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berger-Horne-Zeilinger (GHZ) states and WW , an equal superposition of
W and obverse W states. Along with a comparison of pairwise entanglement

volume monogamy relations satisfied by WW states as a function of num-
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©_® 1. Introduction

Permutation symmetric multiqubit states form an important class among quan-

tum states due to their experimental significance and mathematical elegance
[1]-[7]. The well-known Greenberger-Horne-Zeilinger (GHZ) [8], W, and Dicke
states [9], belong to this class. Mathematical simplicity in addressing pure sym-
metric N-qubit states is owing to the fact that they are confined to the N+ 1 di-
mensional subspace of the 2" dimensional Hilbert space. The N+ 1 dimensional

subspace is the maximal multiplicity space of the collective angular momentum
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space of N-qubits with Dicke states [9], the common eigenstates of the squared
collective angular momentum operator f and its z-component /, forming its ba-
sis. In 1932 Majorana [10] proposed an elegant geometrical visualization for
pure symmetric N-qubit states as a constellation of N-points on the Bloch sphere
S The representation of pure symmetric multiqubit states in terms of constitu-
tent NV-qubits (spinors) is called Majorana representation [10]. Majorana geo-
metric representation has found several significant applications in quantum in-
formation processing [11] [12] [13] [14].

Quantum steering ellipsoid [15] offers a novel geometric picturization of
two-qubit states and is useful in understanding quantum correlations such as
non-locality, entanglement [16] [17] [18] [19] and quantum discord [16] [17].
The set of all Bloch vectors to which one of the qubits of a two-qubit system can
be “steered” when all possible measurements are carried out on the other qubit
correspond to quantum steering ellipsoid [15]. It has been identified that the
volume of the steering ellipsoids [15] corresponding to the two-qubit subsystems
of an N-qubit state, N >3, effectively captures monogamy properties of the
state [18] [20]. Milne et al [18] proposed a monogamy relation, in terms of the
volumes of the quantum steering ellipsoids of two-qubit subsystems of a 3-qubit
pure state which is stricter than the Coffman-Kundu-Wootters (CKW) mono-
gamy relation [21]. A volume monogamy relation satisfied by pure as well as
mixed N-qubit states has been obtained in [20] and is helpful in quantifying the
shareability properties of the N-qubit state.

The steering ellipsoid of a two-qubit state that has attained a canonical form
under suitable local operations on both the qubits is the so-called canonical
steering ellipsoid [22] [23] [24] and provides another geometric representation
of a two-qubit state. The canonical steering ellipsoid of any two-qubit state is
shown to have only two distinct forms [24] and provide a much simpler geome-
tric picture representing two-qubit states.

The volume monogamy relations for permutation symmetric 3-qubit pure
states with two and three distinct spinors are established in [25] using the fea-
tures of their respective steering ellipsoids. The canonical steering ellipsoids of
the entire class of permutation symmetric N-qubit states with two distinct spi-
nors are obtained in [26] and the nature of the volume monogamy relation with
increasing Nis analyzed [26]. In addition, the obesity of the steering ellipsoids is
made use of to obtain expressions for concurrence of the two-qubit subsystems
of the N-qubit states under consideration [25] [26]. In this paper, we construct
the canonical steering ellipsoids of the N-qubit GHZ and WW states and ana-
lyze the volume monogamy relations satisfied by them.

A flow chart of the paper is given here: In Sec. 2, following a brief overview on
Majorana representation [10] [11] [12] [13] of pure permutation symmetric
multiqubit states, we obtain the nature of NV distinct spinors characterizing GHZ,
WW states and their generalized counterparts. Using these, we show that

3-qubit GHZ and WW states are interconvertible under local operations on
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each qubit. In Sec. 3 we analyze the pairwise entanglement features as well as
monogamous nature of N-qubit GHZ and WW states. Following a primer on
canonical forms of two-qubit subsystems of pure N-qubit state in Sec. 4, we con-
struct the canonical steering ellipsoids of GHZ and WW states in Sec. 5. The
nature of the volume monogamy relation satisfied by WW states is obtained
and a comparison with that of GHZ and W-class of states is carried out in Sec. 6.

Concluding remarks are given in Sec. 7.

2. Majorana Representation of Pure Symmetric Multiqubit
States

A system of N-qubits obeying exchange symmetry gets restricted to a (N + 1)
dimensional Hilbert space spanned by the basis vectors
{IN/2,k=N/2),k=0,1,2,---,N} where,

|N/2,k—N/2):\/NlT[

are the V+ 1 Dicke states—expressed in the standard qubit basis |0>,|1> .

