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Abstract 
An earlier study manipulated the Butler-Volmer equation to effectively model 
a lithium-ion capacitor’s (LIC) energy storage as a function of its constituent 
components and charge current. However, this model had several shortcom-
ings: computed temperature values were too low, voltage was inaccurate, and 
the model required Warburg impedance values that were two orders of mag-
nitude higher than experimental results. This study began by analyzing the 
model’s temperature and voltage computations in order to justify output val-
ues. Ultimately, these justifications failed. Therefore, in situ temperature rise 
was measured during charge cycles. Experimental results indicated that tem-
perature increases minimally during a charge cycle (<1%). At high current den-
sities (≥150 A∙kg−1) temperature increase is negligible. After it was found that 
LIC temperature change is minimal during a charge cycle, the model accurately 
computed LIC voltage during the charge cycle and computed Warburg im-
pedance that agreed with values derived from earlier experimental studies, 
even falling within the measurements’ precision error. 
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1. Introduction 

Renewable energy and electrification of the energy sector have surged in popu-
larity as the environmental, economic, and sustainability concerns associated with 
fossil fuels have called for alternative energy sources. Because renewable energy 
sources are intermittent and relatively unpredictable, their wholesale integration 
requires substantial energy storage infrastructure. Additionally, an electric or hy-
brid electric vehicle requires energy storage. These factors have caused energy 
storage technology to also see significant attention. 

Lithium-ion batteries (LIB) are the most common type of electrochemical ener-
gy storage device under development and in use. LIBs are characterized by high 
specific energy (150 - 200 W∙h∙kg−1) but low specific power (often below 1 kW∙kg−1) 
and relatively low cycle lives (2000 cycles for lithium-sulfur, 5000 cycles for lithium 
titanium dioxide, often lower for other chemistries) [1] [2]. Lithium-ion capacitors 
(LIC) are a variation of LIB technology that incorporates many aspects of electro-
chemical double-layer capacitor (EDLC, aka supercapacitor or ultracapacitor) tech-
nology. LICs can simultaneously exploit the Faradaic reaction characteristic of a 
LIB and the non-Faradaic reaction characteristic of an EDLC [3]. Thus LICs are 
characterized by high specific power (10 kW∙kg−1), long cycle life (e.g. 300,000 
cycles in laboratory experiments at General Capacitor) [4] and low specific energy 
(5 - 10 Wh∙kg−1) [5]. The advantage of LICs is their ability to exploit the high specific 
energy of LIBs, the high specific power of EDLCs, and the long cycle life of EDLCs. 

Often customers seeking energy storage solutions do not base their products 
on available energy storage technology but have a product under development for 
which they seek a niche solution. Usually, when a customer considers LIC technol-
ogy for an application a cell must be prototyped for evaluation, including designing 
a new form factor and estimating its energy storage, power, and other performance 
characteristics. There is often trial and error in this process. Building and testing 
prototypes can be time-consuming, expensive, and therefore a substantial barrier to 
market entry. Therefore, the LIC industry needs a predictive model that estimates a 
LIC’s performance based upon its design parameters and operating conditions. 

Recent research has developed models that can describe both LIB and EDLC vol-
tage and energy storage dynamics as a function of charge or discharge (dis/charge) 
current and time [6] [7]. But these models describe the performance of an exist-
ing energy storage device inside a system as a function of system performance.  

Few inroads have been made to dynamically predict LIC energy storage or vol-
tage a function of the electrochemical interactions between the materials that 
comprise the constituent components of the device. Voltage has been demon-
strated as a tool for estimating state of charge in LIBs, while studying their heat 
generation during dis/charge [8]. And models have been developed to dynami-
cally describe energy storage and dynamic voltage in EDLCs [9]. This EDLC mod-
el relies upon the framework of an equivalent circuit model (ECM), like the 
present study and its antecedent. However, it assumes known impedances and 
capacitances in the device and does not compute these values from the properties 
of the constituent components, as the present model does. Because LICs exhibit 
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Faradaic and non-Faradaic behavior, models predicting LIC behavior from con-
stituent component properties are generally more complex than EDLC models.  

