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Abstract 
The draft ratios for sizing the reservoirs can vary within a wide range (40% - 
90% of the mean annual flow, MAF), depending upon the demands for water 
by various users, and environmental and ecological considerations. The re-
servoir volumes based on the drought magnitude (DM) method were assessed 
at aforesaid draft ratios using monthly-standardized hydrological index (SHI) 
sequences of 10 Canadian rivers located in the Canadian prairies and north-
western Ontario. These rivers are typified by a high level of persistence lag-1 
autocorrelation, ρ1m ≥ 0.50 and up to 0.94) and coefficient of variation (cvo) in 
the range of 0.42 to 1.48. The moving average (MA) smoothing of monthly 
SHI sequences formed the basis of the DM method for estimating reservoir 
volumes. The truncation or cutoff level in the SHI sequences was found as 
SHIx [=(α − 1)µo/σo], [(α − 1)µo/σmax], or [(α − 1)µo/σav], where α (=0.40 to 
0.90) is the draft ratio i.e. proportion of the MAF, µo and σo are the overall 
mean and standard deviation of the monthly flows, σmax is the maximum val-
ue of standard deviations and σav the average of 12 monthly values. The fail-
ure probability levels (PF) were fixed at 5%, 2.5% and 0% (corresponding re-
liability of 95%, 97.5% and 100%). The study revealed that the coefficient of 
variation is the most important parameter that influences the reservoir size 
while the role of lag-1 autocorrelation (ρ1m) appears more pronounced at high 
draft ratios, α such as 0.90, 0.80 and 0.70 in increasing the reservoir size. The 
DM based method can be regarded as an alternative to Behavior analysis for 
sizing reservoirs at the desired probability of failure or reliability level.  
 

Keywords 
Draft Ratio, Extreme Number Theorem, Markov Chain, Moving Average 

How to cite this paper: Sharma, T.C. and 
Panu, U.S. (2022) Estimation of Reservoir 
Volumes at Drafts of 40% - 90%: Drought 
Magnitude Method Applied on Monthly 
River Flows from Canadian Prairies. Jour-
nal of Water Resource and Protection, 14, 
571-591. 
https://doi.org/10.4236/jwarp.2022.148030 
 
Received: May 19, 2022 
Accepted: August 2, 2022 
Published: August 5, 2022 
 
Copyright © 2022 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/   

  
Open Access

https://www.scirp.org/journal/jwarp
https://doi.org/10.4236/jwarp.2022.148030
https://www.scirp.org/
https://doi.org/10.4236/jwarp.2022.148030
http://creativecommons.org/licenses/by/4.0/


T. C. Sharma, U. S. Panu 
 

 

DOI: 10.4236/jwarp.2022.148030 572 Journal of Water Resource and Protection 
 

Smoothing, Reliability, Standardized Hydrological Index, Sequent Peak  
Algorithm 

 

1. Introduction 

The reservoir volumes can be estimated involving annual, monthly or weekly 
flow sequences. It has been shown by Sharma and Panu [1] that the monthly 
scale of flow sequences is adequate for estimating the reservoir volume (VR) cor-
responding to a certain draft ratio (draft in proportion to the mean annual flow, 
MAF). The annual scale may mask the seasonal variability and persistence cha-
racteristics needed in the estimation process; whereas, the weekly scale only adds 
a little refinement over the results derived using the monthly scale and also 
renders the analysis rigorous and complex [1]. The draft ratio (α) is expressed as 
the proportion to the mean annual flow (MAF) such as 100% (α = 1 MAF), 90% 
(0.9 MAF), 75% (0.75 MAF), 60% (0.60 MAF) etc. Knowing that in terms of 
magnitude, the mean annual flow (MAF) and the overall mean monthly flow 
(µo) are equivalent to each other and thus, MAF and µo are used interchangeably 
at the monthly scale. The analysis can be done in terms of observed (recorded) 
flow sequences (without standardization) or in terms of statistically standardized 
(month-by-month) flow sequences. The standardized flow sequence is termed 
here as the standardized hydrologic index (SHI) sequence [1] [2]. In brief, SHI is 
an entity with mean = 0 and standard deviation = 1, while retaining the proba-
bilistic structure/character of the flow sequence under consideration. In the en-
suing text, the notations µo and σo stand for the mean and the standard deviation 
of the non-standardized (i.e., observed or recorded) monthly flow series and are 
also termed as an overall mean and standard deviation; σav is the average (arith-
metic mean) of the 12 calendar monthly values of the standard deviation of the 
observed monthly flows; ρ1m is the lag-1 autocorrelation in the SHI sequences, 
and other symbols are explained wherever they appear first. The term coefficient 
of variation, cvo is defined as (σo/µo), which refers to the observed monthly flow 
series (non-standardized), and cvav as (σav/µo), which also refers to the observed 
monthly flows. In the domain of hydrologic design of reservoirs, there are other 
methods such as the Sequent Peak Algorithm (SPA), Behavior Analysis, Dincer 
Procedure, Gould Gamma Procedure, and Gould Transitional Probability me-
thod, and details on these methods are well documented in hydrological and 
water resources books [3]-[8] and journal papers [9]-[14], among others. The 
SPA can be touted as the universal method for sizing reservoirs because of its 
popularity and wide familiarity and can be taken as a reference for comparing 
and complementing the results from other methods.  

In terms of the hydrological drought analyses and more specifically for the 
DM method, two main parameters of interest in a drought episode are duration 
(length, L) and magnitude (M, also termed as severity), which have been the 
subject of intensive study [15]-[25]. The term M is a standardized entity (dimen-
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sionless) such that the drought deficiency volume D = σ × M [16]. For the esti-
mation of reservoir volume, the term D can be regarded as a counterpart term to 
VR. The modelling activity for drought magnitude is of paramount importance 
in terms of management of waters, and consequently for sizing and operation of 
reservoirs. Using the concept advanced by Dracup et al. [15], Sharma and Panu 
[23] have suggested a simple model for estimating drought magnitude by coupl-
ing it with the drought length through a third parameter namely, drought inten-
sity, i.e. magnitude (M) = intensity (Id) × duration (L). They have carried out 
analyses in terms of SHI sequences [1] [2]. The concept of SHI has performed 
well in the modelling of drought lengths and magnitudes on Canadian river flow 
sequences at annual, monthly and weekly scales [23] [24]. 

From an earlier study (Sharma and Panu [1]), the analysis using the draft at 
100% of the mean annual flow (or α = 1) resulted in an excessively high volume 
of reservoirs. A median value of the draft for design purposes has been identified 
as 75% of MAF (α = 0.75) [3] [5] [8], which was analyzed for sizing reservoirs in 
Canadian rivers using the monthly SHI sequences by the DM method [2]. In 
these investigations, the DM method was compared to SPA at the probability of 
failure (PF) level of 0%. The term PF is defined as the ratio of the number of 
time units the reservoir became empty to the total number of time units used in 
the analysis [3]. Accordingly, reliability is defined as (100-PF). The crucial pa-
rameter in the DM method was a scaling parameter (Φ) for drought length, 
which emerged equal to 0 and 0.5. Also, the concept of moving average (MA) of 
SHI sequences was introduced in the DM method with smoothing steps MA1 
and MA2. The MA2 smoothing means the moving average of two consecutive 
values of SHI and MA1 means the SHI sequence itself. Succinctly, the results of 
the DM method were based on the aforesaid fixed values of Φ and MA smooth-
ing (MA1 and MA2 steps) and were found to be satisfactory and compatible 
with SPA based estimates.  

