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Abstract 
The plasma beat-wave accelerator (PBWA) scheme is one of a number of 
methods for producing relativistic electron plasma waves via the interaction 
of an intense laser pulse with an underdense plasma. The PBWA scheme in-
volves the co-propagation through a plasma of two laser pulses of slightly dif-
fering frequencies, 1ω  and 2ω  such that ( 1 2 1 2,bω ω ω ω ω− =  ). The su-
perposition of these laser envelopes with which there is an associated pondero-
motive force. If the frequency of the force is resonant with the electron plasma 
frequency peω , a large-amplitude relativistic electron plasma wave (EPW) 

can be produced. In our work, we have studied the direct acceleration of elec-
trons by using crossed linearly polarized Bessel beams with slightly different 
frequencies in underdense plasma. General wave equation which describes the 
beat magnetic field has been obtained and analytically solved for any plasma 
density and beam frequency. The electric field of a longitudinal electron 
plasma oscillation with plasma velocity ( phv ) near the speed of light (c) accel-

erates charged particle to high energies is presented. It is possible for radiation 
beat wave to resonantly drive large amplitude electron plasma waves. It is 
found that plasma waves are of particular interest can accelerate electrons ef-
ficiently to high energies with short distances. Such electrons may be used to 
address other therapies such as allowing for a handheld radiation therapy de-
vice that can directly target superficial skin cancers such as melanoma. 
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1. Introduction 

The charged particle acceleration is a subject of great interest to the research com-
munity due to its diverse applications in the field of nuclear physics, thermonu-
clear fusion research, coherent harmonic generation and high-energy particle 
physics. All over the world various efforts [1] have been made for achieving higher 
acceleration gradients for the particle acceleration, plasma beat wave acceleration, 
laser wake field acceleration etc. 

The researchers have made theoretical as well experimental attempts for the 
particle acceleration [2]-[7]. Chan [3] showed that an abnormally large amount of 
energy can be transferred from the radiation to relativistic charged particle when 
it interacts with a laser beam moving almost together in same direction. In direct 
acceleration scheme, Mckinstrie and Startsev [5] have shown that the pre-acceler-
ated electron can be accelerated significantly, but they neglected the effect of lon-
gitudinal field of the laser pulse. Lu et al. [7] have studied the electron motion in 
electromagnetic field of a short pulse high-intensity laser in the vacuum for the 
electron acceleration. Jawla et al. [8] have also studied the electron acceleration 
and evaluated the fields for fundamental mode in a waveguide filled with plasma 
under the effect of external magnetic field. Analytical and numerical study for 
electron dynamics in the fields associated with a transverse magnetic (TM) wave 
propagating inside a rectangular waveguide is investigated by Mohamed and 
Gouda [9]. It has been found that the acceleration gradient and deflection angle 
depend strongly on the parameters of the microwave (intensity, frequency, etc.) 
and the dimensions of the waveguide. 

The plasma beat-wave accelerator (PBWA) scheme, first proposed by Tajima 
and Dawson [10], is one of a number of methods for producing relativistic elec-
tron plasma waves via the interaction of an intense laser pulse with an under-
dense plasma. The PBWA scheme involves the co-propagation through a plasma 
of two laser pulses of slightly differing frequencies, 1 2 peω ω ω ω∆ = − =  and 

1 2k k k∆ = − , where ( )1,2 1,2, kω  are the frequencies and wave numbers of the 
two lasers, respectively, and ,pe pkω  is the plasma frequency, wave number. 
The superposition of these laser envelope with which there is an associated pon-
deromotive force. If the frequency of the force is resonant with the electron 
plasma frequency peω  a large-amplitude relativistic electron plasma wave 
(EPW) can be produced. These plasma waves are of particular interest, since 
they can be used to accelerate electrons efficiently to high energies with short 
distances [11]. 

If 1,2 pω ω  then the phase velocity of the plasma waves  

( ) ( )1 2 1 2ph p pk k k kυ ω ω ω ω= = − − = ∆ ∆  equals the group velocity of the laser 

beams ( )2 2
1,2

1 2
1g pcν ω ω= −  which is almost equal to c in an under dense plasma. 