[
k times  N—k times

0,0,---, 1,1,~~->+ Permutations} (1)

An arbitrary pure symmetric state,
N
W o) =D d [N/2,k=N/2), )
k=0

is specified by the (N + 1) complex coefficients d, . Eliminating an overall phase

and normalizing the state (e, Z:‘:O|dk|2 =1) implies that N complex parame-

ters are required to completely characterize a pure symmetric state of N qubits.
Alternately, Majorana [10] expressed the pure state |‘{’Sym> as a superposi-

tion of symmetrized states of N spin-1/2 particles:

|\P5ym>:NZP:IS{|€152""’5N>} (3)

where
|&,)=cos(B,/2)e™/*|0)+sin(B,/2)e"/*[1), s =1,2,-+,N (4)

>.Here P denotes

the set of all N! permutations and V' corresponds to an overall normalization

B

factor. The N complex parameters 2z, =tan ?ems , where (as, ﬁs) correspond

to orientations of the spinor |ss> (see Equation (4)), offer an alternate parame-

denote spinors constituting the pure symmetric state |‘I’Sym

trization for the pure symmetric NV qubit state |‘I’Sym> . The two representations
given in Equations (2) and (3) of |‘Psym> together lead to the so-called Majora-
na polynomial equation: [13]

N
P(z)=Y(-1) y"C,d 2" =0. (5)
k=0
 The solutions
z, =tan B gie
2
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of the Majorana polynomial Equation (5) determine the orientations (c, /)

of the spinors constituting the state |\I’Sym> , in terms of the collective parame-

ters d, (see Equation (2)).

« When the Majorana Polynomial P(z) isof degree r<N, it is necessary to

1 .

recast the polynomial P(z) in terms of z'=== Cot(%je'“s so that the
z

N —r solutions

P(z'):i(—l)“’k,/ch dy 2" =0 (6)

k=0

of Equation (6) determine the orientations of the remaining N —r spinors
constituting the state |‘Psym> . In other words, given the parameters d,, the N
roots z,,5=12,---,N of the Majorana polynomials (5), (6) determine the
orientations (as, ,b’s) of the spinors constituting the pure symmetric N-qubit
state |‘Psym>.

o When all the spinors in (Equation (3)) are distinct, the family of states is
denoted by D);, ., indicating that each of the N-spinors in the N-qubit pure
symmetric state appear only once in the symmetrized combination Equation (3).
The family of states D,_,, denotes the family of states with two distinct spi-

nors one of them repeating & times and the other N —k times in Equation (3),
‘ =1,z,3,...,m.
2

« Dicke states are prominent members of the family D, _, ;. In the following,
we show that M-qubit GHZ and WW states belong to the family Dy, with

N-distinct spinors.

2.1. Majorana Spinors of N-Qubit GHZ and WW States

Consider the N-qubit GHZ state

|0102...0N>+|]_112...1N>
N )

expressed in terms of the angular momentum states |jm> , J=N/2, m=—]

|GHZ), = 7)

to jas

N N>+‘N _N>

2'2/ 2" 2
GHZ), = : 8
6Hz), 5 ®)

Comparing Equation (8) with Equation (3), it can be seen that there are only
two non-zero coefficients d, =d, :1/ \J2 . The Majorana polynomial Equation
(5) for |GHZ>N turns out to be

1+(-1)" 2" =0 )
o Thus the M roots of unity determine the N-distinct spinors of |GHZ>N

when Nis odd and M roots of —1 when Nis even.

e« When N=3, 7,=0°=1, z,=0’, z;,=® where w=expin/3 are the
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cube roots of unity and the Majorana spinors

) =5 10)+I1). o)== (10)+ 0% 1), [ex) = (0} +olt)). 10

constitute |GHZ>3 .
« One may verify explicitly that symmetrization of the spinors (10) leads to the
GHZ state:

|GHZ £, €y, 53 |53,51,52>+|52,53,51>

i
+| 65,60, 85) + 63080, 61) | 61,63.5,) | (11)
_[0:0,0,) +[18.)

N

o In a similar manner, the fourth roots of —1 lead to the following spinors

corresponding to |GHZ> x

2

o) =—(0)+&* 1)
: (12)

o)== (10)+ ¢ 1)
1 i

J22) = =(10) +e™ 1)

The symmetrization of the four spinors (12) as in (3) results in
|GHZ), =N Is{|51,52,g3,g4>} = |01020304\>/; [LLLt) : (13)
P

the 4-qubit GHZ state expressed in the qubit basis.

It is evident from the discussion above, that the N-qubit GHZ state is a pure
symmetric state characterized by N-distinct spinors. In the following, we show
that the superposition of N-qubit W state |W>N and its obverse state |V_\/>N is
a pure symmetric state with NV distinct spinors |gr'> , r=1,2,---N.

We first express the N-qubit W state |W>N, its obverse state |V_V>N in the

angular momentum and qubit basis respectively:

CINONC (L0, 04) +[04,04+-0y )+ +[0,0, -1y, )
W), =[5 5 -1)- 0 |

W), :‘%,1_%>:|0112...1 x )+ 10, 13\/%0 |1, >

The equal superposition of |W>N , |V_\/>N , which we refer to as WW state,

is given by

lww) = (14)
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1 (10,04 ) +[04,0,--0, )+ +[0,0, -1 )
-7 =

+{|0112...1N>+|110213...1N>+...+|1112...0N>Dl
IN

o Comparing Equation (14) with Equation (2), we have d, =d,_, 21/\/5 as

(15)

the only non-zero coefficients and hence the corresponding Majorana poly-

nomial Equation (5) turns out to be
z+(—1)N N=0=12=0, 1+(—1)N N7 =0, (16)