In a worldwide study of reservoirs, McMahon et al. [14] noted that the draft 
ratio, α varies from 0.90 to 0.10 with the median value of 0.47 in Australia and 
0.29 in South Africa. In the US, the α displays a large variability between the 
eastern and western regions because of wide variability in hydrologic conditions. 
However, α has been reported [14] to vary from 0.40 to 0.90 in the eastern re-
gion. In view of the proximity of Canada to the USA, and the hydrologic condi-
tions of the Canadian rivers resembling the eastern USA, this paper attempts to 
demonstrate the DM method in assessing the size of reservoirs for a range of α 
from 0.90 down to 0.40. Three levels of the probability of failure (i.e., 5%, 2.5% 
and 0% respectively corresponding to the reliability of 95%, 97.5% and 100%) 
are considered. The motivation for the current study is to apply the DM method 
in the above range of draft ratios, which are used in the North American settings 
and evaluate its promise. In particular, the modus operandi of implementation 
of the DM method concerning the fixed or variable nature of Φ values in com-
bination with MA smoothing steps was the main focus of the study. 
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A set of ten rivers from the Canadian prairies and northwestern Ontario exhi-
biting a high degree of persistence (ρ1m ranging from 0.50 to 0.94) and a wide 
range (0.42 to 1.48) of cvo (coefficient of variation) are the focus of analysis. In 
addition, such a wide range in autocorrelation and coefficient of variation of-
fered an opportunity to identify the exclusive role of these parameters in in-
fluencing the reservoir volume by the DM method. 

2. Preliminaries on Methods for Sizing Reservoirs 

The popular method for sizing reservoirs is the sequent peak algorithm (SPA) 
which is well documented in [3] [6]. The SPA requires the historical or synthe-
sized river flow data as inflows and demand levels as outflows, and data are ana-
lyzed using the original flows (or without standardization) in a sequential for-
mat. Computations are numerically conducted using the differences between 
cumulative inflows and demand values to assess the size of a reservoir. The pro-
cedure is fully amenable to computerized computations to arrive at the required 
reservoir volume (VR) for a given situation. The SPA hinges on the reservoir wa-
ter balance equation in which the reservoir is assumed to be initially full and 
thus does not allow the determination of the storage at a prefixed level of proba-
bility of failure (PF). However, the PF can be evaluated for the SPA based storage 
volume, which would turn out to be zero. The other variant of the SPA is the 
Behavior analysis, in which various storage levels in the reservoir (not initially 
full) are evaluated at the desired level of PF by a trial and error procedure.  

In the DM method, SHI sequences are obtained after standardization 
(month-by-month) and in turn are chopped at a suitable truncation level cor-
responding to draft ratio, α. The truncation (or cutoff) level considered are 
equivalent to ( ) ( )1o o o o o oSHI αµ µ σ α µ σ= − = − . The other variants of the 
truncation level SHIx are considered as:  

( ) ( )max max max1o o oSHI αµ µ σ α µ σ= − = − , ( )1av o avSHI α µ σ= − ,  
( )1gm o gmSHI α µ σ= − , and ( )1har o harSHI α µ σ= −  in which σmax is the 

maximum value, σav is the mean (arithmetic), σgm is the geometric mean and σhar 
is the harmonic mean of standard deviations of the 12 monthly flows [2]. The 
σgm is defined as = [ ]1 12

1 2 3 12σ σ σ σ× × × × ; σhar as =  
( ){ } 11 1 1 1

1 2 3 121 12 σ σ σ σ
−

− − − − + + + +  .  
The SHIs below the truncation level are referred to as the deficit (d), whereas 

above the level are referred to as the surplus (s). In a historical record of N (=T) 
months, several spells of deficit and surplus shall be encountered and the length 
of the longest spell (representing LT) is recorded. Likewise, the corresponding 
SHIs are added to represent the largest magnitude (MT). The foregoing mode of 
computation of LT and MT is hereafter referred to as the counting procedure. 
The largest deficit volume (DT) during the longest drought period (LT) is com-
puted as DT = σav × MT. Since the unit of DT is the same as that of σav because MT 
is a dimensionless entity. It is worthy to emphasize that the computation of DT 
in the DM method using the counting or the modelling methodology is equiva-
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lent to the computation of VR in the SPA or the Behavior analysis.  
While using models for estimating a value of MT, the following probabilistic 

relationship through the use of the extreme number theorem [17] [23] provides 
the basic conceptual link.  

( ) ( ) ( )( )exp 1 1T qP M Y Tq q P M Y ≤ = − − − ≤               (1) 

In which, q represents the simple probability of drought and qq represents the 
conditional probability that the present period is a drought given the past period 
was also a drought, and T is equivalent to the return period; M stands for the 
drought magnitude which takes on non-integer values represented by Y, and P(.) 
represents the notation of cumulative probability. The parameters, viz. simple 
probability, q, and conditional probability, qq can be obtained through a count-
ing procedure or a relationship as documented in [23]. Since Y’s (such as Y1, Y2, 
Y3, Y4, …) correspond to values of M, thus the largest of them will represent MT. 
In the above expression, M is construed to follow a normal probability distribu-
tion function (pdf) with mean and variance related to the mean and variance of 
drought intensity (Id) and a characteristic drought length (Lc). The term Lc is re-
lated to the mean drought length (Lm) and the extreme drought length (LT) 
through the linkage relationship: ( )1c m TL L L= Φ + −Φ . The parameter Φ varies 
between and includes 0 and 1 (i.e. 0 ≤ Φ ≤ 1) and is very crucial in the estima-
tion process. Further details on computing MT-e (which is the expected value of 
MT and hereafter is designated as the estimated value) are shown in Appendix A. 
The final expressions for computational purposes are expressed as follows. 

1) For MT-e based only on the mean of the drought intensity:  

( )2
0

- 0

exp 0.5
abs

2T e c

z
M z L

q

  −  = − −  π   
                (2) 

In which, z0 is the standard normal variate at the drought probability, q. 
2) For MT-e based on both the mean and variance of the drought intensity:  

( ) ( )1 1
- 10 2

n j j
T e T j T jj

Y Y
M P M Y P M Y+

+=

+
 = ≤ − ≤ ∑           (3) 

The reliability criteria generally adopted for the design of reservoirs are based 
on the probability of failure (PF) defined earlier in the text [3], i.e. PF is the ratio 
of the number of months the reservoir went dry to the total number of months 
used in the analysis. The crucial elements in the process of sizing reservoirs in 
the DM method are: 1) selection of the cutoff level (SHIx) for truncating the 
monthly SHI sequences at the aforesaid levels of PF and 2) selection of a correct 
value of the parameter Φ. 

3. Data Acquisition and Calculations of Reservoir Volumes 

Seven rivers ({1} to {8}) from Canadian prairies (Table 1, Figure 1) and 2 rivers 
({9} and {10}) from northwestern Ontario bordering the prairies were involved 
in the analysis. The rivers encompassed drainage areas ranging from 97 to  
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Figure 1. Location of the river flow gauging stations used in the analysis [source: Envi-
ronment Canada]. 
 

Table 1. Summary of statistical properties of monthly flows of the selected ten rivers. 

