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ABSTRACT 

We demonstrate applications of a novel setup which is used for measuring the relative phase 
difference between S and P polarization at an oblique incidence point in optically denser 
medium by analyzing the relative frequency shift of adjacent axial modes of S and P reson-
ances of a monolithic folded Fabry-Perot cavity (MFC). The relative phase difference at a 
reflection point A in an optically denser medium is inferred to be around −167.4˚ for a 
confocal cavity and −201.1˚ for a parallel cavity. Given the n1, n3, φ1, φ3, λ, and Δ, the elliptic 
formula tan(ψ)exp(iΔ) = Rp/Rs is used to find a solution for thickness d and refractive index 
n2 of the thin film coated on point A, where Rs and Rp are total refractive index of s and p 
component of light related to two unknown values. Since it is hard to deduce an analytical 
solution for thickness and refractive index of the film, we firstly used exhaustion method 
to find the set of solution about thickness and refractive index when assumed there is no 
light absorption by the film and then Particle Swarm Optimization (PSO) to find a set of 
solution of thickness and complex refractive index which accounts the light absorption by 
the film. 

 

1. INTRODUCTION 
Diode lasers have been widely adopted due to their ease of operation, low cost, and wide wavelength 

coverage in the visible and near-infrared spectrum. A free-running laser diode typically has a very broad 
emission profile. Such linewidths can be undesirable for physics experiments involving diode lasers, but 
thankfully, techniques have been developed that can significantly narrow the emission profile of these las-
ers. The most common technique utilizes an external diffraction grating in the “Extended Cavity Diode 
Laser” (ECDL) configuration, in which a diffraction grating sends a narrow part of the broad emitted 
spectrum back into the diode, thus creating feedback. This can typically narrow the linewidth of the laser 
to a few megahertz or less. 
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The narrow line-width laser has a number of desired properties. For instance, even there is small 
change in direction of polarization of phase, the change can be detected since the reflected laser cannot 
reach the resonance with the original narrow line-width laser. Using this property, having the inspiration 
from mechanism of ellipsometry, we developed a more advanced method to measure the thickness and 
refractive index of a thin film. 

Ellipsometry is a versatile and powerful optical technique for the investigation of the complex refrac-
tive index or dielectric parameters and is related to sample properties. 

When a linearly polarized light is incident on a film, due to difference in light absorption and phase 
change to s and p polarized light, the light after reflection will become an elliptically polarized light. The 
fundamental method of Ellipsometry is to detect the change in relative amplitude and phase difference of s 
and p polarization of incident wave after being reflected from a surface coated with film. These changes 
can be described by ellipsometry parameter ψ and Δ. The equation between (ψ, Δ) and (d, n), the thickness 
and refractive index, can be determined. Theoretically, analytical solutions of thickness and refractive in-
dex of the film can be derived. Typically, ellipsometry is applied only when light travels from air to an opt-
ically denser medium. However, for the case of light travelling from an optically denser medium to an 
optically thinner medium, it does not work. In this letter, we demonstrate a novel setup which is used for 
measuring the relative phase difference between S and P at an oblique incidence point in an optically 
denser medium by analyzing the relative frequency shift of adjacent axial modes of S and P resonances of a 
monolithic folded Fabry-Perot cavity (MFC). Our work firstly uses newly designed system to attain the 
necessary parameter for measuring the thickness and refractive index of the film, and uses the same me-
thod of data processing in ellipsometry to derive a solution of thickness and refractive index of a film. Ac-
cording to the hardness to attain an analytic solution, particle swamp optimization (PSO) algorithm and 
exhaustion method will be introduced to solve the problem. 

The research of Christopher Luetjen, Jonathan Hallsted, and Michaela Kleinert in 2012 had focused 
on the similar topic of our study, but their method does not count the change in direction of polarization, 
and requires the thickness of film to be known in order to calculate the refractive index, while our method 
can calculate the refractive index without knowing thickness. Compared to previous study, the combina-
tion can be more effective in solving the problem of measuring. 