Last year Moye et al. published the first model to dynamically predict energy 
storage as a function of the constituent components that comprise a LIC [10]. 
This model used constituent component properties and dis/charge current to 
compute the key variables that form a Randles ECM. Then the Randles ECM was 
able to accurately compute energy storage over a wide range of dis/charge cur-
rents. However, this model was limited because it did not accurately compute 
changes in LIC voltage during a dis/charge cycle. The current study focused 
upon rectifying this voltage shortcoming and related deficiencies. 

The first LIC models simply described experimental results. A common means 
of doing this is building a Randles ECM to describe a premade, experimental 
LIC [11] [12]. The Randles ECM attempts to describe an electrochemical device 
from data on the flow of electricity between its electrolyte and electrodes. This 
data is usually collected via electrochemical impedance spectroscopy (EIS) and 
can be interpreted to describe the energy storage device in terms of a series re-
sistance (RS), a double layer capacitance (Cdl), a charge transfer resistance (Rct), 
and a capacitive element with its own resistance, referred to as the Warburg 
element (RW) [13] [14] [15]. A basic Randles ECM topology is shown in Figure 1. 
RW can be represented in the time domain as shown in Figure 2 [4] [10]. 

The earliest LIC modeling studies considered LIC performance as part of a 
larger system. In 2013 Omar et al. [16] developed a LIC model by measuring LIC 
charge and discharge performance under different temperatures, currents, and 
states of charge and LIC EIS data at different states of charge. Results were used 
to build a FreedomCar battery ECM. This study indicated a relationship between 
current, energy, and temperature. This model and later work by Cao et al. only 
described experimental data and had negligible predictive value. 

 

 
Figure 1. Basic topology of a Randles ECM. G denotes the external circuit. There are 
three Ohmic resistors, denoted Relectrode from the electrodes and Rconnection from the 
hardware connecting the energy storage device to the external circuit. These may be 
combined to a single variable Rs. The loop between G and the energy storage device 
induces some inductance (Lconnection), although Lconnection often has a small order of 
magnitude and is ignored. PEelectrode is an assumed ideal voltage source. The move-
ment of electrical charge in the electrolyte is described by RW, Rct, and Cdl. 
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Figure 2. Expanded Randles ECM with a state of charge (SOC) dependency, af-
fecting voltage in the time domain (v(t)). This circuit can be represented by a se-
ries RS, a series charge transfer kinetics RctCdl circuit, and a series Warburg ele-
ment to describe diffusion kinetics. The Warburg element can be expanded into a 
series of distinct RC circuits, which are equivalent to RW in Figure 1. Longer 
chains of RC circuits improve RW’s precision and therefore model fidelity. 

 
The first predictive models involved studies of ambient temperature accele-

rating cycle life degradation by Uno et al. [5] [17]. Uno et al.’s work was recently 
expanded by Moye et al. to determine that current has a similar effect on degra-
dation as ambient temperature has [4]. Barcellona et al. have developed some 
predictive LIC models using modified EDLC models [18] [19]. But Barcellona’s 
models rely upon EIS data from finished LICs [20]. These models are useful for 
predicting a LIC’s performance under a certain range of operational conditions. 
But this range is so limited that Barcellona’s models are not ideal for new prod-
uct design. 

Earlier this year Moye et al. published a model intended to predict LIC per-
formance as a function of constituent components [10]. This model worked by 
incorporating relationships determined from earlier experimental studies into a 
Randles ECM [3] [21]-[27]. Because LICs employ reactions characteristic of both 
LIBs and EDLCs, modeling research in both of these fields may apply to a LIC 
model. Of particular concern in LICs is how their internal resistance decreases at 
high temperatures [21] and that LICs exhibit an inverse relationship between 
charge and discharge power and energy [23]. 

1.1. The Previous Version of the Model 

This study is preceded by another that developed a model to predict LIC per-
formance as a function of constituent components [15]. The earlier model was 
the first known physics-based model to predict a LIC’s energy storage as a func-
tion of its charge current and constituent materials. This initial model was writ-
ten in Simulink using a Randles ECM framework and relied upon charge current 
and constituent materials’ effects upon the LIC’s internal temperature in accor-
dance with the Butler-Volmer equation 

e e
a c e c c e

u q u a

F n F n
R T R T
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where id is current density, io is exchange current density, aα  is the specific 
surface area of the anode electrode, cα  is the specific surface area of the cathode 
electrode, ne is the number of electrons per ion (1 for lithium), η is the activation 
overpotential, Fc is Faraday’s constant, Ru is the universal gas constant, and Ta is 
the absolute temperature of the electrochemical cell. Because in a LIC the energy 
storage reaction at the anode is orders of magnitude greater than at the cathode 
[3], one can assume 

e 1
c c e

u a

F n
R T

α
η−

=                           (2) 