Name, location, and the numeric 
identifier in Figure 1 of the River 

Data size 
(Year) 

Area 
(km2) 

µo 
(m3/s) 

σo 
(m3/s) 

σmax 
(m3/s) 

σav 
(m3/s) 

σgm σhar ρ1m 

1 2 3 4 5 6 7 8 9 

{1} Bow River at Banff 
(51˚10'30''N, 115˚34'10''W) 

108 
(1911-18) 

2210 38.98 
40.90 

(1.05)* 
30.79 

9.48 
(0.24)† 

4.73 2.57 0.50 

{2} Athabasca River at Athabasca 
(54˚43'20''N, 113˚17'10''W) 

67 
(1952-18) 

74,600 420.59 
380.27 
(0.76) 

338.37 
147.39 
(0.35) 

95.61 59.32 0.60 

{3} Beaver River at Cold Lake Reserve 
(54˚21'18''N, 110˚13'2''W) 

63 
(1956-18) 

4505 18.30 
27.00 
(1.48) 

43.88 
17.94 
(0.98) 

10.84 6.09 0.78 

{4} South Saskatchewan at Medicine Hat 
(50˚03'00''N, 110˚40'00''W) 

97 
(1922-18) 

56,369 167.05 
176.41 
(1.06) 

87.10 
86.51 
(0.52) 

59.22 43.21 0.64 

{5} Churchill River above Otter Rapids 
(55˚38'47''N, 104˚44'5''W) 

55 
(1964-18) 

119,000 289.13 
140.37 
(0.49) 

174.91 
122.66 
(0.42) 

117.97 113.63 0.94 

{6} Sturgeon River Weir 
(54˚26'20''N, 103˚10'30''W) 

35 
(1961-95) 

14,600 46.91 
24.94 
(0.53) 

35.94 
22.95 
(0.49) 

21.56 20.30 0.94 

{7} Island Lake River near Island Lake 
(54˚03'34''N, 94˚39'34''W) 

46 
(1948-93) 

25,900 86.19 
46.54 
(0.54) 

84.49 
58.11 
(0.38) 

55.29 52.54 0.87 

{8} Gods River below Allen Rapids 
(55˚01'35''N, 93˚50'10''W) 

61 
(1934-94) 

14,000 154.58 
64.92 
(0.42) 

56.34 
32.60 
(0.38) 

28.98 25.20 0.87 

{9} English River at Umfreville 
(49˚52'30''N, 91˚27'30''W) 

97 
(1922-18) 

6230 58.61 
43.29 
(0.74) 

54.23 
29.88 
(0.51) 

24.92 19.83 0.76 

{10} Pipestone River at Karl Lake 
(52˚34'50''N, 90˚11'12''W) 

52 
(1967-18) 

5960 58.56 
55.57 
(0.95) 

68.64 
32.59 
(0.56) 

22.41 13.06 0.58 

A value indicated by an asterisk (*) is the overall coefficient of variation (cvo = σo/µo) based on non-standardized monthly flows. † 
indicates the average coefficient of variation (cvav = σav/µo). Suffix “gm” stands for the geometric and “har” stands for the harmonic 
mean of 12 values of monthly standard deviations. 
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119,000 km2 with the database spanning from 35 to 108 years. The chief criterion 
for the selection of these river-gauging stations is the high level of persistence 
(ρ1m ≥ 0.50). The flow data for these 10 rivers were extracted from the Canadian 
Hydrological database, Environment Canada [26]. The statistical parameters viz. 
µo, σo, σmax, σav, σgm, σhar and ρ1m were computed and are shown in Table 1. At the 
monthly scale, the value σav was found to be the best estimator of standard devia-
tion for the calculation of drought deficiency volumes, D = σav × M [23].  

The analysis required the moving averages of the monthly SHI sequences for 
the evaluation of M, particularly at high draft ratios. A monthly SHI sequence, 
without any moving average, is designated as moving average 1 (MA1), which 
essentially is the monthly SHI sequence itself. At times, there arose a need to 
perform the moving averages of two consecutive values or three consecutive 
values of monthly SHIs, which are respectively designated as MA2 or MA3. The 
MA1 sequence of SHI was used for counting as well as estimating values of LT 
and MT. The MT values so counted are essentially the observed values and thus 
are designated as MT-o. Likewise, the estimated MT values are labelled as MT-e.  

The aforesaid statistics were also evaluated for MA2, MA3 and MA4 se-
quences, whenever such a need arose. The MA2 sequence is characterized by 
mean = 0 with σ < 1 and lag-1 autocorrelation (designated as ρ1m2) > than ρ1m. 
The MA2 sequence was further standardized and all computations were accom-
plished in this new standardized (designated as MA2’) domain along with de-
riving of M values. A similar strategy would also apply to MA3 and MA4 se-
quences. For all MA smoothing (MA1 through MA4), the multiplier to M for 
obtaining D would be σav (DT-o = σav × MT-o; and likewise, DT-e = σav × MT-e). An 
illustration of computations for sizing reservoirs by SPA and the DM method for 
three typical rivers is provided viz. the Beaver River, the English River, and the 
Churchill River (Table 2). 

It may be highlighted that the Beaver River flows tend to be highly variable 
with cvo = 1.48 and ρ1m = 0.78, whereas the Churchill River is characterized by  
 

Table 2. Values of parameters used in relevant equations for calculating MT-e in the DM method. 

Draft ratio 
(α) 

Beaver River English River Churchill River 

SHIx, z0, q, qq, qp, MA step SHIx, z0, q, qq, qp, MA step SHIx, z0, q, qq, qp, MA step 

α = 0.90 
*SHIm, −0.05, 0.61, 0.93, 0.11, MA3 
SHIm, −0.05, 0.60, 0.95, 0.08, MA4 

SHIo, −0.14, 0.51, 0.84, 0.17, MA1 
SHIo, −0.15, 0.49, 0.89, 0.11, MA3 

SHIo, −0.21, 0.46, 0.93, 0.06, MA1 
SHIo, −0.21, 0.45, 0.94, 0.05, MA2 

α = 0.80 SHIm, −0.09, 0.60, 0.89, 0.16, MA2 SHIo, −0.27, 0.45, 0.82, 0.15, MA1 SHIo, −0.41, 0.41, 0.92, 0.05, MA1 

α = 0.70 
SHIm, −0.13, 0.59, 0.86, 0.20, MA1 
SHIm, −0.13, 0.58, 0.90, 0.15, MA2 

SHIo, −0.41, 0.39, 0.80, 0.13, MA1 SHIo, −0.62, 0.32, 0.90, 0.05, MA1 

α = 0.60 SHIm, −0.17, 0.58, 0.86, 0.19, MA1 SHIo, −0.54, 0.32, 0.79, 0.11, MA1 SHIo, −0.82, 0.24, 0.87, 0.04, MA1 

α = 0.50 SHIm, −0.21, 0.56, 0.85, 0.19, MA1 SHIo, −0.68, 0.26, 0.77, 0.08, MA1 SHIo, −1.03, 0.13, 0.85, 0.03, MA1 

α = 0.40 SHIm, −0.25, 0.54, 0.84, 0.19, MA1 SHIav, −0.81, 0.19, 0.75, 0.06, MA1 SHIav, −1.41, 0.09, 0.90, 0.01, MA1 

Asterisk (*) with SHIm means SHImax as the cutoff level. 
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cvo = 0.42 but with high ρ1m = 0.94. These two rivers thus exhibit so many con-
trasting features in terms of persistence and variability characteristics. The pa-
rameters viz. probabilities (q, qq, qp and z0) needed for computations in Equa-
tions (1) through (3) were accomplished by the counting method and are shown 
in Table 2. In the strict sense, z0 is the standard normal variate corresponding to 
probability q. In this paper, since q is derived by the counting method corres-
ponding to the cutoff level equal to SHIx, therefore, SHIx can also be approx-
imated by z0.  

Computational Strategy 

In the DM method, SHI sequences were chopped at the level of SHIx and the DT-o 
values were counted (column 5, Tables 3-5). Thus, the evaluated values of DT-o 
only yielded one value of PF (column 6, Table 3) and were away from the de-
sired PF criteria (5% and 2.5%). To overcome this difficulty, the DT-e values were 
estimated by plugging a suitably assumed value of Φ including and between 0 
and 1 such that the criterion of PF = 5%, 2.5% or 0% was met. 

Towards achieving the desired PF, one needs to consider three variables, i.e. 1) 
cutoff level (SHIx = SHIo, SHImax, SHIav or SHIgm); 2) MA step (MA1, MA2, MA3 
and MA4); 2) the use of an optimal value of Φ inclusive and between 0 and 1 in 
the relevant equations. A suitable combination of the three foregoing variables  
 

Table 3. Estimation of reservoir volumes for the Beaver River (cvo = 1.48, ρ1m = 0.78) at PF = 5%, 2.5% and 0%. 

