random-mating) populations, the MRCA and MRIA times can be esti-
mated by simulation for various degrees of population structure and migration (or intermarriage) [2, 3].

Other aspects of genealogical relatedness, beyond the MRCA and MRIA, appear to have received less
attention. For example, what is the time to the most recent shared ancestor of a random pair of individu-
als? Or, equivalently, how closely related are random pairs? How many currently living relatives, due to
shared ancestors from a specified earlier generation, is any individual likely to have? In other words, if we
focus on ancestors who lived G generations ago, how many present-day cousins of degree (G — 1) are ex-
pected? How many ancestors are random pairs of present-day individuals likely to share from each earlier
generation? That is, what is the pairwise degree of genealogical overlap for ancestors in previous genera-
tions? Lastly, how many generations in the past must one look to find that every present-day individual is
related to every other individual in the population?

Most analyses consider ancestry in qualitative, binary terms (0 or 1). An individual in the past is (1)
or is not (0) ancestor of a present-day individual in question. The MRCA and MRIA, for example, are qua-
litative metrics. However, with biparental reproduction, number of ancestors doubles with each additional
generation in the past. For example, an individual will have 2% or more than one billion, 30‘h-generation
ancestors. Clearly, the number of unique ancestors cannot exceed the past population size. Therefore, suf-
ficiently distant ancestors will occur multiple times in the genealogy of an individual, and shared ancestry
can be treated as a quantitative, as well as qualitative, variable.

For simplicity, I will consider only undivided—that is, random mating—populations. The results will
provide a starting point for future investigations of subdivided populations. These simulations demon-
strate that a high degree of pairwise relatedness is attributable to ancestors who lived much more recently
than the most recent common ancestor of the entire population. Similarly, metrics of qualitative and
quantitative pairwise genealogical overlap approach maximum possible values due to ancestors who lived
considerably more recently than the generation of identical ancestors. Lastly, there is good evidence that
the present results can be extrapolated to populations larger than those simulated here.

2. METHODS AND RESULTS
2.1. General Simulation Procedure

The basic simulation procedure is the same as previously [3], except that the population is undivided
and reproduction is monogamous. To summarize, population size is constant and generations are
non-overlapping. Each simulation begins at Generation 0 and proceeds forward for a predetermined
number of generations. The only information recorded for individuals in subsequent generations is their
Generation 0 ancestors. For most analyses, it was necessary only to have qualitative (0 or 1) information
about ancestors. The exception was the analysis of quantitative genealogical overlap [4]. Sib mating was
permitted and presumably occurred at the frequency expected by chance. Because reproduction is mono-
gamous, shared ancestry must necessarily involve pairs of ancestors, or couples. For brevity and clarity,
however, I will use phrases such as “at least one shared ancestor”, with the understanding that “ancestor”
actually means “ancestor pair”. All pairwise genealogical comparisons were made by selecting 1000 ran-
dom pairs of individuals from the population in each generation. The simulations that are shown in Fig-
ure 2 involved sampling single (“focal”) individuals from the population, and comparing the Generation 0
ancestors of that individual to the ancestors of all other members of the population. For those simulations,
the sample size of “focal” individuals was 10% of the population or 500, whichever was less. Unless other-
wise noted, all results are based on 100 replicate simulations for each population size.

2.2. Time to Pairwise Most Recent Shared Ancestor

On average, the most recent shared ancestor of random pairs of individuals lived slightly more than
0.5 log, N generations previously (Table 1). There is some suggestion that the mean time to shared ance-
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stry as a fraction of log, NV decreases with population size, although the effect is very small for the popula-
tion sizes simulated.