Therefore, the Butler-Volmer equation may be rearranged to compute the 
temperature of the LIC as follows 
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                       (3) 

The Butler-Volmer temperature increase and the LIC’s exchange current, in 
turn, affected the capacitance of the LIC as follows 

2 2

2
i W s

W
c R F A l

C
RT

=                         (4) 

where CW is the Warburg capacitance, ci is the ionic concentration of the elec-
trolyte in moles per kilogram of electrolyte, As is the surface area, and l is the 
thickness of the electrode’s active layer [3]. Once these relationships were un-
derstood, the model was able to predict energy storage as a function of charge 
power. Additionally, the model was able to estimate LIC voltage and therefore 
state of charge. 

This model computed energy storage within 4% accuracy over a wide range of 
charge powers, as shown in Figure 3.  

 

 

Figure 3. Chart comparing experimental and modeled LIC energy sto-
rage over a wide range of charge powers, ranging from 0.3 - 120 A. No-
tice that for a LIC energy storage varies as much as 300%. Also notice 
that energy storage increases slightly at very higher power [10]. 
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Of note, energy storage may range as much as 300%, depending upon charge 
power, but performance is not linear. For example, energy storage increases 
slightly at very high power (≈120 W or 6 kW∙kg−1). Other studies indicate elec-
trolyte breaks down at high temperature [28]. Electrolyte breakdown momenta-
rily adds additional ions to the solution that have the effect of increasing energy 
storage [4] [10]. Because  

d
ii
A

=                            (5) 

where i is current and A is the surface area, Equation (3) implies 

1

a

i
T

∝                            (6) 

Many efforts have been applied to model known energy storage devices as a 
function of temperature and other variables (e.g. [16] [29]), but this is the study 
and its predecessor are the first attempts to predict a LIC’s performance as a 
function of its constituent components. Another potential concern is hysteresis, 
as temperature effects on a device may not be observed immediately [30]. A 
cornerstone of this study is Uno and Tanaka’s previous work demonstrating that 
elevated temperature in LICs degrades them in a similar manner as elevated 
current does [5]. This relationship and its implications are a cornerstone of this 
study.  

1.2. Deficiencies in the Previous Version of the Model 

Voltage in the model should be computed as a sum of all voltage drops across 
major RC elements in the Randles ECM depicted in Figure 2. Voltage drops 
across all series (VS), double layer (Vdl//CT), and Warburg (VW) elements are given 
by Equations (7)-(9), respectively. 

S SV iR=                            (7) 

1 e ct dl

t
R C

dl ctV iR
− 

 = −
 
 

                     (8) 

1 e W W
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                     (9) 

And Equation (9) is rewritten for every branch, n, of the equivalent RW ele-
ments as follows 

1 e n n

t
R C

n nV iR
− 

 = −
 
 

                     (10) 

So that 

1 2W nV V V V= + + +                      (11) 

The total voltage increase, VT, can be expressed by 

T s dl WV V V V= + +                       (12) 
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This model could not accurately compute the voltage. Error was low at very 
high charge power but averaged 30% at low charge power. This is important be-
cause voltage is often used to indicate the state of charge in a capacitor.  

Reinvestigation identified some discrepancies in temperature computations. 
The temperature was computed from the model’s computed capacitance (Tmod) 
and from experimental energy storage (Texp), using Equation (4) and a modifica-
tion of the relationship between capacitance and energy 

21
2

E C V= ∆                        (13) 

where E is energy stored, C is capacitance, and ΔV is the change in voltage. In 
this situation C will be replaced by CT, a total capacitance variable, which in-
cludes both CW and a non-temperature dependent double-layer capacitance (Cdl) 
as follows 

T W dlC C C= +                        (14) 

Cdl is found by 

( )1
2

c
dl

s

F l lC
M l
ρ

ε= −                      (15) 

where ρ is the density of the electrode material, M is the mass of the active ma-
terial, ε is the porosity of the electrode material, l is the thickness of the electrode, 
and lS is the thickness of the separator material between the electrodes. 