Draft ratio (α) 

SPA DM Method 

VR 

(m3) 
PF 
(%) 

MA 
step 

DT-o 
(m3) 

PF 
(%) 

Value 
of Φ 

DT-e 
(m3) 

PF (%) MT-e Remark 

1 2 3 4 5 6 7 8 8 10 11 

α = 0.90; 
SHIx = SHImax = −0.042 

5.22 × 109 

(112.20)* 
0.00 

MA3 
MA3 
MA4 

2.77 × 109 

2.77 × 109 

4.20 × 109 

11.00 
11.00 
5.18 

0.25 
0.08 
0.32 

4.23 × 109 

4.78 × 109 

5.23 × 109 

5.05 
2.52 
0.00 

91.60 
102.82 
112.27 

MC1, Equation (3) 
MC1, Equation (3) 
MC1, Equation (3) 

α = 0.80; 
SHIx = SHImax = −0.083 

3.20 × 109 

(68.71)* 
0.00 

MA2 
MA2 
MA2 

2.53 × 109 

2.53 × 109 

2.53 × 109 

3.84 
3.84 
3.84 

0.51 
0.26 
0.06 

2.33 × 109 

2.78 × 109 

3.20 × 109 

5.03 
2.52 
0.00 

48.03 
59.84 
68.74 

MC1, Equation (3) 
MC1, Equation (3) 
MC1, Equation (3) 

α = 0.70; 
SHIx = SHImax = −0.125 

2.28 × 109 

(48.97)* 
0.00 

MA1 
MA1 
MA2 

2.25 × 109 

2.25 × 109 

2.34 × 109 

0.13 
0.13 
0.00 

0.62 
0.25 
0.45 

1.34 × 109 

1.88 × 109 

2.34 × 109 

5.03 
2.51 
0.00 

28.84 
40.45 
50.33 

MC1, Equation (3) 
MC1, Equation (3) 
MC1, Equation (3) 

α = 0.60; 
SHIx = SHImax = −0.167 

1.43 × 109 

(30.68)* 
0.00 

MA1 
MA1 
MA1 

2.10 × 109 

2.10 × 109 

2.10 × 109 

0.00 
0.00 
0.00 

0.35 
0.80 
0.55 

7.72 × 108 
1.05 × 109 

1.45 × 109 

5.03 
2.51 
0.00 

16.60 
23.17 
31.16 

MC1, Equation (2) 
MC1, Equation (3) 
MC1, Equation (3) 

α = 0.50; 
SHIx = SHImax = −0.209 

7.43 × 108 

(15.97)* 
0.00 

MA1 
MA1 
MA1 

1.25 × 109 

1.25 × 109 

1.25 × 109 

0.00 
0.00 
0.00 

0.85 
0.63 
0.27 

3.31 × 108 

4.90 × 108 

7.50 × 108 

5.03 
2.51 
0.00 

7.11 
10.53 
16.12 

MC1, Equation (2) 
MC1, Equation (2) 
MC1, Equation (3) 

α = 0.40; 
SHIx = SHImax = −0.25 

4.10 × 108 

(8.83)* 
0.00 

MA1 
MA1 
MA1 

1.17 × 109 
1.17 × 109 

1.17 × 109 

0.00 
0.00 
0.00 

0.77 
0.36 
0.99 

1.31 × 108 

2.40 × 108 

4.10 × 108 

5.03 
2.51 
0.00 

2.85 
5.14 
8.87 

MC0, Equation (2) 
MC0, Equation (2) 
MC0, Equation (2) 

https://doi.org/10.4236/jwarp.2022.148030


T. C. Sharma, U. S. Panu 
 

 

DOI: 10.4236/jwarp.2022.148030 579 Journal of Water Resource and Protection 
 

Table 4. Estimation of reservoir volumes for the English River (cvo = 0.74, ρ1m = 0.76) at PF = 5%, 2.5% and 0%. 

Draft ratio (α) 

SPA DM Method 

VR 

(m3) 
PF 
(%) 

MA 
step 

DT-o 
(m3) 

PF 
(%) 

Value 
of Φ 

DT-e 
(m3) 

PF 
(%) 

MT-e Remark 

1 2 3 4 5 6 7 8 9 10 11 

α = 0.90; 
SHIx = SHIo = −0.14 

SHIo = −0.15 

4.96 × 109 

(64.09)* 
0.00 

MA1 
MA1 
MA3 

3.29 × 109 

3.29 x109 

3.67 × 109 

1.55 
1.55 
1.20 

0.73 
0.30 
0.25 

1.81 × 109 

2.86 × 109 

5.00 × 109 

5.07 
2.49 
0.00 

23.42 
36.99 
64.51 

MC1, Equation (3) 
MC1, Equation (3) 
MC1, Equation (3) 

α = 0.80; 
SHIx = SHIo = −0.27 

2.71 × 109 

(35.06)* 
0.00 

MA1 
MA1 
MA1 

2.91 × 109 

2.91 × 109 

2.91 × 109 

0.00 
0.00 
0.00 

0.53 
0.10 
0.16 

7.94 × 108 

1.25 × 109 

2.74 × 109 

5.15 
2.52 
0.00 

10.25 
16.13 
35.19 

MC1, Equation (2) 
MC1, Equation (2) 
MC1, Equation (3) 

α = 0.70; 
SHIx = SHIo = −0.41 

1.79 × 109 

(23.12)* 
0.00 

MA1 
MA1 
MA1 

2.54 × 109 

2.54 × 109 

2.54 × 109 

0.00 
0.00 
0.00 

0.70 
0.35 
0.49 

5.22 × 108 

8.34 × 109 

1.80 × 109 

5.07 
2.49 
0.00 

6.74 
10.77 
23.22 

MC1, Equation (2) 
MC1, Equation (2) 
MC1, Equation (3) 

α = 0.60; 
SHIx = SHIo = −0.54 

1.29 × 109 

(16.72)* 
0.00 

MA1 
MA1 
MA1 

2.17 × 109 

2.17 × 109 

2.17 × 109 

0.00 
0.00 
0.00 

0.90 
0.65 
0.67 

3.01 × 108 
4.97 × 108 
1.30 × 108 

5.07 
2.49 
0.00 

3.93 
6.41 
16.77 

MC1, Equation (2) 
MC1, Equation (2) 
MC1, Equation (3) 

α = 0.50; 
SHIx = SHIo = −0.68 

8.09 × 108 
(10.44)* 

0.00 
MA1 
MA1 
MA1 

1.81 × 109 

1.81 × 109 

1.81 × 109 

0.00 
0.00 
0.00 

0.62 
0.88 
0.88 

1.35 × 108 

2.80 × 108 

8.16 × 108 

5.07 
2.58 
0.00 

1.75 
3.62 
10.53 

MC0, Equation (2) 
MC1, Equation (2) 
MC1, Equation (3) 

α = 0.40; 
SHIx = SHIav = −1.18 

3.07 × 108 

(4.77)* 
0.00 

MA1 
MA1 
MA1 

3.04 × 108 
3.04 × 108 

3.04 × 108 

0.17 
0.10 
0.17 

0.82 
0.90 
0.98 

5.24 × 107 

1.42 × 108 

3.71 × 108 

4.98 
2.49 
0.00 

0.68 
1.83 
4.79 

MC0, Equation (2) 
MC0, Equation (2) 
MC1, Equation (3) 

 
Table 5. Estimation of reservoir volumes for the Churchill River (cvo = 0.49, ρ1m = 0.94) at PF = 5.0%, 2.5% & 0%. 