2. PRINCIPLE AND EXPERIMENT 
In our experiments, the first medium is optically dense than the second; n' = 0.697 is the relative in-

dex of refraction. In the case of the reflected wave, the phase changes of each component of the reflected 
wave will depend on incidence magnitudes. By applying Fresenel formula, which are shown by Equation 
(1) and (2), Equation (3) and (4) can be derived.  

2 2 2 2cos sin cos sin e si
s sr i n i n r δθ θ θ θ′ ′= − − + − =                    (1) 

2 2 2 2 2 2cos sin cos sin e pi
p pr n i n n i n r δθ θ θ θ′ ′ ′ ′= − − + − =               (2) 

( ) 2 2tan 2 sin coss nδ θ θ′= − −                            (3) 

( ) ( )2 2 2tan 2 sin cosp n nδ θ θ′ ′= − −                         (4) 

sr  and pr  represent the refractive index of s and p polarization and sδ  and pδ  represent the phase 
change 

( )1 2 2 2
2Δ 2 tan cos sin sins p nδ δ θ θ θ− ′= − = −                      (5) 

The separated result for pδ  and pδ  are both shown in Figure 1. The result of Equation (5) is illu-
strated in Figure 2. 
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Figure 1. The phase difference of S polarization (red) and P po-
larization (blue) versus incidence angle. 

 

 
Figure 2. The relative phase difference between S and P versus 
incidence angle. 

 
The measurement setup is shown in Figure 3. The laser diode is operating at the wavelength of 690 

nm. The temperature of the laser diode is stabilized at room temperature by a thermoelectric cooler. The 
laser beam is incident on a diffraction grating with 2400 grooves mm−1 with a spectral resolution of 50 
GHz. The S and P resonances are separately acquired by adjusting the half-wave plate, which is used for 
changing the polarization direction of incidence. While a resonance signal appears when the laser fre-
quency is equal to the resonant frequency of the MFC by controlling the PZT, the feedback laser’s polari-
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zation direction will be rotated by the magnetic field and reflected by the PBS into the PD detector. The 
signal will be recorded as a voltage pulse. 

Figure 4 shows the procedure of changing the S (green) and P (blue) components of the resonance of 
a confocal MFC. In this figure, 3.413 GHz of free spectral range is obtained by the scanning laser frequen-
cy, in which the higher order mode appears in the middle of the spectral range because of incident pattern 
mismatching to the confocal MFC. The phase difference of s and p component of the incidence light is 
determined by: 

2 ftπ∆ = ∆                                      (6) 

In Equation (6), t is referring to the time lag caused by the reflection in the MFC, which is equal to 
2t n l c= . n  is the refractive index of the MFC, l is focal length. According to Figure 4, for adjacent axial 

modes of the Sand P resonances of the MFC, Δf0 is a 1.030 GHz spectral shift, therefore the frequency dif-
ference between S and P polarization is determined by Δf = NFSR ± Δf0, in which N represents the number 
of FSRs the Δf has, and FSR represents the free spectral range with a value of 3.413 GHz for the case of a 
confocal MFC. We roughly estimate Δf = NFSR + Δf0 and Δf = NFSR − Δf0 [1] respectively, and determine 
which expression is proper to ensure that expressions (6) and (7) are the same quantity for integer N and 
the theoretical value of the relative phase difference at the reflection point A, shown in Figure 5. From 
Equation (7), we can get the value of the total relative phase difference, 1. On the other hand, the total rel-
ative phase difference is expressed by 

1 2 3 4Δ 2Δ 2Δ Δ Δ= + + +                                (7) 

where Δ1, Δ2, Δ3 and Δ4 are the relative phase differences between S and P resonances caused by points A, 
B, C and D respectively. For the total internal reflection point B, a value of 43.49˚ is calculated for Δ2 by 
Equation (7). At the normal incidence points C and D, a relative phase difference of around Δ3 ≈ Δ4 ≈ 
−180˚ is obtained. According to equation (5), therefore, the relative phase difference at the reflection point 
A, 11, is inferred to be around −164.7˚, which has some deviation from −180˚. The deviation, we think, is 
caused by the coating films of plane S1, shown in Figure 5. 
 