« The solutions of Equation (16) determine the N —1 spinors corresponding

to |WV_V> and the solution z'=1/z=0 of the Majorana polynomial Equation
ﬂ Ia ﬂ —ia

(6) determines its M" spinor. Recalling that z=tan=e'*, z'=cotZ=e ' we
P g 5

proceed to determine the nature of Majorana spinors (see Equation (4)) consti-
tuting |WW>N

7, =tan=t ﬁl e“1=0= f, =0, a arbitrary. (17)

Let us choose o; =0 to obtain

&) =|0). (18)
e The other N —2 spinors of the |W\/_V>N state are then given by
2 =1 when N is odd (19)
z" % =—1 when N iseven (20)
« Note that the M spinor corresponds to the solution z;, =cot=* ﬁ Ng7an =0

of Equation (6) and we get S, =m, «, arbitrary. Choosing «, —O we find
that

lex ) =|1). (21)

« In adition to the two spinors |51'> :|0>,

& > = |1> (which are irrespective
of any N) constituting the state |W\/_V>N , rest of the distinct spinors are ob-
tained to be the (N — 2)™ roots of unity when Nis odd and (N - 2)™ roots of —1
when Nis even [27].

e For N =3, the spinor corresponding to the solution z=1=tan—= ﬂ 2" of

Equation (19) is characterized by the parameters S, =m/2 and «, :O.
other words, the three distinct spinors |8r'>, r=12,3 constituting |WV_V>3

are given by

1&7)=|0), and |g;>=%, e2)= . @)

e When N =4, the Majorana spinors corresponding to |W\/_V>4 are given by

DOI: 10.4236/jqis.2024.142003

34 Journal of Quantum Information Science


https://doi.org/10.4236/jqis.2024.142003

Sudha et al.

(23)

« One may verify explicitly that
A | l ' 2 2 ror ' ' '
|WW>3 :$[|51,52,€3>+|€3,£1,€2>+|52,33,51>

+|&y.60 65) +|es.65.80) +| &l 65, 85) | (29)

00,4 +]02,0)+[10,0,) +[12,0,) + 10} + 01
A .

Similarly one may verify explicitly that |W\/_V>4 is constructed by symme-

trizing the 4 spinors given in Equation (23).

« From the above discussion it is clear that both |GHZ>N and |WV_\/>N be-
long to the family D, .; of pure symmetric N-qubit states characterized by
N-distinct spinors.

2.2. Majorana Spinors of Generalised N-Qubit GHZ and WW
States

Generalized N-qubit GHZ and WW states are respectively given by

|GHZ)*" = cosE Eﬂ +sinE E—ﬂ (25)
N 212 2 212 2
and
|WV_\/>gen =cos€—,ﬂ— +sin§ ﬂ,l—ﬂ . (26)
N 2 2|12 2

where fe (0, n/4) .

« From Equations (2), (25), (26), we have d;=sin(6/2), d, =cos(6/2) for
|GHZ)Y"; d, =sin(6/2) and dy , =cos(6/2) for |WW)™".

« For the 3-qubit state |GHZ>zen , the Majorana polynomial Equation (5) takes
the form

1

3 =
sin? —z2cos@=0=1-[ 2] =0 where77:£tz:1n€j3
2 2 n 2

leading to the roots
Z = ne®=n, z, =ne’, Z, =nw (27)

0,0°,@° =1 are the cube roots of unity.
o The three Majorana spinors corresponding to |GHZ>§en (see Equation (25))

are therefore given by

gen _ 1 1 gen _ 1 1 gen _ 1 1
o)™ = J1+7? (77) 22)" = J1+7? (7760}|83> - J1+7? [77602} (28)
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« With d, =sin(6/2) and d, =cos(6/2) for |W\/_V>zen, the independent

roots of Majorana polynomial equation (see Equation (5)) ZSi”g_ z? Cosg =0

and (see Equation (6)) Z’Zcosg—z’sing=0, 7'=1/7 are

0

2,=0, z, :tanE:ns, Z, =

1o (29)
z

« Thus the Majorana spinors of |W\/_V>zen turn out be

r\gen 1 s\ 9en 1 1 ,\gen 0
9 =) 1 - (1) e

« In general, the Nspinors corresponding to |GHZ>£Len are given by

1 o
(Lanj , k=012,--- N-1 ;= tanE (31)

N

1
|‘9k>: ) i
VI+ 27 ge

e Note that ¢=0 when Nisoddand ¢=m when Nis even.

gen
N

« Similarly the N spinors corresponding to |WV_V> are,

)=(g)
1 1

1 , 0 \N-2
¢+2k’nj ,k'=0,1,---,N-3and &= tanE (32)

|82>: /—1+§2 §ei(W

=(; )

Heretoo, ¢=0 when N-2 isoddand ¢=n when N -2 iseven.
2.3. Interconvertibility of 3-Qubit GHZ and WW States under
Local Operations

If the states (11), (24) are related to each other by identical local operations of
the form A® A®A, ie,

|GHZ), = N (A® A® A)|WW)_ (33)

the corresponding Majorana spinors (10) and (22) must be related to each other
through |gr> oc A|8S'> , I,s=12,3; Nis the normalization constant. We consider

a b
an arbitrary 2 x 2 invertible matrix A= (C dj , detA=ad —bc=1 and expli-

citly solve the following equations relating Majorana spinors (10) and (22):

aenit= S 2

1(1 a by1/(1
&) =NAlg))=>— =N —] 34
R L b
1(1 a b0
=N, Alg)) = — =N
e i b
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It can be seen that the SL (2, C) matrix

1 1l o
A=—r—— , 35
o(w-1) (l o’ j %)
and the proportionality constants
N, =2, N, =-0?, N,=ov2 (36)

lead to the transformation (33). In other words, the 3-qubit WW state (24)
gets transformed to the 3-qubit GHZ state (11) under identical local operations
(35) on all the three qubits.