2.3. The Probability of Shared Ancestry

The same set of simulations permits determination of the probability that random pairs of individuals
will share at least one ancestor of specified degree. For all population sizes that were examined, the proba-
bility that two individuals will share an ancestor who lived 0.5 log, N generations ago, or more recently, is
approximately 0.5 (Figure 1). For N = 20,000, 0.5 log, NV is about 7. Thus, the probability that a random
pair of individuals drawn from a population of 20,000 will share a 7"-generation (or more recent) ancestor
is about 50%. Seventh generation corresponds to fifth-great grandparent, and individuals who share such
an ancestor are 6" cousins. The probability of shared ancestry increases very rapidly if additional genera-
tions are considered: for ancestors who lived 0.6 log, NV generations in the past, or more recently, the prob-
ability of shared ancestry. is greater than 90% for all population sizes that were simulated; and the proba-
bility of shared ancestry reaches 100% if we include ancestors who lived about 0.7 log, NV generations pre-
viously. That is, there is universal pairwise shared ancestry: every individual in the population is related to
every other individual by shared ancestors who lived 0.7 log,V, or fewer, generations in the past.

Table 1. Mean time to pairwise most recent shared ancestor.

Population Size, N Generations Generations/log, N
1000 5.38 0.540
2000 5.87 0.535
5000 6.53 0.531

10,000 7.03 0.529
20,000 7.52 0.526
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Figure 1. Probability of shared pairwise ancestry as a function of relative
time to ancestor generation.
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An important feature of Figure 1 is that the time scale (x-axis) is not generations, but generations
relative to log, V. The fact that the curves lie on top of one another shows that the probability of pairwise
shared ancestry scales uniformly with log, NV, albeit with some spread at the inflection points.

This analysis can be extended to consideration of shared ancestry in samples of § individuals. Con-
sider a sample of §= 10 from a population N = 20,000. From above, the probability that any pair of indi-
viduals do not share an ancestor who lived 7 generations ago (or more recently) is approximately 0.5. For §
= 10, there are 45 pairwise comparisons. Thus, the probability that a sample of 10 individuals contains no
6", or less distantly related, cousins is approximately 0.5, or about 2.8 x 10™** (assuming independence).
On the other hand, for N = 20,000, the probability that all individuals in a sample of any size will be re-
lated to one another as 9" (or closer) cousins is very nearly 100%, as will be verified below.

2.4. Number of Relatives of Specified Degree

A random individual will be related to other individuals in the population by shared ancestors of var-
ious degrees. This idea can also be expressed as: what proportion of the population will be an individual’s
Kkt degree, or closer, cousins? Results are shown in Figure 2. For example, a random individual will be re-
lated to about 50% of all other individuals in the population by shared ancestors who lived 0.5 log, NV gen-
erations previously, or more recently. If N = 20,000, those relatives are 6" degree, or closer, cousins. Fig-
ure 2 is almost identical to Figure 1, even though they depict the results of independent, and procedurally
different sets of simulations. However, that is to be expected. For example, if an individual has a 0.5 prob-
ability of being related to another individual drawn randomly from the population (Figure 1), then we
expect that the same individual will be related by similar degree to about 50% of the population (Figure 2).
In short, the y-axis labels of the two figures are interchangeable. Considering ancestors who lived 0.7 log, N
generations ago, or more recently, every individual in the population is related to every other individual
(Figure 2), although not necessarily by the same ancestors—in other words, there is universal pairwise
shared ancestry. Hence, the assertion in the previous section that all members of a sample of any size from
a population of N = 20,000 will be related to each other by ancestors who lived 10 or fewer generations ago
(10 = 0.7 log, 20,000).
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Figure 2. Number of cousins as function of relative time to ancestor genera-
tion. (50 replicates for N = 20,000).
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2.5. Qualitative Genealogical Overlap

Pairwise qualitative genealogical overlap is the proportion of Generation 0 ancestors that are shared
by pairs of individuals in subsequent generations. It is calculated as follows. Let individual A have N, dif-
ferent ancestors from generation 0, and individual B, N; different ancestors. Let A and B share N, ances-
tors from Generation 0. Then the qualitative genealogical overlap due to shared ancestors who lived G
generations in the past is (V3/ N, + N,/ Np)/2. The range of values for this index is 0 - 1.0.