These results showed moderate agreement between Tmod and Texp, except at 
high power, as shown in Figure 4. However, all tests were performed in a room 
with an ambient temperature of 300 K. Thus the low power experimental tem-
perature values and all model temperature computations, which hovered near 
150 K, were suspect and called for a reassessment of the model’s computations. 

In order to understand how Ta impacts V, a fit equation was computed from 
Texp in order to determine T as a function of P as follows 

3 20.0006 0.0617 3.1543 131.0T P P P= − + + +           (16) 

Use of this equation improved V calculations as shown in Figure 5. Of note, 
improvements in the accuracy of Ta improve the model’s computation of V. 
However, improving Ta does not eliminate all error, especially at low power. 

1.3. Abbreviations and Acronyms 

This data indicated that error in T computations only partially addressed the er-
ror in V. Equation (2), used to compute Ta, computes Ta as a function of η, id, 
and io, but is unaffected by RW. By contrast, Texp relies upon Equation (3), which 
considers RW. Subsequent experiments reverted to computing Ta using Equation 
(2) and studied RW’s effects upon the circuit because RW had previously received 
little attention. Upon examination it was hypothesized that because RW is di-
vided into four smaller RC circuits, each of which has its own impact on tem-
perature (Figure 2), Texp may have been misinterpreted as a temperature change  
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Figure 4. Ta computed from energy storage, comparing Ta computed from ex-
perimental energy storage computations and Ta computed from the model’s 
energy storage computations. Notice that both Ta computations are much colder 
than the room temperature (300 K), and their precision diverges above 10 W. 
These values indicate that although the model output an accurate energy storage 
value, some of its underlying computations were not accurate.  

 

 

Figure 5. Comparison of percent error in the original model and original model 
modified to compute temperature as a function of power. This comparison was 
made in order to determine if the model had a calibration problem or if the un-
derlying computations were inaccurate. The lack of precision in voltage error 
indicates an underlying computation was incorrect. 

 
across each of the RC circuits, implying 

4mod expT T= ×                          (17) 

In order for this to be accurate, RW had to be adjusted to change with charge 
current. If changes in the model’s RW input led to matches in experimental and 
modeled E and V, and if Equation (17) is correct, then the RW value may be 
computed as the only missing variable. Under this assumption RW showed a 
predictable relationship with respect to charge power, but this relationship broke 
down around 30 W, spiking at 60 W, as shown in Figure 6.  
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Figure 6. Optimal RW values calculated as a function of charge power. In 
order for the first version of the model to be accurate, RW must reflect these 
values. These values are two orders of magnitude higher than those reflected 
in the previous study’s EIS experiments and were eventually determined to 
be a major source of the error shown in Figure 4 and Figure 5. 

 

This relationship can be approximated as 
6 3 28 10 0.0013 0.0103 1.7604WR P P P−= − × + − +            (18) 

The reason for this spike in RW at 60 W is probably the same as the culprit for 
CT’s increases at very high power. This phenomenon of increasing CT is probably 
due to electrolyte breaking down at high temperature and increasing the number 
of ions that could carry charge inside the LIC [10] [28]. An increase in CT can be 
mathematically accommodated by an increase in RW in accordance with Equa-
tions (3) and (12). Earlier studies indicate RW increases with temperature, but 
these studies employed low charge currents (0.2 mA/cm2) and studied relatively 
low ambient temperatures (−20˚C - +70˚C) [31], so they may have not incorpo-
rated many of the capacitive aspects of a LIC. By contrast, at 30 W the charge 
current is approximately 360 mA/cm2 and the T variable has increased by 30% 
over its values below 10 W. Experimentalists do not yet understand these high 
power dynamics. Below 30 W charge power, RW can be approximated as 

5 3 24 10 0.0012 0.0222 1.7195WR P P P−= − × − − +          (19) 

These RW values identified in Figure 6 and explained in Equation (18) and 
Equation (19) all rendered less than 1% error in voltage. They also yielded good 
agreement between experimentally-computed temperature (Texp) and tempera-
ture computed from the model’s CW(Tcheck). However, as shown in Figure 7, Texp 
and Tcheck did not agree with T in accordance with Equation (17). 