3. Pairwise Entanglement Features of N-Qubit WW States

We adopt concurrence [28] [29] to quantify the pairwise entanglement in WW
states. The concurrence C(p) of any two-qubit state p is defined as [28]
[29]

C(p)=max (0.4 —% —\i —4) (37)

where 4, 1=1,2,3,4 are the eigenvalues of the 4 x 4 matrix
R= p(O'y ®a, ) o (Gy ® Uy) arranged in the decreasing order 4, >4, >4, > 4,.

In order to evaluate the pairwise entanglement features of N-qubit WW
states, we need to evaluate the structure of its two-qubit subsystems. The state
|WV_\/>N being a symmetric state, its two qubit reduced density matrices are all
identical and from its structure in the qubit basis (see Equation (15)) one can rea-
dily evaluate the two-qubit reduced density matrices p{") =Tr, , |W\/_V>N (WV_V| .
We denote R, = pgN) (O'y ®0'y)p§N)*(O'y ®ay) associated with the reduced
two-qubit system pgN) of the N-qubit state |W\/_V>N .

o For the state |W\/_V>3 (see Equation (24)), the two qubit reduced density

matrix obtained by tracing out any one qubit is given by
P = %[|oo>(oo| +|00)(01]+|00){10| +|01){00| + 2|01)(01] + 2|01)(10|
+[01)(11]+[10)(00| + 2[10)(01| + 2|10) (10| + |10)(11| +[11)(01] (38)
+[11) (10| +[11)(11]].

On expressing pf) in 4 x 4 matrix form (in the basis {|00>,|Ol>,|10>,|11>} ,

we have

(39)

NN e
NN e
N =)

« For the 4 qubit WW state
1
|WW), = Z[|11020304) +]0,1,0,0,) +0,0,1,0,) +]0,0,0,1,)
+ | 01121314> + |11021314> + |11120314> + |11121304 >] )

the two-qubit reduced density matrix p£4), obtained by tracing over any
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two-qubits of |W\/_V>4 , is given by
“>=%[|00)(00|+|oo)(11|+|01)(01|+|01)(10|+|1o>(01|+|1o)(10| (@0)
+[12)(00] + [11)(11]].

Thus, the 4 x 4 matrix representation of p£4) in the standard two-qubit basis
is

(41)

o - O
O = O
= O O B

e For any N >4, tracing out (/V — 2) qubits of |W\/_V>N (see Equation (15))

leads to the two qubit reduced density matrix pgN) :

N-2
A =N 2] 00) oo} 1)1

+ %U 01)(01]+|01){10]+[10)(01| +|10)(10| ] (42)
N-2 0 O 0
2N
0o I X o
_ N N
0o = = 0
N N
0 0 O N-2
2N

o On explicit evaluation of the eigenvalues of R, = pgs)(ay ®0'y) p£3)*, we
find that 4, =1/4, ﬂz 1/36, A4, =14,=0 for N =3.Thus, the concurrence of
the state p£3) is ¢ =1/3.For N =4, the matrix R, has only two non-zero
eigenvalues A, =4, =1/4, implying that the concurrence of the two-qubit re-
duced system p£4) of |WV_\/>4 state is zero.

e Forany N >4, the eigenvalues of Ry = (0 ®0'y)p£N)*((7y®0'y) are
h=r =t @—3 .=0. 13)

e« For N =5,6,thevaluesof 4, i=1234 arefound tobe
N:S:AL:AZ:E,/IB:E,/L‘:O
N:G:@:@:E,azg,@:o.

o It can be seen from Equation (44) that \/Z —\/Z —\/Z —\/Z turns out to

be negative and hence concurrence (see Equation (37)) of the WW state va-
nishes when N =5,6.

o From Equation (43), we have 4, >/4; when N >6. The highest eigenva-
lue 4 =4, being doubly repeated, concurrence of the state |WV_\/>N vanishes
for N >6. In other words, except for the reduced two-qubit systems pgs) of
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the the 3-qubit state |WV_V>3, the concurrence for pgN) drawn from |WV_\/>N
vanishes when N >3. Thus, there is no pairwise entanglement in |W\/_V>N
state except when N =3.