 
Figure 3. The setup for obtaining the relative phase difference inside 
theoretically denser medium of the MFC: LD, narrow line-width laser; 
HWP; half-wave plate; PZT, piezoelectric transducer; MFC, monolithic 
folded FP confocal cavity; PD, photodetector; PBS polarizing beam 
splitter; red arrow, direction of incident light; green arrow, resonant 
feedback; solid line, original polarization direction; dotted line, 45 de-
gree from original polarization; dashed line, 45 degree from original 
polarization; dash dotted line 90 degree from original polarization. 
After reflection of s and p polarization. 
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Figure 4. Relative phase difference between S and P versus incidence 
angle. The red points marked A, B, C, D represent the corresponding 
resonant reflection points inside the MFC respectively. 

 

 
Figure 5. Relative phase difference between S and P versus incidence 
angle. The red points marked A, B, C, D represent the corresponding 
resonant reflection points inside the MFC respectively. 
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3. REFRACTIVE INDEX AND THICKNESS 
The refractive index and thickness are derived based on the graphical illustration of light route in 

Figure 6. 
For finding the thickness and refractive index of the film, we apply the same method as ellipsometry 

( ) ( )1 1 2 1 2tan tanpr ϕ ϕ ϕ ϕ= − +                             (8) 

( ) ( )1 1 2 1 2sin sinsr ϕ ϕ ϕ ϕ= − +                             (9) 

In the interface n2-n3, we have the refractive rate of 

( ) ( )2 3 2 2 3 3 2 2 3cos cos cos cospr n n n nϕ ϕ ϕ ϕ= − +                    (10) 

( ) ( )2 2 2 3 3 2 2 2 3cos cos cos cossr n n n nϕ ϕ ϕ ϕ= − +                    (11) 

From the diagram, we can tell the light experience a number of interferences. By using the equation 
for interference, we can determine the total refractive index. 

( )( ) ( )( )1 2 1 2exp 2 1 exp 2p p p p pR r r i r r iδ δ= + − + −                    (12) 

( )( ) ( )( )1 2 1 2exp 2 1 exp 2s s p s sR r r i r r iδ δ= + − + −                    (13) 

δ  is the phase difference caused by a single reflection at the n2-n3 boundary caused by the thickness of the 

film, which can be calculated by equation 1
2 12 d nδ π ϕ

λ
 =  
 

. 

We can use the elliptical parameter ψ and Δ to describe the ratio between total refractive index by us-
ing ellipsometry equation: 

( ) ( )tan exp Δ p

s

R
i

R
ψ =                               (14) 

The original amplitude of s and p component after passing the HWP is same. As the result, we can 
have Equation (7). The ( )pf sfE E  is the amplitude ratio between p and s direction component after the 
reflection from the previous surface, which is the measured value. Δ1 is already determined. The difference 
between theoretical phase difference and the actually Δ1 calculated is equal to the phase change caused by 
the coated film 
 

 
Figure 6. Graphical illustration to the light route of oblique incident 
laser at B point of MFC. 
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( )

1

tan

Δ Δ

pf

sf

E
E

ψ

π


=


 = +

                                 (15) 

( )p sR R  can be written in an expression containing ( )1 2 3 1 2 3, , , , , , , ,n n n dϕ ϕ ϕ λ θ , where ( )2 ,n d  are un-
known and rest of them are constants. Theoretically, the ( )2 ,n d  can be determined if corresponding 
( ),Δψ  are calculated by using Equation (14). 

However, given that it is hard to derive analytical solutions, a range of ( )2 ,n d  will be taken in order 
to find appropriate sets of values. 