In order to verify Ta’s accuracy, temperature increase was computed across 
each of the four RWCW elements in series (R1C1, R2C2, R3C3, R4C4) using Equation 
(17) and RctCdl using a modified Equation (2), as follows 

CT o
a

u

R nFi
T

R
=                          (20) 
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Figure 7. Temperature initially computed by the model (Tmod), computed by the model in 
order to verify Cw (Tcheck), and experimentally (Texp). Notice T does not equal 4 × Texp or 4 
× Tcheck. In order for the RW values shown in Figure 6 to be accurate Tcheck and Texp must 
agree with T. Because they do not, serious doubt is cast upon the RW values used. 

 
This temperature increase was designated Tcheck2. Tcheck2 and Tcheck must obey 

Equation (17) in order to be valid. RctCdl’s contribution to Ta is negligible at all 
charge powers. For example, at 60 W, where the temperature was computed to 
be highest,  

8
50.09 1 96485 7.6 10 7.9 10

8.314CT dlR CT
−

−× × × ×
= = ×



         (21) 

Consequently, the following approximation is valid for Tcheck2 
2 2 2 2 2 2 2 2

1 2 3 4
2

1 2 3 42 2 2 2
i s i s i s i s

check
c R F A l c R F A l c R F A l c R F A l

T
RC RC RC RC

= + + +       (22) 

Tmod, Tcheck, Texp, and Tcheck2 are compared in Figure 8.  
Tcheck2 is four times Tcheck at all charge powers, satisfying Equation (17). Also, 

Tcheck2 agrees well with T at all powers until P is 30 W, after which error increases, 
maximizing at 60 W, where RW spikes. At 60 W and 120 W Tcheck2 continues to 
be four times as large as Texp and Tcheck. But T decreases to within 50% of Texp and 
Tcheck. Consequently, Equation (17) is only reliably satisfied below 30 W, where T 
is reliable. Further research into electrolyte breakdown at high temperatures 
and/or current is needed to provide more insight into this phenomenon and to 
enable effective modeling.  

Using the methods described above, computing T from Equation (2), and 
computing RW from Equations (18) or (19), error in V’s final value was less than 
1%, and error in E remains negligible. Although the model gave accurate results 
regarding energy storage and voltage, it still had two serious deficiencies:  
• There was no in-situ data to validate the computation of T. All T values had 

been theoretically computed from the Butler-Volmer equation and various 
derivations, Equations (1)-(3), (13), and (20). Some direct, experimental tem-
perature data was needed in order to assess this. 
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• In order for the model to work properly, RW had to be on the order of 1.5 Ω, 
as shown in Figure 6. But experimental EIS data from the previous study in-
dicated RW should be on the order of 0.015 Ω.  

2. Experimental Work 
2.1. Temperature Change Study 
As in the previous study [10], a 200F LIC made by General Capacitor (prod-
uct number LCA200G1, shown in Figure 9, was used to provide experimental 
data as a baseline to compare against the model. The reasons for this choice 
are twofold.  
• At the time General Capacitor’s 200F product was widely marketed and 

was commercially available.  
• The previous version of the model computed a theoretical temperature in-

crease for LCA200G1, which needed to be validated or disproven.  
LCA200G1 design specifications are shown in Table 1. All experimental data 

in this study came from a LCA200G1 made using the method described by Cao 
et al. [27]. Because LCA200G1 was a commercial, flagship product, much data 
had already been collected about its performance, including cycle life data, which 
can take months, if not years to collect. Additionally, many components and op-
erational parameters, including separator material, electrolyte, operating voltage 
range, and current collector tab position and welding methods were well-known 
and likely to be repeated by General Capacitor. This eliminated much of the va-
riability often encountered in laboratory-made LICs. 

 

 

Figure 8. Temperature initially computed by the model (T), computed by a combination 
of all four RC circuits comprising the Warburg elements (Tcheck2), computed by the model 
in order to verify Cw (Tcheck), and experimentally (Texp). The agreement between Tcheck2, 
Tcheck (using Equation (17)). Texp (using Equation (17)), and T indicate the model may 
have initially computed properly, only requiring calibration. Of note, there were not yet 
any in situ data temperature measurements to validate these computations.  
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Figure 9. LCA200G1, the flagship 200F LIC 
product made by General Capacitor. 