It is well-known that there is a trade-off between entanglement shared by
multiple parties. We explore these restrictions on shareability or monogamy of
entanglement in N-qubit WW states. The Coffman-Kundu-Wootters inequa-

lity for monogamy of concurrence in a pure three-qubit state is given by [21]

C122 + C123 < C12(23)

(45)

where C,,,C,; denote concurrences of two-qubit reduced systems 1,2 and 1,3
respectively; C1(23) is the concurrence of the bipartition 1-23. The 3-tangle of a
three-qubit state 7,, defined by [21]

3= C12(23) -C;-Cj (46)

is a measure of residual entanglement [30], which is not accounted by the entan-
glement between two-qubit subsystems of a three-qubit pure state. The 3-tangle
7, =1 for three-qubit GHZ statesand 7, =0 for W states.

A generalization of the 3-tangle to any N-qubit pure states, called MN-tangle,
has also been proposed [31] [32]. The N-tangle 7, for a pure symmetric N-qubit

state |‘P> is given by

Ty =4d9tpl(N) —(N —1)C2; oL =TrN—1|lP>

sym

(. (47)

sym

« One can readily see, by tracing out a qubit from the two-qubit density ma-
trices (39), (41)), that the single qubit density matrices pl(s) , pl(A) of |WV_V>

p— 3 ’
|WW>4 are obtained as,

11

®_|2 3 48

P l 1 (48)
3 2

_1f1 0 49

J2) 2 (0 :J (49)

« Also, by tracing out a single qubit from the two-qubit states pgN) (see Equ-
ation (42)), it can be readily seen that the single qubit density matrix pl(N) of
the state |W\/_V>N turns out to be 1,/2 forany N >4, where I, isthe2x 2
identity matrix.

« For the 3-qubit WW state, we have concurrence C =1/3 and
det pl(g) =5/36 (see Equation (48)). The 3-tangle 7, =4det pl(?') -2C* =13.

o The concurrence C between any pair of qubits in |W\/_V>N being zero and
detpl(N) =det |2/2=1/4 , N>4, we obtain the N-tangle (see Equation (47))
7y =1 for N=>4.

From the above results, we conclude that two-qubit entanglement in N-qubit
WW states with N >4 vanishes—but their residual entanglement quantified
by M-tangle 7, is maximum. The three-qubit WW state possesses both

two-qubit entanglement (quantified by concurrence C =1/3) and residual 3-way
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entanglement (characterized by T’;NW =1/3).

It is important to notice that N-qubit GHZ state also has vanishing concur-
rence and maximum concurrence tangle [21] 7=1 for any N >3. The iden-
tical pairwise entanglement and monogamy features of GHZ and WW states
for any N >4 is worth noticing. We examine this aspect with the help of ca-

nonical steering ellipsoids in Sec. 5.

4. Canonical Steering Ellipsoids as Geometric
Representation of Two-Qubit States

It has been shown [24] [25] [26] that the SLOCC transformation on a two-qubit
state is equivalent to the Lorentz congruent transformation (up to a scalar factor)
on the real representative of the state. This helps in obtaining the Lorentz ca-
nonical form of the real representative of the state and thereby its geometric re-
presentation in terms of canonical steering ellipsoiods [24] [25] [26]. While the
canonical steering ellipsoids corresponding to two SLOCC inequivalent families
of 3-qubit states are obtained in [25], the canonical steering ellipsoids associated
with SLOCC inequivalent families of N-qubit Dicke class of states are analysed
in [26]. In the following, after a brief description of the concepts used in [24] [25]
[26], we proceed to work on the geometrical representation of N-qubit GHZ and
WW  states.

4.1. Real Representation of Two-Qubit States and Their Lorentz
Canonical Forms

Consider a two-qubit density matrix p, expressed in the Hilbert-Schmidt basis
{Gﬂ ®o, } :
1 3
p==> A, (0,®0,), (50)
4 u,v=0
The coefficients of expansion A,

A, =Tr[p2(aﬂ®av)] (51)

form a real 4 x 4 matrix A representing the density matrix p,. Here, o,
i=1,2,3 are the Pauli spin matrices and o, isthe 2 x 2 identity matrix.

o When the qubits are subjected to local operations on their respective parts,
the two-qubit density matrix p, transformsto p, as

. _(A®B)p,(A'®B')

P2 > P = TFI:/OZ(ATA® BTB):|' (52)

Here, ABe SL(Z,C) denote 2 X 2 complex matrices with unit determinant
and represent local operations on the qubits A, B. One can choose suitable local
operations A and B such that the two-qubit density matrix p, attains its ca-
nonical form p,.

o When the two-qubit state p, undergoes the transfomation (52), its real

representative A transforms as [24] [25]
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AoR-tehle (53)
(LaALg),,

Here L,,L; € SO(3,1) are 4 x 4 proper orthochronous Lorentz transforma-
tion matrices [33] corresponding respectively to A B eSL(Z,C) and the su-
perscript “T” denotes transpose operation.

« The Lorentz canonical form [24] A can be obtained by constructing the 4
x 4 real symmetric matrix Q =AGA", where G =diag (1,—1,—1,—1) denotes
the Lorentz metric [33].