Draft ratio 
(α) 

SPA DM Method 

VR 

(m3) 
PF 
(%) 

MA 
step 

DT-o 
(m3) 

PF 
(%) 

Value 
of Φ 

DT-e 
(m3) 

PF 
(%) 

MT-e Remark 

1 2 3 4 5 6 7 8 9 10 11 

α = 0.90; 
SHIx = SHIo = −0.21 

SHIo = −0.22 

3.30 × 1010 
(104.96)* 

0.0 
MA1 
MA2 
MA2 

1.58 × 1010 

2.16 × 1010 

2.16 × 1010 

9.24 
6.53 
6.53 

0.12 
0.23 
0.07 

2.62 × 1010 

3.01 × 1010 

3.35 × 1010 

5.00 
2.54 
0.00 

82.29 
94.75 

105.34 

MC1, Equation (3) 
MC1, Equation (3) 
MC1, Equation (3) 

α = 0.80; 
SHIx = SHIo = −0.41 

1.67 × 1010 
(52.42)* 

0.0 
MA1 
MA1 
MA1 

1.27 × 1010 
1.27 × 1010 
1.27 × 1010 

2.42 
2.42 
2.42 

0.98 
0.73 
0.45 

8.42 × 109 

1.25 × 1010 

1.67 × 1010 

5.00 
2.58 
0.00 

26.50 
39.30 
52.62 

MC1, Equation (3) 
MC1, Equation (3) 
MC1, Equation (3) 

α = 0.70; 
SHIx = SHIo = −0.62 

8.78 × 109 
(27.61)* 

0.0 
MA1 
MA1 
MA1 

9.68 × 109 

9.68 × 109 

9.68 × 109 

0.00 
0.00 
0.00 

0.82 
0.44 
0.77 

2.79 × 109 
4.20 × 109 
8.87 × 109 

5.00 
2.58 
0.00 

8.78 
14.21 
27.89 

MC1, Equation (2) 
MC1, Equation (2) 
MC1, Equation (3) 

α = 0.60; 
SHIx = SHIo = −0.82 

5.19 × 109 
(16.33)* 

0.0 
MA1 
MA1 
MA1 

5.96 × 109 

5.96 × 109 

5.96 × 109 

0.00 
0.00 
0.00 

0.99 
0.60 
0.87 

1.36 × 109 
2.55 × 109 
5.23 × 109 

5.00 
2.42 
0.00 

4.29 
8.03 
16.46 

MC1, Equation (2) 
MC1, Equation (2) 
MC1, Equation (3) 

α = 0.50; 
SHIx = SHIo = −1.03 

2.61 × 109 
(8.20)* 

0.0 
MA1 
MA1 
MA1 

3.34 × 109 

3.34 × 109 

3.34 × 109 

0.00 
0.00 
0.00 

0.39 
0.26 
0.20 

3.96 × 108 

1.02 × 109 

2.63 × 109 

5.00 
2.58 
0.00 

1.25 
3.20 
8.28 

MC0, Equation (2) 
MC0, Equation (2) 
MC1, Equation (2) 
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Continued 

α = 0.40; 
SHIx = SHIav = −1.41 

1.05 × 109 
(3.31)* 

0.0 
na** 
MA1 
MA1 

5.38 × 108 

7.89 × 108 

7.89 × 108 

0.00 
0.61 
0.61 

na** 
0.90 
0.70 

1.27 × 107 
1.63 × 107 
1.09 × 109 

5.00 
2.58 
0.00 

0.04 
0.51 
3.44 

By Behavior 
MC0, Equation (2) 
MC1, Equation (2) 

Asterisk (*) in Tables 3-5 means values in parentheses are the standardized values of VR (=VR/σav). Asterisk (**) in Tables 3-5 
means the DM method did not perform well and hence, the Behavior analysis was used. 

 
that fulfilled the criterion of meeting the desired PF is listed in Tables 3-5 for α 
ranging from 0.40 to 0.90. Three typical computational cases are presented viz. 
the Beaver River (Table 3) with the highest cvo = 1.48, the English River (Table 
4) with modest cvo = 0.74, and the Churchill River (Table 5) with cvo = 0.49. 

In the case of the Beaver River, the SHImax proved to be the best cutoff level in 
combination with step MA1 (except, α = 0.40). However, the computed PF val-
ues were not exactly 5% and 2.5% (column 9) but were within the close vicinity 
i.e., 5.07% and 2.58% etc. level with MA steps from MA1 to MA4 (Table 2).  

The Churchill River performed well up to α = 0.50 but it encountered a prob-
lem at α = 0.4, where it could not reach the level of PF = 5%. Therefore, at this 
level of PF, the Behavior analysis was conducted to obtain a value of DT-e and its 
corresponding value of MT-e (Table 5). Equally, an intriguing spectacle arose 
with the Gods River (lowest cvo of 0.42 among all rivers) in which at α = 0.90, 
0.80 and with SHIo performed well with MA1 step and for α varying from 0.70 to 
0.60, the SHIav proved better with MA1 step (for brevity, the table for the Gods 
River is not included). However, for this river, a difficult spectacle erupted with 
α ≤ 0.50 where the cutoff needed was SHIgm. Even with such low levels of cutoff, 
the criteria of meeting the 5% and 2.50% of PF were not attainable. At this point, 
the cutoff with SHIhar (lowest value of cutoff) was considered, which also did not 
improve the results. Faced with this intrigue, the Behavior analysis was used 
which succeeded in providing a value of the DT-e at the 0% PF level but was una-
ble to provide DT-e at the PF levels of 2.5% and 5%. The DT-e so computed met 
the PF criterion up to 2.36% and 3.99% only. That means for highly correlated 
flows such as that of the Gods River, the DM method proved less useful and the 
Behavior analysis was able to provide approximate results within the vicinity of 
the PF levels of 2.5% and 5% at draft ratios (α) ≤ 0.50. However, at α > 0.50, the 
DM method worked well in the entire range of autocorrelations reported in this 
paper (ρ1m from 0.50 to 0.94). 

In short, for highly correlated flows with cvo of 0.42 at α = 0.40, the storage 
requirement is greatly decimated to meet the criterion of PF = 2.5% and 5%. 
Similar behavior was observed for the Island Lake, Sturgeon, and Churchill riv-
ers at α = 0.4. This value of storage volume was counterchecked with SPA (col-
umn 2, Tables 3-5), which tallied very well for all rivers (Table 1) with cvo < 
0.54. Under such a dilemma, it is desirable that the volume may be estimated 
with PF = 0% only, which can be used for sizing the reservoir at all PF levels, al-
beit such storage volumes will be superfluously larger than optimally desired. 
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4. Results and Discussion 

The results of analyses indicated that rivers, in general, can be categorized into 
two groups: 1) exhibiting ρ1m within the range of 0.50 to 0.78 viz. Bow, Athabas-
ca, Beaver, South Saskatchewan, English and Pipestone rivers and 2) exhibiting 
ρ1m ≥ 0.87 such as the Churchill, Sturgeon, Gods and Island Lake rivers (Table 
1). The DM method can easily handle the estimation detail of sizing reservoirs 
for rivers in category (1) along with draft conditions considered. Out of all 10 
rivers, the characteristics of the Beaver River (Alberta, Canada) differ signifi-
cantly from the remaining nine rivers. For example, the Beaver River originates 
on the boreal plains rather than on the eastern slopes of the Rocky Mountains 
and as a result, the runoff is not subject to the stabilizing influence of mountain 
snowmelt and thus displays a considerable variability from year to year and 
within the year. The river rises to a peak flow in the latter part of April because 
of spring snowmelt and occurrences of rainstorms during the snowmelt period, 
and thereafter the flow, generally, recedes through the remainder of the year. 
Unlike, the prairie streams of southern Alberta, the Beaver River tends to re-
spond to summer rainstorms with dramatic increases in flows. Indeed, in some 
years, the summer flows may be greater than the peak flow during the spring 
runoff (Beaver River Alliance, 2013) [27]. Such unique flow characteristics are 
ramified in cvo = 1.48, requiring the cutoff level = SHImax for all values of α. Be-
sides, at α = 0.90, MA3 and MA4 steps were needed with the cutoff level of SHI-
max, whereas for other values of α, the MA1 was found to be sufficient, though 
with the cutoff level of SHImax. 