 
Table 1. Specifications of General Capacitor LCA200G1, flagship nominal 200F product 
made by General Capacitor. 

Parameter Value 

Lithium Source Foil Strips 

Positive Electrode Active Material Activated Carbon 

Positive Electrode Active Layer Thickness 100 µm 

Double-Sided Positive Electrodes 7 

Negative Electrode Active Material Hard Carbon 

Negative Electrode Active Layer Thickness 90 - 95 µm 

Double-Sided Negative Electrodes 6 

Single-Sided Negative Electrodes 2 

Negative Electrode Lithium Loading 8.81% 

Negative Electrode Porosity 44.16% 

Positive Electrode : Negative Electrode Mass Ratio 0.678 

Lithium Source Foil Strips 

Positive Electrode Active Material Activated Carbon 

Positive Electrode Active Layer Thickness 100 µm 

Double-Sided Positive Electrodes 7 
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As discussed in section 1.3, the experimental validation of the theoretical T 
value was required in order to validate model’s accuracy. Because the test 
LICs were handled shortly after testing, it was doubtful that the actual ΔT was 
any higher than a few Kelvin. The initial hypothesis was that the actual ΔT 
was only slightly lower than the experimental value because of thermal insu-
lating effects inside the LIC. Results indicated the temperature question is 
more complex than this, as will be explained. Results are shown in Figure 10. 
At high power charges no temperature increase was observed, as shown by 
the 10 W charge in Figure 9 and as anticipated by Equation (6). The ΔT val-
ues observed at all of these charge powers are compared in Figure 11. 

 

 

Figure 10. Comparison of ΔT rise with time at constant power charge. 
Notice ΔT peaks then lowers. This is probably a factor of current adjust-
ing for voltage. Notice ΔT equals 0 for the 10W charge. 

 

 

Figure 11. Comparison of total ΔT increase as a function of power charge. 
Notice a strong correlation between peak ΔT and charge power until 3 W, 
nominally 1 A. This correlation breaks down at higher power. 
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In Figure 9 ΔT peaks then decrease again. This is probably a byproduct of 
current changes due to Ohm’s law. Because of voltage changes during a charge, a 
constant power charge will begin with a high current when the voltage is low 
and end with a low current when the voltage is high. Therefore, near the end of a 
charge, there is less current to affect the temperature of the LIC. In order to more 
directly assess the effects of current upon temperature, constant current measure-
ments were made. At currents below 1.0 A, these results showed a linear tem-
perature increase with time. At a higher current, 5.0 A, no temperature increase 
was measured. 5.0 A was the limit of test equipment. These results are shown in 
Figure 12. They indicate the Butler-Volmer equation’s temperature increase 
appears to accurately link current and temperature at relatively low current, but 
this relationship breaks down at higher currents, where more capacitive behavior 
dominates. There appears to be a hysteresis as charge current does not imme-
diately affect temperature. Above a certain threshold the charge cycle finishes 
before current’s effects on cell temperature can be felt. The reason for this is not 
understood.  

If the 5.0 A charging data is ignored, the slope of the charge temperature 
increases linearly with charge current and can be predicted by an equation 

0.0043SlopeT i∆ =                      (23) 

which is plotted in Figure 13. In terms of current density, this is 
51 10Slope dT i−∆ = ×                      (24) 

as demonstrated in Figure 14.  
The results shown in Figures 9-14 indicated what the value of ΔT used in 

the model should be. These experimental ΔT values were used to calibrate the 
model. First, the initial ambient temperature was set at 298 K, the nominal 
ambient temperature of the environmental test chamber where the study was 
conducted. As the maximum ΔT was 2.24 K, the change in the T variable is 
less than 1% when operating at room temperature. Thus T may be treated as a 
constant in many circumstances. 