About 0.9 log, N generations are required for 0.5 overlap (Figure 3). This is somewhat less than the
time required for a population-wide MRCA. An overlap of 0.5 means that pairs of individuals share half of
their Generation 0 ancestors, on average. By about 1.3 - 1.5 log, NV generations, qualitative pairwise overlap
is >0.99: larger populations require less relative time. Qualitative overlap is necessarily 1.0 for all pairs
when Generation 0 is an identical ancestry generation: the average time required for that is about 2 log, NV
generations.

2.6. Quantitative Genealogical Overlap

Quantitative overlap is the similarity in the frequencies of shared ancestors in the genealogies of a pair
of present-day individuals. I use the metric ¢**”(G), introduced by Derrida et al [4], which is the overlap
between the trees of individuals o and [ at generation G in the past. The range of values is 0 - 1. The larg-
est population size simulated was 16,000, due to computer limitations.

Quantitative overlap (Figure 4) is almost indistinguishable from qualitative overlap (Figure 3).
Overlap is about 0.5 for all population sizes for ancestors who lived sightly more than 0.9 log, NV genera-
tions in the past. Considering ancestors who lived about 1.4 - 1.6 log, NV generations previously, quantita-
tive pairwise overlap is >0.99: larger populations require less relative time. Unlike the case of qualitative
overlap, there is no requirement that quantitative overlap equal 1.0 once Generation 0 becomes an identic-
al ancestry generation. But, in fact, quantitative overlap is >0.9999 by the time that identical ancestry oc-
curs.
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Figure 3. Pairwise qualitative genealogical overlap as a function of relative time
to ancestor generation.
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Figure 4. Pairwise quantitative genealogical overlap as a function of relative
time to ancestor generation.

2.7. The Distribution of Ancestors in the Genealogies of Later Generations

In these simulations, reproductive success (number of offspring) is Poisson distributed with mean 2.0.
Extinction of Generation 0 lineages is rapid. In fact, the mean time to extinction is about 1.55 generations
(independent of N), and the last extinction will occur by about 0.67 log, N generations [3]. Consequently,
about 80% of the of the original Generation 0 cohort will become persistent ancestors of the population in
future generations [1, 3, 4]. A correlate of indefinite persistence is that each Generation 0 member even-
tually comprises a nearly fixed proportion of the ancestry of future generations. Different Generation 0
members will have different representations in future genealogies, but the distribution of those representa-
tions becomes approximately stationary [4, 5].

The stationary distribution of the representation of Generation 0 members in the ancestry of future
generations will be illustrated with an example from a single simulation with NV = 16,000, and run for 30
generations. In this example, the last extinction of Generation 0 lineages occurred by Generation 8; 12,792
(79.95%) of the Generation 0 lineages persisted; the MRCA (12 Generation 0 individuals) appeared after
15 generations (=1.07 log,V generations); and identical ancestry occurred after 27 generations (1.93 log, N
generations). A sample of 30 Generation 0 members was selected from this replicate for purposes of illu-
stration. The lineages of 26 of those persisted, and all 26 became common ancestors of the population by
Generation 22. Let Cy; be the number of times Generation 0 member 7occurs in the genealogy of individ-
ual jin Generation G. C; is then summed over all individuals /in the population in Generation G, and
scaled by dividing by 2¢. The resulting metric, C is plotted for the sample of 26 persistent Generation 0
lineages from this replicate (Figure 5). Scaling by 1/2¢ means that the expected value of Cy; is 1.0 for each
Generation 0 member in each subsequent generation, and the sum of Cg; over all NV Generation 0 mem-
bers equals NVin every generation.

The representation of each Generation 0 member in the ancestries of subsequent generations is in-
itially highly variable, but then stabilizes fairly quickly. By about log, NV (approximately 14) generations, the
distribution is very nearly static (Figure 5), and remains essentially unchanged for all future generations.
The eventual shape of this distribution can be roughly inferred from Figure 5. A more detailed description
is provided in Derrida et al. [4].
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Figure 5. Quantitative contribution of a sample of 26 Generation 0 ancestors to
genealogies of all members of the population. N = 16,000. Each line represents
one Generation 0 ancestor. The vertical axis is C,, as explained in the text.