At high draft ratios, in a majority of cases, the variance-based relationship 
(Equation (3)) was required whereas at low draft ratios only the mean-based re-
lationship (Equation (2)) served the purpose. In the same vein, on several occa-
sions at low draft ratios for the modestly correlated SHI sequences, the MC0 
performed well with Equation (2). In the computations of reservoir volumes for 
rivers (with high values of ρ1m) and belonging to category (2), the MA1 step with 
cutoff level as SHIo was found to easily handle α from 0.60 to 0.90. However, the 
computational complexities erupted for α ≤ 0.50, where a recourse had to be 
taken with lower levels of truncation such as SHIav, SHIgm and in rare cases with 
SHIhar. In extreme situations, such as α = 0.40, SHIhar also could not salvage the 
situation, though, some relief was accorded by the Behavior analysis at PF = 0% 
and 2.5% (for example, the Gods River, which is not presented in the table for 
brevity). The Behavior analysis also could not yield satisfactory results because 
reservoir volumes were generally very low at a 5% level of PF. In general, SHIo 
with a variance-based relationship (Equation (3)) and the MA1 step should be 
considered, as a first approximation, with suitable modifications exercised while 
meeting the desired PF criterion. Likewise, one should first consider the extreme 
values of Φ (0 or 1) and then a suitably modified value within the range (0 and 
1) be used to meet the desired PF criterion. Briefly, the most important decisive 
factor to meet the desired PF criterion is the identification of the appropriate 
value of parameter Φ. 
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Since a majority of reservoirs on a global basis are designed for the draft con-
ditions within the range of α = 0.70 and 0.80, where the DM method has per-
formed satisfactorily with the truncation level equal to SHIx (=SHIo) or 
(=SHImax) in combination with Equation (3) and by use of the easily adjustable 
value of Φ. The value of Φ works like a cursor, which should be moved up and 
down within the range from 0 to 1. Numerical computations can be easily per-
formed via Excel-based programming with a button of Φ, which can easily be 
varied until the desired PF criterion is achieved. 

The DM method is capable of assessing the effect of coefficient of variation 
(cvo and cvav) and lag-1 autocorrelation (ρ1m) affecting the size (volume) of re-
servoirs. Towards achieving this objective, the ratio (Rs, named as storage ratio) 
of the reservoir volume (computed as DT-e, m3) to MAF volume (m3) was eva-
luated (Figures 2-4). Also, the Rs values at PF levels of 0% and 2.5% are summa-
rized in Table 6. It can be seen in Table 6 that as expected, Rs values increase  
 

Table 6. Values of volume ratios, Rs at different draft ratios (α) at the PF levels of 2.5% and 0% for the rivers in Canadian prairies 
and Atlantic Canada. 

Draft 
ratio (α) 

Values of volume ratio, Rs 

River details 
PF 

(2.5%) 
PF 

(0.0%) 
River details 

PF 
(2.5%) 

PF 
(0.0%) 

River details 
PF 

(2.5%) 
PF 

(0.0%) 

0.90 
0.80 
0.70 
0.60 
0.50 
0.40 

{1} Bow* 
µo = 38.98 
cvo = 1.05 
cvav = 0.24 
ρ1m = 0.50 

0.40 
0.30 
0.24 
0.19 
0.13 
0.08 

0.64 
0.41 
0.29 
0.22 
0.17 
0.11 

{2} Athabasca 
µo = 420.59 
cvo = 0.76 
cvav = 0.35 
ρ1m = 0.60 

0.57 
0.32 
0.23 
0.18 
0.13 
0.08 

1.23 
0.61 
0.34 
0.23 
0.17 
0.11 

{3} Beaver† 
µo = 18.30 
cvo = 1.48 
cvav = 0.98 
ρ1m = 0.78 

8.28 
4.82 
3.26 
1.82 
0.85 
0.42 

9.06 
5.50 
4.06 
2.51 
1.30 
0.71 

0.90 
0.80 
0.70 
0.60 
0.50 
0.40 

{4} South 
Saskatchewan* 

µo = 167.05 
cvo = 1.06 
cvav = 0.52 
ρ1m = 0.64 

2.06 
1.29 
0.68 
0.29 
0.13 
0.04 

2.51 
1.69 
0.92 
0.50 
0.27 
0.09 

{5} Churchill 
µo = 289.13 
cvo = 0.49 
cvav = 0.42 
ρ1m = 0.94 

3.31 
1.37 
0.46 
0.28 
0.11 
0.02 

3.67 
1.84 
0.97 
0.57 
0.29 
0.12 

{6} Sturgeon** 
µo = 46.91 
cvo = 0.53 
cvav = 0.49 
ρ1m = 0.94 

2.05 
1.58 
1.07 
0.60 
0.19 
0.06 

2.45 
1.86 
1.28 
0.73 
0.22 
0.03 

0.90 
0.80 
0.70 
0.60 
0.50 
0.40 

{7} Island Lake** 
µo = 86.19 
cvo = 0.54 
cvav = 0.38 
ρ1m = 0.87 

0.84 
0.43 
0.23 
0.11 
0.03 
0.01 

1.16 
0.64 
0.32 
0.19 
0.12 
0.06 

{8} Gods 
µo = 154.58 
cvo = 0.54 
cvav = 0.38 
ρ1m = 0.94 

0.71 
0.43 
0.21 
0.09 
0.03 
0.02 

1.51 
0.92 
0.70 
0.60 
0.41 
0.37 

{9} English† 
µo = 58.61 
cvo = 0.74 
cvav = 0.51 
ρ1m = 0.76 

1.55 
1.05 
0.45 
0.27 
0.15 
0.08 

2.71 
1.48 
0.97 
0.70 
0.44 
0.21 

0.90 
0.80 
0.70 
0.60 
0.50 
0.40 

{10} Pipestone 
µo = 58.56 
cvo = 0.95 
cvav = 0.56 
ρ1m = 0.58 

1.21 
0.48 
0.28 
0.18 
0.12 
0.07 

1.96 
1.15 
0.73 
0.26 
0.18 
0.10 

{11} Upper 
Humber 

µo = 79.85 
cvo = 0.87 
cvav = 0.44 
ρ1m = 0.13 

0.29 
0.20 
0.14 
0.10 
0.07 
0.05 

0.49 
0.39 
0.32 
0.24 
0.17 
0.09 

{12} North 
Margaree 
µo = 17.03 
cvo = 0.76 
cvav = 0.48 
ρ1m = 0.17 

0.28 
0.18 
0.13 
0.08 
0.05 
0.03 

0.46 
0.31 
0.20 
0.13 
0.09 
0.05 

The rivers affixed by an asterisk (*), (**) and sign (†) refer to as pairs used for comparison. The bold italic numbers indicate the 
commonality of parameters in the pair. 

https://doi.org/10.4236/jwarp.2022.148030


T. C. Sharma, U. S. Panu 
 

 

DOI: 10.4236/jwarp.2022.148030 583 Journal of Water Resource and Protection 
 

    
(a)                                                 (b) 

Figure 2. Effect of lag-1 autocorrelation (ρ1m) in the monthly SHI sequences on reservoir volume at increasing draft ratios and PF 
levels: (a) 2.5% and (b) 0%. 
 

           
(a)                                                  (b) 

Figure 3. Effect of coefficient of variation (cvo) in the monthly flow sequences on reservoir volumes at increasing draft ratios and 
PF levels: (a) PF = 2.5% and (b) PF = 0%. 
 