2.2. RW Improvements 

As discussed earlier, another problem with the previous model is that RW was 
considered static. In fact, it is not. The values found in Figure 6 and Equations 
(16) and (17) were two orders of magnitude higher than the experimental value 
of 0.011 Ω computed from potentiostatic EIS data, using a maximum current of 
0.1 A. In order to improve the model, another approach was adopted, found by 
Greenleaf et al. in an earlier study [32]. This approach computes RW as follows 

2 2 2 2
u

W
s s

R T
R

n F C A D
δ

=                    (25) 

where Ds is the species’ diffusion coefficient, δ is the Nernst diffusion coefficient, 
found from the effective particle radius (r) of the negative electrode material as 
follows 
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Figure 12. Comparison of ΔT rise with time at constant current. Notice all 
curves are nearly linear. At lower charge currents observe more perturbations 
in the slope of ΔT. There appears to be a hysteresis as charge current’s effects 
are not immediately felt on ΔT. Moreover, their effects are not consistently 
felt at low current (0.3 A and to a lesser extent 0.6 A). However, at high cur-
rent (5.0 A) ΔT equals 0. This may have been because the cell had finished 
charging before current’s effects on temperature had been felt. 

 

 

Figure 13. ΔTSlope with charge current. Notice this linear relationship only holds 
valid at low current. Not shown in this chart, ΔT˚s slope was 0 at 5.0 A.  

 

 

Figure 14. ΔTslope with charge current density at low current density. Higher 
current densities, where this relationship breaks down are not shown. 
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5
rδ =                           (26) 

r for the hard carbon material in this anode is approximately 50 μm, making δ 
equal to 10 μm. 

RW values calculated using Equation (20) and experimental ΔT data agreed 
with experimental values found from the previous study’s EIS data that were 
used to build the previous study’s model. This data anticipates RW values on an 
order of magnitude similar to the EIS data. Results are compared in Figure 15. 

This RW computation method was combined with the revised method of cal-
culating ΔT. Once RW was computed by Equation (20) and used accurate ΔT 
values, error in V diminished but was not eliminated. When the lowest com-
puted RW value was used, 0.013 Ω, error in the final V value was less than 5%. RW 
and energy computations matched experimental values. Energy computations 
never appreciably changed. The voltage drop across RS is very small, 5.4 mV, so 
it does not appreciably affect ΔV. These results also indicate that RW should be 
treated as a constant and does not change with current. Voltage error is com-
pared in Figure 16. 

One limitation of this method, however, is that the model initially increases V 
very quickly with high error, although V eventually levels off, as shown in Fig-
ure 17. Upon examination of VS, Vdl//CT, VW, it is found Vdl//CT is the primary 
source of this error, as it increases by 1 V during the first several seconds of a 
charge but is then constant. More research is needed to determine why Vdl//CT 
behaves in this manner and to correct it. Because the problem has been isolated 
to Vdl//CT, it is believed the model may struggle with the non-Faradaic, capacitor 
behavior in an LIC more so than the Faradaic, battery behavior. 

2.3. Model Adjustments from Temperature Change 

The only other unknown left in Equation (2) was η. η values that agreed with 
experimental results shown in Figures 9-11 were found and are shown in Figure 
18. The method of computing RW had minimal impact on η. Because T is rela-
tively constant these results caused η to decrease by two orders of magnitude 
when compared to the previous model. 

3. Conclusions 

The previous study’s model was improved with experimental data and additional 
theoretical relationships. The first step was to compute temperature values from 
the model’s predicted energy storage and from experimentally measured energy 
storage. This method used energy storage’s implications on Warburg capacit-
ance and Warburg capacitance’s implications on cell temperature. These tem-
perature values were analyzed, but they gave values that were lower than ex-
pected. Experimental measurements were taken and used to validate the tem-
perature variables. The experimental results indicated that although the temper-
ature does increase as an LIC is charged, this increase is small, <1%. However, 
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the model could only explain these results at relatively low current, where bat-
tery behavior dominates. Where capacitive behavior is more pronounced, the 
model breaks down and indicates negligible temperature increases. In order for 
the model to accurately reflect the experimental temperature values, the overpo-
tential variable needed to be significantly reduced from the previous study. In 
fact, the temperature increases are so small that the overpotential variable has 
little impact on the overall model. The model was adjusted to compute Warburg 
impedance, which then agreed with the EIS values published in the previous 
study. It was discovered that Warburg impedance behaves as a constant variable. 
The result is an improved Butler-Volmer based model that computes energy 
storage as a function of charge power, also accurately computing voltage and 
temperature. 
 

 

Figure 15. Comparison of RW values used in the first iteration (RW Original 
Model) and RW computed by equation (RW Theoretical Model).  