Particles that are injected into the beat wave region with a velocity comparable to 
the phase velocity of the electron plasma waves, can gain more energy from the lon-
gitudinal electric field. Since 1ω  is close to 2ω  and much larger than pω , the Lo-
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rentz factor pδ  associated with the beat waves is 
2

1,2
2

1 2

1 1ph
p

pc
ν ω

δ
ω

−
 

= − =  
 

 . 

The beat wave process is related to stimulate Raman forward scattering (SRFS) 
which investigate the scattered electromagnetic wave propagates in the same di-
rection as the incident electromagnetic wave (as forward scattering). The general 
equations describing the beat wave and SRFS are similar. It is sufficient to analyze 
the problem of plasma wave growth and saturation using the relativistic fluid 
equations for electrons, and Maxwell and Poisson equations. Experiments have 
been conducted using microwaves, CO2 lasers and glass lasers as the drive beams. 
In the experiments, the plasma wave was not driven to its limiting relativistic sat-
uration level due to the growth of modulation instabilities which have a growth 
rate determined by the ion plasma frequency.  

It was pointed out by Tang et al. (1984) that by deliberately allowing for the 
relativistic mass variation effect [12] and having a denser plasma such that the 
plasma frequency was initially larger than the laser frequency difference. The 
plasma wave would come into resonance as it grew, allowing a larger maximum 
saturation value to be attained. An increase of about 50% in the saturated wave 
amplitude can be achieved by this technique. 

Previous work has shown that the beat-wave scheme is a reliable and reproduc-
ible method for generating plasma waves having relativistic phase velocities [13]-
[16]. An important consideration in the beat wave scheme is to have sufficiently 
intense lasers such that the time to reach saturation is short compared to the ion 
plasma period. When the time-scale is longer than the latter, the ion dynamics 
becomes important and the electron plasma wave becomes modulationally unsta-
ble by coupling to low-frequency ion density perturbations (Amiranoff et al. 1995) 
[13].  

In addition to electron acceleration applications, the long trains of periodic 
large-amplitude density oscillations achievable through autoresonant PBWA 
could serve as a controllable moving grating for manipulating light [17]-[19]. The 
PBWA scheme has also been proposed as a platform for accelerating heavier par-
ticles, such as muons [20]-[22]. To establish the realistic utility of the PBWA 
scheme in the applications mentioned, it is crucial to go beyond a simplified fluid 
description and to explore its parametric dependences.  

Barraza-Valdez E. et al. [23] have considered high-density laser wakefield ac-
celeration (LWFA) in the nonrelativistic regime of the laser. In place of an ultra-
short laser pulse, they excited wakefields via the Laser Beat Wave (BW) that ac-
cesses this near-critical density regime. They used 1D Particle-in-Cell (PIC) sim-
ulations to study BW acceleration using two co-propagating lasers in a near-crit-
ical density material and allowed for acceleration of electrons to greater than keV 
energies at far smaller intensities, such as 1014 W/cm2. 

Also, the kinetic and nonlinear processes that come into play during autoreso-
nant plasma beat-wave acceleration of electrons and on acceleration efficiency 
have recently been investigated by Luo M. et al. [24]. They used fully kinetic par-
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ticle-in-cell (PIC) simulations to revisit autoresonance in the PBWA scheme. 

2. Theoretical Model 

The equations describing nonlinear waves in a cold, collisionless plasma with elec-
tron velocity (ν ) electron density (n) (the ions are stationary) are: 

 ( ) ( )ee
t c

∂
+ ⋅ = − − ×

∂
p p E Bν ν∇  (1) 

 ( ) 0n n
t

ν∂
+∇ ⋅ =

∂
, (2) 

 ( )4 oe n n⋅ = π −E∇ , (3) 

 
1
c t
∂

∇× = −
∂
BE , (4) 

 
1 4 en
c t c

ν∂ π
× = −

∂
EB∇  (5) 

where, mγ=P ν  is the electron momentum, n  and 0n  are the electron den-
sity and plasma density, e  and m  are the electron charge and mass respec-
tively. E and B are the electric and magnetic fields. Here, neglecting ion motion 
and thermal effects are neglecting and relativistic mass variation is included only 
for electrons. 