     
(a)                                              (b) 

Figure 4. Effect of coefficient of variation (cvav) in the monthly SHI sequences on the reservoir volumes at increasing draft ratios 
and PF levels: (a) 2.5% and (b) 0.0%. 
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consistently with an increase in the value of α for all rivers. The Rs values are 
primarily affected by 1) the autocorrelation, ρ1m, and 2) the coefficient of varia-
tion cvo (in case of monthly flow sequences (non-standardized), and cvav (in case 
of the SHI sequences) and are discussed below. 

4.1. Assessing the Effect of Autocorrelation and Coefficient of  
Variation 

4.1.1. Effect of Autocorrelation on the Size of Reservoir Storage 
To discern the effect of autocorrelation (ρ1m) in river flows, a pairwise approach 
was adopted. The advantages of the pairwise approach can be cited as 1) the ease 
of comparison of the results based on the existing framework of contrasting da-
ta, 2) a quick visual display of the crucial information, and 3) empirically or ex-
perimentally confirming the behavior of the anticipated process outputs. There-
fore, the pair of the Bow River [{1}, Table 6] and the South Saskatchewan River 
[{4}, Table 6] was chosen in which both rivers display nearly the same level of 
cvo (≈1.05 to 1.06, Table 6) but ρ1m differs significantly (0.50 to 0.64). A graph of 
Rs versus α shown in Figure 2(a) (Bow River) and Figure 2(b) (South Saskat-
chewan River) exhibit a stark effect of lag-1 autocorrelation on the reservoir vo-
lume. In particular, Rs rises sharply at the high draft ratios, implying that rivers 
with highly auto-correlated flows require large volumes, especially during ex-
tended droughts to meet the draft requirements. Likewise, during high flows, 
such rivers also need large reservoirs to store the floodwaters for flood control 
purposes. This observation is in agreement with the findings reported in the li-
terature by Phatarfod [28], Otieno and Ndiritu [29]. Both the aforesaid authors 
unanimously agreed that the role of serial correlation becomes pronounced at 
high values of α, which compares very well with the graphical presentation 
shown in Figure 2(a) and Figure 2(b), computed by the DM method. It can be 
inferred that the pairwise approach is a simple and straightforward way of look-
ing at the behavior of storage characteristics in relation to the autocorrelation in 
the inflows to the reservoir. 

To further validate the effect of autocorrelation, two additional rivers from an 
earlier publication [2], the Upper Humber River (Newfoundland, Canada) and 
the North Margaree River (Nova Scotia, Canada) were analyzed. The statistical 
parameters of these rivers are summarized in Table 6. These rivers are characte-
rized by low but significant values of ρ1m (=0.13 and 0.17) [24]. These values of 
ρ1m are far below compared to rivers from Canadian Prairies (Table 1 and Table 
6). The Rs values of these rivers were computed by estimating DT-e values by fol-
lowing the procedure used for other rivers. It is apparent from Table 6 that the 
Rs values of these rivers are very low and less than 0.50 even for α = 0.90, which 
is indicative that the influence of autocorrelation is very strong in increasing the 
reservoir volumes. In particular, with the near similar conditions of cvo and cvav 
between the North Margaree River and the English River, but with a large dif-
ference between values of ρ1m (Table 6), the impact of autocorrelation can be 
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appreciated because Rs values are much larger for the English River. Similar be-
havior is exhibited by a pair of the Upper Humber River and the Pipestone River 
with near comparable values of cvo and cvav but with a stark difference in ρ1m, the 
Rs values are much higher for the Pipestone River at high draft ratios. 

4.1.2. Effect of Coefficient of Variation on the Size of Reservoir Storage 
The effect of the coefficient of variation on reservoir volumes was investigated 
by choosing a pair of rivers in which values of ρ1m are close to each other while 
the values of cvo and cvav differ significantly. The identical conditions of auto-
correlation structure of monthly flows (ρ1m = 0.78) displayed by the Beaver River 
({3}, Table 6) and the English River ({9}, Table 6), offered an opportunity to re-
veal the effect of the coefficient of variation on reservoir volumes. Knowing that 
monthly flows of the Beaver River are highly variable with cvo (=1.48) compared 
to the English River with cvo (=0.76), the reservoir volume for the Beaver River 
tends to be exceptionally high at high draft ratios. Reservoirs, by virtue, damp 
out the variable inflows to reasonably steady outflows but construction of such 
large reservoirs involve exorbitant cost. 

The foregoing impact of variability in river inflows on the reservoir storage is 
further investigated by considering the coefficient of variation (cvav) of monthly 
SHI sequences for two rivers as a pair viz. the Sturgeon River ({6}, Table 6), cvo 
= 0.53, ρ1m = 0.94,) and the Island Lake River ({7}, Table 6), cvo = 0.54 and ρ1m = 
0.87). A review of the statistical parameters of these rivers indicates that the val-
ues of cvo are almost identical but there exists some degree of dissimilarity in the 
autocorrelation structure of these rivers. Since the values (0.87 and 0.94) of ρ1m 
lie within proximity of each other and for pragmatic reasons, these rivers can be 
perceived to belong to the same group of highly auto-correlated flows. The cvav 
varies from 0.38 (Island Lake River) to 0.49 (Sturgeon River), and such a differ-
ence can be construed to be significant because its effect is reflected in Figure 
4(a) and Figure 4(b) at the PF levels of 2.5% and 0% where an apparent rise in 
the values of Rs is exhibited.  

There are two measures of variability between the monthly data sets consi-
dered in this paper, viz. cvo and cvav. Since the DM method requires stationarity 
in the data structure and therefore cvav (standardized or the SHI sequence) plays 
a greater role. However, for the SPA and Behavior analysis, the data stationarity 
is not required and thus the role of cvo becomes more apparent. In general, it can 
be perceived that high values of cvav are associated with high values of cvo, and 
the effect of cvo is reflected in Figure 3, where Rs values rise steeply with in-
creasing values of α. The role of cvav seems to erupt in sync with cvo as displayed 
in Figure 4, i.e. Rs increases with rising α in tandem with Figure 3.  

Succinctly, the analysis amply demonstrates that the DM method is applicable 
over the entire range of draft ratios commonly encountered in the design of re-
servoirs at the desired PF levels. However, in the implementation of the DM 
method, the parameter Φ is variable (it is not confined to 0 and 0.5 as is the case 
with α = 1 and 0.75) and has to be calibrated for individual cases of a river and α 
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being considered. Further, the MA smoothing from MA1 to MA4 steps are es-
sential ingredients of the method with a greater number of MA steps needed at 
draft ratios equal to and greater than 0.7 associated with high cvo. The results 
thus allude to the fact that though the role of coefficient of variation is well un-
derstood in the design of reservoir capacity, the impact of autocorrelation is also 
no less important. This finding underscores the significance of autocorrelation 
in the design of reservoirs and the DM method handles the role of autocorrela-
tion lucidly through the use of the Markov chain, the extreme number theorem 
and MA smoothing based concepts. 

In the paper, all the parameters (probabilities) were determined by the count-
ing method after choosing a suitable cutoff level. No consideration was given to 
the gamma pdf of the flow and SHI sequences in the calculations. In fact, calcu-
lations are strictly applicable to the normal pdf of flows and SHI sequences. 
However, the procedural detail can be applied to the gamma pdf of flows and 
subsequently to SHI sequences by transforming SHI’s into the normal probabil-
ity domain [24]. From the latter with rigorous computations involving the 
gamma pdf, it was observed that the outcome was only marginally improved 
from the one adopted in this paper. In other words for gamma probability dis-
tributed flows the calculations can be performed directly in terms of statistically 
standardized SHI sequences, as was conducted and demonstrated in this paper. 
In general, the DM method satisfactorily computes the reservoir volumes with 
α > 0.5, whereas at α ≤ 0.5, the DM method is less efficient, particularly with 
highly auto-correlated river flows. Under this situation, the Behavior analysis 
can be used to provide the needed results on the reservoir volumes while meet-
ing the target PF criterion. 