2.8. The Coefficient of Variation of Quantitative Ancestry across All Individuals

The preceding section illustrates the fact that the quantitative representation of each “successful”
Generation 0 ancestor becomes approximately fixed, across generations, when summed over all individu-
als in the population. High values of pairwise quantitative overlap (Figure 4) would also seem to indicate
that a given Generation 0 ancestor has very nearly equal representation in the genealogies of every indi-
vidual within a generation. In other words, we might expect the scaled variance in the occurrence of a
given Generation 0 member in the ancestries of individuals in later generations to become smaller with
time. An appropriate statistic is the coefficient of variation (CV), defined as standard deviation/mean.

Clearly, any “successful” Generation 0 member must become a common ancestor of the entire popu-
lation before it can have equal representation in the genealogies of all individuals in a future generation. In
the replicate simulation described in the preceding section, about 72% of the eventual common ancestors
had become so by Generation 18, and almost 98% by Generation 21. But even before that, most individu-
als in the population will be descendants of most Generation 0 members whose lineages have not gone ex-
tinct. Consider that with stable population size and Poisson-distributed reproduction, successful repro-
ducers will have about 2.3 offspring, on average. After 15 generations, an “average” Generation 0 member
will have 2.3" (= 266,635) “descendants”. If N = 16,000, we might expect that most of the population will
be included among those descendants.

A sample of 10% or 200, whichever was greater, of Generation 0 ancestors was used for calculation of
the coefficient of variation. The CV was obtained for each Generation 0 lineage from the variance of the
scaled Coip» the mean of which was C;, as described in the previous section; and the CV then averaged
over all persistent lineages in the sample of Generation 0 ancestors. Within about 1.7 log, N generations or
less, the CV declined to <0.10 (Figure 6). In fact, for N = 10,000 or 20,000, the CV was less than 0.05. In
other words, the quantitative Generation 0 ancestry was very similar for all members of the population.
That is consistent with pairwise quantitative overlap > 0.999 by this time for the three larger population
sizes (Figure 4); and is to be expected given that each persistent Generation 0 lineage eventually represents
a temporally stable portion of the ancestry of the whole population (Figure 5).
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Figure 6. Coefficient of variation of frequency of Generation 0 ancestors in
genealogies of subsequent generations.

3. DISCUSSION

The principal finding of these simulations is that pairwise shared ancestry proceeds much more
quickly than population-wide common ancestry. The MRCA of a population will have lived very nearly
log, N generations in the past. However, random pairs of individuals have about a 50% chance of sharing
one or more ancestors who lived only half as long ago or more recently (Figure 1). Indeed, random pairs
have a 100% chance of sharing ancestors who lived no longer than about 0.7 log, NV generations previously.
In other words, there is universal pairwise shared ancestry: every individual in the population is related to
every other individual by shared ancestors who lived at most 0.7 log, N generations in the past. Put another
way, there is universal “cousin-ness” of degree (0.7 log,V) — 1. Similar conclusions apply to metrics of
pairwise genealogical overlap (Figure 3, Figure 4). The most recent generation of population-wide iden-
tical ancestors will have lived about 2 log, NV generations in the past [1, 3]. However genealogical overlap >
0.99 is due to ancestors who lived only about 1.4 - 1.5 log, NV generations previously.