« Using the defining property [33] L'GL=G of Lorentz transformation Z,
it can be seen that the matrix GQ undergoes a similarity transformation
GQ=L"(GQ)L

« It has been shown [24] [25] [26] that the canonical form of A can either be
a diagonal matrix or a non-diagonal matrix with only one off-diagonal element
[22] [24] [25] [26] depending on the eigenvalues and eigenvectors of GQ.

o When the eigenvector X, associated with the highest eigenvalue A4, of
GQ obeys the Lorentz invariant condition X;GX,>0, A assumes the di-

agonal canonical form A, given by

A, =diag(1,\/%,\/%,i\]%], (54)

where A, >4 >4, 21, >0 are the non-negative eigenvalues of GQ .

o Suppose that the non-negative eigenvalues A4, and 4 (4, 24) of GQ
are doubly degenerate and an eigenvector X, of G}, belonging to the highest
eigenvalue /1,, satisfies the Lorentz invariant condition X;GX,=0. In such
cases, the Lorentz canonical form of A turns out to be a non-diagonal matrix

(with only one non-diagonal element):

(55)

l
o
o o & o
|
'_QJO
S o o o

1-a,
The parameters a,, @, in Equation (55) are given by [24] [25] [26]

_h oA 56
a, ¢O:a1 4 (56)

where ¢, is the 00 element of the canonical form Q, = A, GA| :

¢, 0 0 ﬂo
O, = 0 -4 0 (57)
0 0 -4

$h=% 0 0

4.2. Steering Ellipsoids Corresponding to Lorentz Canonical Form
of Two-Qubit States

In the two-qubit state p, , local projective valued measurements (PVM)
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Q=1,+0,0,+ 0,0, + 0,05, O +0; +0; =1 (58)

on Bob’s qubit leads to collapsed states of Alice’s qubit characterized by Bloch
T .
vectors P, =(p,, P, P;) through the transformation [24]

(L PP P;) =A(1,0,,0,,0,)" s 67 +02 +02 =1. (59)

Here Qg =(ql,q2,q3)T , O/ +05+0;=1 represents points on the Bloch
sphere representing all possible PVMs at Bob’s end. The steered Bloch vectors
p, of Alice’s qubit constitute an ellipsoidal surface &y, enclosed within the
Bloch sphere.

o For the diagonal canonical form f\, (see Equation (54)) of the two-qubit

state, it follows from Equation (59) that

Y P PR ) ]
Py \/qu, P, \/Z%' Ps J—’\/Z%l (60)

are steered Bloch points p, of Alice’s qubit. They obey the equation
2 2 2
ﬂ'Opl_i_AODZ_’_/'lOp3 :1 (61)
A A Ak
of an ellipsoid with semiaxes @& =/4 /4 , & =4 /4, & =+4/4 ) and

center (0,0,0) inside the Bloch sphere @+ + q32 =1. We refer to this as the

canonical steering ellipsoid representing the set of all two-qubit density matrices
which are SLOCC equivalent to the canonical form p, (see Equation (52))
corresponding to A, .

o For the non-diagonal canonical form /~\,, (see Equation (55)), we get the

coordinates of steered Alice’s Bloch vector p,, on using Equation (59);

Po=al, P ==, Py=(1-2)+ad, o+ +0d5=1 (62)
and they satisfy the equation
2
2 2 —(1-
p—§+p—§+—(p3 (2 ao)) =1 (63)
a 8

Note that Equation (63) represents the canonical steering spheroid (traced by
Alice’s Bloch vector p, ) inside the Bloch sphere with its center at (0,0,1— ao)
and lengths of the semiaxes given by a,=4,/¢,, a = m . In other words,
a shifted spheroid inscribed within the Bloch sphere, represents two-qubit states
that possess a non-diagonal Lorentz canonical form /N\,, (see Equation (55)).

In the following, we obtain the Lorentz canonical forms of the real representa-
tion A™) associated with the two-qubit subsystems pgN) of N-qubit WW

states for all Nand arrive at their canonical steering ellipsoids.

5. Canonical Steering Ellipsoids Corresponding to ‘W\/_V>N

In Sec. 2, we have seen that the N-qubit WW (N > 3) states do not have pair-
wise entanglement (zero concurrence) and exhibit maximum restriction in the

shareability of entanglement among its subsystems (concurrence tangle 7=1).
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In contrast to this, the 3-qubit WW state have non-zero concurrence (C =1/3)
and the concurrence tangle is not maximum (7 =1/3). In this section, we ex-
plore how the geometric picture of the two-qubit subsystems of the states
|WV_\/>N reflect this aspect.

5.1. Canonical Steering Ellipsoids Corresponding to ‘WV_V>3

The real matrix representation A, of the two-qubit subsystem p(s) (see Equ-

ation (39)) of |WV_V> and the real symmetric matrix Qb = ASG(A3 )T are re-
3
spectively given by

1 20 0
3
2200 52 00
33 2000
A= 33 and Q9 -1 . (64)

00 20 9/ 0 0 4 0
3 0001

000 X

3

The normalized eigenvectors X, of (clol belonging to its eigenvalues
A =4=4/9, 2,=2,=1/9 can be determined by solving the eigenvalue equa-
tion (GQ(3) ) X =A4X,, k=0,1,2,3. On explicit determination, we get

2
B
X, =(0,1,0,0)e 4 =4/9

X, :%(1,_ 2,0,0)e 4, =1/9

X,=(0,0,0,1) e 4, =1/9

Xy =—=(2,-1,0,0)e 4, = 4/9

(65)