In a plasma beat-wave accelerator, the field of the two-frequency laser can be ex-
pressed as linearly polarized Bessel beams ( x -polarized) and Langmuir wave are: 

 ( ) ( )( , , , ) e e . .j ji t k zim
j oj m g xr z t E J k c cω θψψ ρ − − −

= +E e  (6) 

 ( ) ( )3 3
3 3 e . .i t k zx c cω θ− − −= +E E  (7) 

where, mJ  is the mth order of Bessel function, ( )1, 2o jE j =  is the field ampli-
tude, 2 2 2x yρ = + , ψ  is the azimuthal angle and θ  is a constant. 

The frequencies of the three waves and their transmitted modes are satisfied 
with the phase- matching conditions: 

 1 2 3ω ω ω− = , 1 2 3k k k− =  (8) 

Substituting Equation (6) and Equation (7) into Equations (1)-(5) gives rise to 
following relations: 

The first pump wave ( 1 1, kω ): 

 3
1 1 2 2 3 3 2 1 3 2

x
z x x x z y

p ei p ik p eE B
x x c

ω ν ν ν ν
∂ ∂

− + + + = − +
∂ ∂

, (9) 

 1 1 1B N E= , (10) 

 ( )1
1 1 1 3 2 2 3

4
y o x

iek B E n n n
c c
ω

ν ν νπ
= − + + , (11) 

The Second pump wave ( 2 2, kω ): 

 3
2 2 1 1 3 1 3 1 2 3 1

x
z x z

p ei p ik p p eE B
x x c

ω ν ν ν ν
∗

∗ ∗ ∗∂ ∂
− + + + = − +

∂ ∂
, (12) 
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 2 2 2B N E= , (13) 

 ( )2
2 2 2 2 3 1 1 3

4
o x

iek B E n n n
c c
ω

ν ν ν∗ ∗= − +
π

+  (14) 

The generated beat wave ( 3 3, kω ): 

 2
3 3 1 2 1 3x x

pi p p eE
x x

ω ν ν
∗

∗∂ ∂
− + + = −

∂ ∂
, (15) 

 3 3 3 1 2 2 1z z
ei p eE B B
c

ω ν ν∗ ∗ − = − + +  , (16) 

 3
3 3 34x

z
E

ik E en
x

∂
+ = π

∂
, (17) 

 3 1 1 2
3 3 3 3

1 2

0x
o z oi n n ik in

x x x x
ν ν ν ννω ν

ω ω

∗∗ ∂ ∂ ∂∂ − + + − − =  ∂ ∂ ∂ ∂   
 (18) 

where, 3 0n n n= −  is the electron density fluctuation caused by the plasma 
wave. From Equation (9), Equation (11), Equation (12) and Equation (13), we 
have the momentum ratio 1 2p pα =  and 1 2σ ω ω= satisfies the following 
form: 

1 1 2 2

2 2 1 1

D iA D
D iA D

ω
α

ω
−

=
−

 

where, 

3
1 1 2

2

z

ph

D e E E
ν
ν

 
= − − 

  
, 3

2 2 1
1

z

ph

D e E E
ν
ν

∗ 
= − − 

  
, 

1 1 3 2 3x zA ik
x
ν ν∂ = ∆ + + ∂ 

, 2 2 3 1 3x zA ik
x
ν ν∗ ∗∂ = ∆ + + ∂ 

, 

1cos eimm
j j

m

J mk m
J

ψψ
ρ

−∆ = −  

The superscript (*) on different quantities represents the complex conjugate of 
the relevant quantity and ( 1,2j = ). Also, the phase velocities of the light waves 
are 1,2 1,2 1,2ph kν ω= , while 3 3 3ph kν ω=  is the phase velocity of the excited 
plasma wave. 