To understand why shared ancestry increases much faster than population-wide common ancestry,
an idealized example may help. In a constant-size population with biparental reproduction, and in which
every pair has exactly two offspring, each individual will have 4* cousins of degree & [6]. Cousins of degree
k share common ancestors who lived & + 1 generations in the past. If & = 4, for example, each individual
will have 4* = 256 fourth cousins due shared ancestors who lived five generations previously. Summing
over third, second, and first cousins (and sibs), the expected number of relatives due to ancestors who
lived five generations ago, or more recently, is 341 (Table 2). By comparison, each individual will have
only 2° = 32 ancestors five generations in the past. This calculation ignores the effects of finite population
size, which must slow down, and eventually stop, the growth in number of cousins as & increases. On the
other hand, variation in reproductive success, such that some pairs have fewer than two and other pairs
more than two offspring, will have the effect of increasing the number of cousins. That is because the an-
cestors of cousins will, on average, have had more than two offspring to make up for pairs who had none
or one. In other words, an ancestor who lived G generations in the past, and who has any present-day des-
cendants, can be expected to have more than 2¢ descendants, and those descendants will have more than
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Table 2. Observed and expected number of cousins*.

Shared Ancestor Cousin degree, g1 B0 Observed  Observed/Expected
1 0 (sibs) 1 1 2 2.00
2 1 4 5 10 2.00
3 2 16 21 42 2.00
4 3 64 85 169 1.99
5 4 256 341 668 1.96
6 5 1024 1365 2537 1.86
7 6 4096 5461 8363 1.53
8 7 16,384 21,845 17,677 —
9 8 65,536 87,381 19,999 —

*N = 20,000. Data in this table is from the same simulations used for Figure 2. Each entry for “Observed”
is the mean of 100 replicates.

49" cousins of degree (G - 1). This latter effect is illustrated by these simulations, as is the effect of finite
population size (Table 2). In early generations, the observed number of £"-degree or closer cousins was
twice that expected by the above formula. By six generations, the excess began to diminish, reflecting the
effect of finite population size. By eight generations, the expected number of cousins was greater than the
population size.

Metrics of shared ancestry scale consistently with log, NV for the different population sizes simulated
here. That is a good indication that the present results apply to larger populations. For example, given a
population size of one billion, the MRCA will have lived about log, (1 billion) = 30 generations in the past,
but there will be universal pairwise shared ancestry due to ancestors who lived only 0.7 log, (1 billion) = 21
generations previously.

The results for quantitative pairwise overlap in genealogies (Figure 4) are very similar to those ob-
tained by Derrida et al [4]. The time required for Generation 0 population-wide ancestry to reach a sta-
tionary distribution (Figure 5), also appears to be consistent with Derrida et al [4]. To my knowledge,
results for the coefficient of variation in quantitative ancestry among individuals (Figure 6) have not been
published before.

It should be noted that the present results apply to monogamous reproduction. If mating is promis-
cuous, progress toward pairwise shared ancestry (Table 1 and Figure 1 and Figure 2) is faster. However,
in almost all cases, related individuals will be half-relatives (half-sibs or half-cousins). Mode of reproduc-
tion does not influence measures of genealogical overlap (Figure 3, Figure 4).

Shared ancestry between pairs of individuals has received less attention than population-wide com-
mon ancestry [1-3], although a significant exception is the analysis of quantitative pairwise genealogical
overlap [4, 7]. Clearly, overlap > 0 implies shared ancestry. However, those analyses do not directly answer
questions such as: what is the probability that a random pair of individuals share one or more ancestors
who lived G generations in the past, or more recently (Figure 1)? Shchur and Nielsen [8] derived the ex-
pectation for the number of individuals that would have no relatives of specified degree, say 2" cousins, in
a sample. Such information is important, for example, for genome-wide association studies. As such, Sh-
chur and Nielsen address a different set of questions than this study. The present simulations could, how-
ever, be modified to estimate the same quantities. For example, after three generations of reproduction,
draw a sample and determine how many members of the sample share no Generation 0 ancestors with any
other member of the sample (i.e., have no 2™ cousins in the sample).
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The present simulations consider only random-mating, 7e., unstructured, populations. Simulations to
estimate MRCA and MRIA times in structured populations with migration have been carried out [3]. Un-
der a wide range of assumptions about the number of subpopulations and migration rates, the time re-
quired to have an MRCA or MRIA generation is often less than twice, and seldom more than three times,
that required for a panmictic population of the same total size. It remains to be seen whether similar scal-
ing applies to measures of pairwise shared ancestry in structured populations.
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