5. Conclusion 

The DM method can be successfully utilized to estimate the reservoir volumes 
equivalent to drought deficiency volumes, DT-e. The method utilizes the SHI se-
quences as a platform where the parameters viz. probabilities: q, qq, qp can be 
computed using the counting method by truncating the SHI sequences at the 
cutoff level equal to SHIx. The SHIx can take the form of SHIo, SHImax or SHIav. 
The counterpart standard normal variate z0 needed for computing the drought 
intensity at the probability, q can be treated equivalent to the aforesaid cutoff 
level equal to SHIx. The DM method can be implemented with the proper choice 
of parameter Φ (within the bound of 0 and 1) and MA smoothing steps to meet 
the probability of failure criterion at 5%, 2.5% and 0%. Most importantly, the 
method can be used to assess the effect of cv (cvo and cvav) and lag-1 autocorrela-
tion (ρ1m) influencing the size of reservoirs. It was observed that the coefficient 
of variation (cvo) is the most important parameter to influence the reservoir size, 
that is, a higher value of the coefficient of variation leads to a higher storage vo-
lume. Likewise, the autocorrelation in the river inflows increases the require-
ment for higher reservoir capacity, which rises steeply at higher draft ratios. 
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Appendix A 

The following probability-based relationship from the first principles can be 
used to estimate the expected value of the largest drought-magnitude, E(MT).  

( ) ( ) ( )0T T j T jjE M M Y p M Y∞

=
= = ⋅ =∑               (A1) 

The notation P(.) stands for the cumulative probability and p(.) stands for the 
simple probability. Since MT is a continuous random variable, therefore MT has a 
continuous pdf so p (MT = Yj) can be evaluated as P (MT ≤ Yj+1) − P (MT ≤ Yj) 
with MT = Yj replaced by the mean value ( )1 2j jY Y+ + . Equation (A1) can 
therefore be expressed as 

( ) ( ) ( )1 1
10 2

n j j
T T j T jj

Y Y
E M P M Y P M Y+

+=

+
 = ≤ − ≤ ∑         (A2) 

The upper limit of integration, ∞ in Equation (A1), is replaced by some finite 
number n1. The general equation for evaluating P (MT ≤ Yj) based on the ex-
treme number theorem [17] can be expressed as 

( ) ( ) ( )( )exp 1 1T j q jP M Y Tq q P M Y ≤ = − − − ≤            (A3) 

In which M takes on non-integer values represented by Yj. Since Y’s (such as 
Y1, Y2, Y3, Y4, …) correspond to values of M, thus the largest of them will cor-
respond to MT. It is to be noted that M is the sum of several drought deficit 
spikes encountered in a drought spell. Each spike has a negative sign because 
they are derived by truncating SHI sequences and lay on the downside (negative 
side) of the cutoff level. The deficit spikes can be construed to obey a truncated 
normal distribution because a normal pdf encompasses values of a random va-
riable from −∞ to +∞. Thus, the standard normal pdf is truncated at various le-
vels of z0 (standard normal number) corresponding to counterpart values of the 
probability q. For example, a standard normal pdf can be truncated at z0 = −0.52 
with the corresponding probability of 0.3, which can be obtained from the stan-
dard normal probability table or a polynomial equation documented in Chow et 
al. [30]. 

The truncated normal pdf version will have a mean and variance respectively 
different from 0 and 1. Applying the basic axioms for the evaluation of mo-
ments, expressions for the mean (denoted by μd) and variance (denoted by 2

dσ ) 
of the truncated normal pdf version can be deduced [17] [24] as follows. 

( )2
0

0

exp 0.5

2d

z
z

q
µ

−
= − −

π
                     (A4) 

( ) ( )2 2
0 0 02

2

exp 0.5 exp
1

22d

z z z

qq
σ

− −
= − −

ππ
                (A5) 

Because drought episodes lay below the desired truncation level, therefore an 
absolute value of the term μd is an estimator of the mean value of drought inten-
sity (Id), as it represents the mean of the several deficit spikes. Likewise, the term 

2
dσ  is an estimator of the variance of drought intensity, whose value is unaf-
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fected by the sign. For example, at the cutoff level of z0 = −0.52, q = 0.3; and 
substitution of these values in Equations (A4) and (A5) yields μd equal to −0.64 
and 2

dσ  equal to 0.25. As explained earlier, the absolute value of μd will be taken 
as the mean value of drought intensity (Id), i.e. = 0.64. Likewise at the cutoff lev-
el, z0 = −0.10, q = 0.16; μd and 2

dσ  will work out as −0.51 and 0.23. 
Given the central limit theorem and since M is the sum of deficit spikes, its 

probability structure can be approximated by a normal pdf with mean μM and 
variance 2

Mσ  [17]. Such a consideration reduces the expression for the term P 
(M ≤ Yj) in Equation. (A3) as follows. 

( )
2

0

1 exp 0.5 d
2

jY M
j

MM

MP M Y Mµ
σσ

  −
 ≤ = −  

π    
∫          (A6) 

It was noted that the parameters μM and 2
Mσ  are related to the extreme 

drought length, LT and the mean drought length, LM [24]. Such a representative 
drought length is named herein as characteristic drought length, LC, which can 
be expressed as follows. 

( )1C M TL L L= Φ + −Φ                      (A7) 

The parameter Φ can be designated as a weighing parameter as it weighs the 
mean drought length LM and the longest drought length LT. The value of Φ va-
ries from 0 to 1 and is determined through optimization or trial and error pro-
cedure. For first-order dependence or Markov Chain order 1 (MC1) situation, 
the mean length, LM, can be expressed as follows  

1
1M

q

L
q

=
−

                          (A8) 

The expression for the expected value of LT at MC1 situation in drought pe-
riods can be obtained as follows [23] 

( )
( )

log 1
1

log
p

T
q

FT q q
L

q

 − = −                     (A9) 

where, F is the factor to account for the plotting position in the empirical esti-
mation of the exceedance probability. That is, in the Hazen plotting position 
formula, the exceedance probability = 0.5/T (T = sample size), so the return pe-
riod is equal to T/0.5 = 2T or F = 2. Likewise in the Weibull plotting position 
formula F = 1. In this analysis, the plotting position formula [31] as developed 
for Canadian rivers has been used. The formula evaluates the exceedance proba-
bility = 0.75/(T + 0.25), so F = 1.33(1 + 0.25/T) ≈ 1.33 as T is generally large. The 
term qq stands for the conditional probability of the present period being 
drought given the previous period was also a drought and likewise, qp stands for 
the present period being drought given the previous period was wet. The condi-
tional probabilities qq and qp can be computed from the counting method. 

The expressions for μM and 2
Mσ  are related as follows [17]. 

M C dLµ µ=                         (A10) 
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( )
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=               (A11) 

Once a proper value of LC has been determined, Equation (A6) is integrated 
numerically to evaluate P (M ≤ Yj) and then the value of integrand is inserted in 
Equation (A3) to yield an estimate of P (MT ≤ Yj). Letting these values of Yj as Y0 
(j = 0) = 0, Y1 (j = 1) = 0.05, Y2 (j = 2) = 0.10, Y3 (j = 3) = 0.15, Yn1 = 150 (for the 
monthly scale) with an increment, ∆ = 0.05, E(MT) can be computed using Equ-
ation (A3). It should be noted that in Equation (A11), ρ should be replaced by 
ρ1m in the relevant calculations.  

A particular version for the estimation of E(MT) can be taken as (A10) itself 
and Equation (A10) takes the following form 

( )
( )2

0
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exp 0.5
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absT d c c

z
E M L z L

q
µ
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 π   

=         (A12) 

Note Equation (A2) involves both mean and variance of drought intensity (Id) 
for the estimation of E(MT) and therefore is more comprehensive.  
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