1) Suppose there is no light absorption 
When there is no absorption, the idea is simple by using exhaustion method, as illustrated by Figure 7: 

Make n2 varies from 0.01 to 5.01 with step length of 0.01. and make d to vary from 1 nm to 1504 nm with 
step length 3 nm. When p sR R , which is derived by ( )2,d n  is in a certain range of the ( ) ( )tan exp iψ ∆ , 
which is derived from measured the value, then, output the ( )2,d n  as a set of solution. Known that most 
of value will be out of range, we divide the approximation into two steps: first step is selecting the values in 
low accuracy, narrowing the range, the second step has smaller scope of approximation. This method can 
reduce the searching time due to the elimination of searching out of the possible range while increasing 
the accuracy. 

It is noticeable that the result of thickness can be a periodic number. The period of thickness can be  

calculated by equation 2 2 2
2 1 12 sind n nλ ϕ= −  [2]. If the thickness is beyond one period, we need the  

data set from another incidence angle. According to the estimation, the thickness of film in this experi-
ment is within one period, so another set of data is not needed. The final result of estimation is d = 42 nm 
and n2 = 1.332. 

2) Counting light absorption 
When counting the light absorption of the film, we define the extinction coefficient of the film as K 

and refractive index as N, so 2n N ki= − . When finding the optimized combination of ( ), ,N k d  with 
exhaustion method requires extended period of searching. 

Particle Swarm Optimization, PSO is an optimization algorithm inspired by bird flocks searching for 
food. Every imagined particle is searching for optimal position in a multi-dimensional space. Every par-
ticle has its velocity and position. By continuous refreshing position and velocity, particles finally reach the 
optimal point [3]. 

There are a number of steps taken by the algorithm. It is also illustrated in Figure 8. 

3.1. Initiation 

Define the fitness function as ( )2 2tan e i
p sX R Rδψ −= − . Define the Maximum iteration number M 

as 100, number of particle N as 50. Set the number of dimensions as 3. We generated the initial position 
and velocity of particles randomly. 

3.2. Compare the Fitness 

Compare the value of fitness function of the current position and previous position. Let individual 
particle find the individual optimization point, then generating the group optimization point. Compare 
the value of fitness function at the current optimization point with the historical group optimization point, 
and then refresh the position and velocity. 

3.3. Refresh of the Velocity and Position 

The refresh of the velocity and position is according to the following expression (16) and (17) [4] 

( )( ) ( )( )1 20,1 0,1id id id id gd idV V C random P X C random P Xω= + − + −              (16) 
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Figure 7. Programming procedure when suppose there is no light absorption 
cause by the film coated. 
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Figure 8. The programming procedure of PSO. 

 
id id idX X V= +                                  (17) 

In the expressions, ω is the inertia coefficient, which is non-negative. The greater the number, the 
greater the ability of particle to search in large scope. C1 and C2 are learning coefficient. They are empirical 
value from 0 to 4. Here, C1 and C2 are 1.5 and 2.5. i is representing which particle, and d is representing the 
dimension. V, X, P is referring to velocity, fitness value, and position. The refreshment is according to the 
“experience” attained by other particles. 

3.4. End Condition 

1) Iteration number reached the preset value. 
2) The difference function difference between two times is below the required value. 
In order to prevent the particles, end at regional optimization point instead of general optimization 

point, we confine the particle in a range in each dimension in initial condition: N between 1 to 2, k be-
tween 0 to 10, and the thickness is between 0 - 100 nm. The final result of optimization is N = 1.442 k = 
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0.543 d = 40.033 nm. Close to the parameter provided by manufacture which has N equals to 1.44 and d 
equals 41.01 nm. 

4. DISCUSSION AND CONCLUSION 
By using a novel set up to measure the phase difference between S and P component of light and 

adopting conventional methods in calculating thickness and refractive index of film in Ellipsometry which 
are PSO and exhaustion method, we successfully achieved the result we want. Compared to ellipsometry, 
since the newly adopted method for measuring phase difference, such method can be applied to the condi-
tion when the light is incidence from optically dense material to optically less dense material. 
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