It can be readily verified that X;GX, =g,, where g, =1,
0,=0p=0s=-1, g,=0 when I'#S, rs=0123 ie, X,GX,=1
and X/GX,=-1 when k=1,2,3. Thus, the set {X;, X;,X,,X,} forms an
orthonormal tetrad of Minkowski four-vectors [33]. The 4 x 4 real matrix
L =(X,, Xy, X,, X;), constructed using the eigenvectors of GQY s a Lorentz
matrix [33] satisfying the relation L'GL=G and detL =1. Explicitly, we have

2 100

110 100
“fBl-r 20 0f (66)

0 00 1

From the relations (GQ(s))Xk =4 X, X/GX,=0,, one can readily see
that A, =LA,L" isa diagonal matrix with elements a, = f% . With

A=4=4/9, ,=2,=19,wehave a =1, a,=a,=1/2.

From the discussion in Sec. 4.2 leading to Equation (61), it can be seen that
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the canonical steering ellipsoid corresponding to |W\/_V>3 is an oblate sphero-
id with radius 1/2 centered at the origin and touching the Bloch sphere (see
Figure 1).

5.2. Geometrical Representation of 4-Qubit WW States

The two-qubit subsystem p§4) of the 4-qubit WW state given in Equation (41)
leads to the diagonal structure of its real representative A,;
A, =diag(1,1,0,0) (67)

Thus GQY =G (A4G (A, )T) =A, and it is already in its canonical form. The
eigenvector belonging to the largest eigenvalue 4, =4 =1 is X, =(1,0,0,0) of
GQ" and satisfies the relation (XO)T GX, =1. With the other two eigenvalues
of GQY being A, =1, =0, the parameters a, :\/m s A== As )/l
are a, =1, a,=a,=0 ie, the tip of Bloch vectors of one qubit, steered by
another qubit of the 4-qubit WW state trace a straight line joining the north
and south poles of the Bloch sphere.

It is of interest to note here that the N-qubit GHZ states have the same geometric-
al representation as that of 4 qubit WW states. More specifically, the two-qubit
subsystem density matrix of |GHZ), is given by p;™ =diag(1/2,0,0,1/2)
and its real representative is found to be

A% — diag(1,0,0,1). (68)

It readily follows that GQE;L)Z =G (AEHZG (AﬁHZ )T) =AS$™. The eigenstruc-
tures of GQ corresponding to N-qubit GHZ states and 4-qubit WW state are
identical. The two-qubit subsystem density matrix of N-qubit GHZ state is
represented by a straight line joining north and south poles of the Bloch sphere.

5.3. Canonical Steering Ellipsoids Corresponding to N-Qubit WW
States; N> 4

In order to obtain the geometrical representation of N-qubit WW states for
N >4, we first evaluate the real representative A, of two-qubit subsystem
pgN) obtained in Equation (42): We find that

Ay =diag(1,2/N,2/N (N -4)/N).
Eigenvalues of GQ™ =GAG(A,)" are given by
Jo =L 2y =y =4IN?, 2y =(N —4)" /N?
and the eigenvector
X, =(1,0,0,0)

corresponding to the highest eigenvalue 4, =1 satisfies the relation X,GX,=1.
Thus, the semi-axes of the steering ellipsoid (see Sec. 4.2) corresponding to

two-qubit subsystem density matrix pgN) of |WV_\/>N are given by

A2 g o (A N4
ai—\/Z—N % 8= 2= (69)
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‘%gg;%z/

Figure 1. Oblate spheroid representing
the state |WV7V>3 : Length of the semi-axes:

a-1, a,-a-2.

Thus, the N-qubit WW state is represented geometrically by a spheroid
(a,=a,=2/N) centered at the origin of the Bloch sphere. For N =5, we ob-
tain an oblate spheroid (see Figure 2).

When N =6, it is readily seen from Equation (69) that we have a sphere of
radius 1/3 (see Figure 3).

For N >7, the canonical steering ellipsoids of |WV_\/>N are prolate sphero-
ids with their radius 2/ NV decreasing with N (see Figure 4 and Figure 5).

One can obtain similar canonical steering ellipsoids for generalized counter-
parts of GHZ and WW states by constructing the real representatives of their
two-qubit subsystems. We notice that the nature of the canonical ellipsoids re-
main the same as that for |W\/_V>N and |GHZ>N but the volume of the ellip-
soid increases when 6<m/2, @>m/2. This indicates the increase in shareabil-
ity of entanglement among its subsystems. Quite in accordance with increase in
pairwise entanglement (concurrence) and decrease in monogamous nature (de-
crease in concurrence tangle) of these states (see Sec. 3), their shareability of en-
tanglement decreases when 0>m/2, @<m/2 as reflected through the volume
of the corresponding canonical steering ellipsoids.