 

 

Figure 16. Comparison of per cent error in voltage from the original model, model 
computing temperature as a function of power, and from several data points, 
where the model temperature matched the check temperature. Notice voltage error 
is very low when the model’s temperature matched its checking mechanism. 
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Figure 17. Comparison of voltage computed by model, voltage computed by expe-
riment, and the contributions of. VS, Vdl||CT, and VW. Notice that initially, the model 
spikes voltage, but there is a close agreement at the end of the charge. These voltage 
computations enable researchers to understand voltage drops, and therefore power 
and therefore energy stored via Faradaic, LIB mechanisms, non-Faradaic, EDLC 
mechanisms, and simple Ohmic losses. Thus the model explains the extent to which 
the theoretical LIC behaves like a battery, a capacitor, or a resistor. 

 

 

Figure 18. Changes to η values after new values had been found for ΔT and RW. 
Notice agreement is very high, indicating the model properly computes η. 

 
There are several shortcomings to model as it now stands. Additional experi-

mental data would be useful to improve the calibration of the model’s tempera-
ture variables. However, it is unlikely that additional experimental data would 
cause a significant improvement in voltage and energy storage modeling below 
10 W or 3.3 A. Above 10 W the model’s voltage value initially overshoots expe-
rimental data, resulting in voltage error that is initially very high. But the mod-
el’s voltage becomes accurate near the end of the charge cycle. This initial over-
shoot appears to be caused by the model’s treatment of the non-Faradaic, capa-
citor behavior in the LIC and merits further investigation. 
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Specific findings from this study were: 
• Improved understanding of temperature changes during LIC charging. Spe-

cifically, LIC temperature increases little during a charge cycle. This increase 
is linear vs. time and charge current. However, above a certain threshold 
current, temperature rise is negligible. In all cases temperature rise is >1%. 
Future studies may approximate temperature as a constant. 

• Mathematical verification that RW values in LIC models are on the order of 
0.01 - 0.02 Ω. 

• An improved model that computes LIC energy storage and voltage as a func-
tion of the LIC’s constituent components, ambient temperature, and charge 
current. 
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Appendix 

Nomenclature 

A Ampere 

As surface area 

C capacitor 

Cdl double layer capacitance 

ci ionic concentration of electrolyte 

CT total capacitance 

CW Warburg capacitance 

DS diffusion coefficient 

E energy 

ECM equivalent circuit model 

EDLC electrochemical double layer capacitor 

EIS electrochemical impedance spectroscopy 

F Farads 

Fc Faraday’s constant 

g gram 

G external circuit 

i current 

id current density 

io exchange current 

k kilo 

K Kelvin 

l electrode active layer thickness 

ls separator thickness 

L inductor 

LIB lithium-ion battery 

LIC lithium-ion capacitor 

m milli 

M noles 

ne number of electrons per ion 

P power 

r particle radius 

R resistor 

Ru universal gas constant 

Rct charge transfer resistance 

Rs series resistance 

RW Warburg impedance 
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Continued 

SOC state of charge 

T(P) temperature as a function of power 

Ta ambient temperature 

Tcheck temperature computed from CW value 

Tcheck2 temperature computed from Cdl value 

Texp temperature computed from experimental energy results 

Tmod temperature computed from model’s energy computations 

v(t) voltage as a function of time 

V voltage 

Vdl//CT voltage drop across double layer capacitance  
and charge transfer resistance 

VS voltage drop across series resistance 

VW voltage drop across Warburg elements 

W watt 

W∙h watt-hour 

αa anode specific surface area 

αc cathode specific surface area 

ΔV change in voltage 

ΔT observed temperature change 

δ Nernst diffusion coefficient 

ε porosity 

η activation overpotential 

μ micro 

ρ density 

Ω Ohm 

 

https://doi.org/10.4236/msa.2020.116024

	Improvements to Temperature, Warburg Impedance, and Voltage Computations for a Design-Based Predictive Model for Lithium-Ion Capacitors
	Abstract
	Keywords
	1. Introduction
	1.1. The Previous Version of the Model
	1.2. Deficiencies in the Previous Version of the Model
	1.3. Abbreviations and Acronyms

	2. Experimental Work
	2.1. Temperature Change Study
	2.2. RW Improvements
	2.3. Model Adjustments from Temperature Change

	3. Conclusions
	Acknowledgements
	Conflicts of Interest
	References
	Appendix