6. Volume Monogamy Features of ‘W\/_V>N and |GHZ)

The restriction on shareability of quantum correlations in a multipartite state get
captured in various monogamy relations, which find interesting applications in
ensuring security in quantum key distribution [34] [35]. A geometrically intui-
tive monogamy relation in terms of the volumes of the steering ellipsoids
representing the two-qubit subsystems of multiqubit pure states has been pro-
posed and extensively studied in Refs. [16] [17] [18] [19]. The volume monoga-
my relation is stronger than the well-known Coffman-Kundu-Wootters mono-
gamy relation given by Equation (45) and is applicable to N-qubit pure states.
The normalized volume v, of the quantum steering ellipsoid corresponding

to pure symmetric N-qubit state |‘P> is given by [26]

sym
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Figure 2. Canonical steering ellipsoid representing
|W\/_V>5 with semiaxes a, =a,=2/5, a,=1/5.
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Figure 3. Sphere of radius 1/3, the canonical
steering ellipsoid of |WV_V> .
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DOI: 10.4236/jqis.2024.142003 46 Journal of Quantum Information Science


https://doi.org/10.4236/jqis.2024.142003

Sudha et al.

Figure 5. Prolate spheroid with semiaxes
a, =a,=1/25, a,=23/25 representing ‘WW) .

50

_|detA|

(1-r)
Here A, is the real representative of the two-qubit density matrix pgN) of
|‘I’>Sym and F:(rl,rz,r3) (|F|Sl) is the Bloch-vector of the single qubit sub-

system. It has been shown in [26] that the volume monogamy relation in the
state |W)

(70)

N

is given by

sym

z2 1
(vy)? SE. (71)

We proceed to study the volume monogamy relation governing N-qubit
WW state. The LHS of the monogamy inequality (71) is a measure of the de-
gree of restriction on shareability of quantum correlations in any arbitrary
N-qubit pure symmetric state. The lowest possible value 0 indicates maximum
restriction on shareability of entanglement. Equality sign in (71) indicates least
restriction and largest allowed shareability of entanglement.

For N =3, the real representative A, of the two-qubit subsystem p;NW of
|W\/_V>3 is given in Equation (64). It is seen that the Bloch vector components
r,=2/3, r,=r,=0 (see Equation (64)) leading to r=,/r7 +1] +r/ =2/3. We
find that ‘det A(B)‘ =4/81. Thus we obtain (see Equation (70)) v, =4/25. Thus,
volume monogamy relation is readily satisfied:

(v;)"* =0.16 <1/2.
For |WV_V>4, we obtain detA,=0 as A,=diag(1,1,0,0) (see Equation

(67)). The volume monogamy relation is thus maximally satisfied. It may be
noted that the real matrix corresponding to two-qubit subsystem of N-qubit
GHZ state is given by A, =diag(1,0,0,1) and hence, detAg,, =0 irrespec-
tive of the value N. Thus, the LHS of the volume monogamy inequality (71)
takes its minimum value 0 for GHZ state, highlighting the strongest restrictions
on sharability of entanglement.

Let us turn our attention to volume monogamy property of |WV_\/>N , N>4.

The real representative A of |W\/_V>N , N >4 isadiagonal matrix
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AMN = diag (1,2/N 2/N (N —4)/n) with the magnitude of single qubit Block

2 2 2 : . 3 .
vector r=,/r?+r; +r7 =0. Substituting detA, =4(N - 4)/N (see Equation
(70)) we obtain the volume monogamy relation (71) for |WV_\/>N , N>4:

Vz/s _ (4(N B 4))2/3

<
N <
N?

N |-

. (72)

We have plotted the LHS of volume monogamy relation (72) in Figure 6. It is
evident from Figure 6 that the sharability of entanglement gets restricted as
number of qubits Nincrease and is quantified by reducing volume of the canon-
ical steering ellipsoids On explicit evaluation of the volumes of steering ellipso-
ids (as a function of the parameter @) of generalized WW and GHZ states, we
find analogous features.

It is worth recalling here that the volume monogamy inequality for W state
belonging to the family Dy, —which are constituted by two distinct spi-
nors—is shown [26] to be (N —1)74/3 <1/2. A comparison of the LHS of mono-
gamy relation of |W\/_V>N and the W-class of states is depicted in Figure 7. It is
seen that W states exhibit stricter volume monogamy for pairwise entanglement
than WW states beyond N >7 when the cross-over happens (see Figure 7).

0.1+

0.075 -

o

(4 (N-4)"

0.05 -

5 10 15 20 25
N

Figure 6. LHS. of the volume monogamy relation (72) obeyed
by ‘W\TV>N state as a function of the number of qubits N.

0.16 -

012 (4 (N-4)2°
NZ
i
(N-1)¥°

0.04 -

Figure 7. Comparison of the LHS of the volume monogamy relation

governing ‘W\TV)N and the W-class of N-qubit states.
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7. Summary

In this work, we have compared the features of the N-qubit GHZ and equal su-
perposition of N-qubit W, W states, which are constituted by N-distinct Ma-
jorana spinors. Such a comparison is carried out for the first time, to the best of
our knowledge. We have evaluated the explicit structure of Majorana spinors of
both the families. Using the structure of Majorana spinors for 3-qubit GHZ and
WW states, we have shown that they are interconvertible under identical local
operations on their qubits. Geometric visualization of N-qubit WW states in
terms of canonical steering ellipsoids inscribed within the Bloch sphere is hig-
hlighted. Furthermore, we have investigated the volume monogamy inequality
governing shareability of entanglement in N-qubit WW states.
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