The wave equations, for the electric fields of the pump waves, can be obtained 
from the Equations (10)-(13) with the Poisson equation as follows: 

 ( )2 3 2
1 1 1 2 3

1 2

4
1 o

ph x
o

ien n ic E
n

ν ν ν ν
ω ω

  ∆ − = + −      

π


, (19) 

 ( )2 3 1
2 2 2 1 3

2 1

4
1 o

ph x
o

ien n ic E
n

ν ν ν ν
ω ω

∗
∗  ∆ − = + −        

π


 (20) 

3. Beat-Wave and Electron Acceleration 

From Equation (15) and Equation (16), we can derive the longitudinal and trans-
verse currents due to the transfer of momentum flux as follows: 
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 ( )( ) ( )
2 2

3 3 1 2 1 2 1 2 2 12
3 3 3 34

p po
x y

ph

i c iien
J B n n

ω ω
ν ν ν ν

ω γην ω η ω γη
∗ ∗ ∗ ∗= + ∆ + ∆ − +

π
 (21) 

 ( )
2 2

3 3 1 2 2 12
33 44

p p
z y

c i
J B B B

x
ω ω

ν ν
γω ηω γη

∗ ∗− ∂
= + +

π∂π
 (22) 

The electron density perturbation 3n  can be studied from the Equation (18) 
which depends on the transverse and longitudinal velocities due to the Bessel pro-
file of the pump waves as follows: 

 ( )3 3 3 1 2 1 2 1 2
1 2

3 3 3 1 2 1 2

z x

o ph

n i
n x x

ν ν ν ν
ν ω ω ω ω ω ω

∗ ∗ ∗
∗    ∂ ∆ ∆ ∆ ∆∂ = − − − ∆ + ∆ + −    

∂ ∂     
 (23) 

Also, by using Equation (21) and Equation (22), it can be simplified into the 
following form depending on the pump waves: 

( )
2

3 1 2 1 2 1 2 1 2 1 2
1 22

3 3 1 2 3 1 23

1 2
2 1

3 3 2 1

1 p

o

ph ph ph

n
n x

ie E E
m

ω ν ν
ω ω ω ω ω ω ωγω

ν ν
γω ν ν ν

∗ ∗ ∗ ∗ ∗
∗

∗
∗

      ∆ + ∆ ∆ ∆ ∆ + ∆ ∆ ∆∂− = ∆ + ∆ + − + + −        ∂     
 − −   

 (24) 

where, 
2

2
3

1 pω
η

γω
= − , 

( )

2
2 2 1 1

2
1

2
1

2

1cos 1 1

sin
e cos sin

j m m m
j

m j m j m

jim m

m

J mJ Jmk m
x J k J k J

mk m Jm m im m
J

ψ

ψ
ρ ρ

ψ
ψ ψ

ρρ

− −

−

−

    ∂∆   − = − + − −        ∂        

+ + +

 

A perfect resonance is impossible, for the maximum amplitude of plasma wave 
is limited by wave breaking, in which the electron density fluctuation n3 becomes 
comparable to the plasma density no. 

At the wave breaking limit (i.e., 1 2 peω ω ω− = ) Equation (23) gives: 

( )3 3 1 2 1 2 1 2
1 2

3 3 3 3 1 2 1 2

1z

ph ph

Bec
m x x

ν ν ν
ν γηω ν ω η ω ω ω ω

∗ ∗ ∗    ∂ ∆ ∆ ∆ ∆∂   = + − − ∆ + ∆ + −     ∂ ∂       
 (25) 

In this case, it can be deduced that 3z phν ν→  when the magnetic field inten-
sity of plasma wave satisfies the condition. 

Through the equations of the beat current densities and maxwell’s equations, 
the magnetic field component obeys to the following wave equation: 

 
2

23
32

B
B G

x
χ

∂
+ =

∂
 (26) 

where, G is the source function due to nonlinear interaction of the pump waves. 

 ( )
2

3 1 2 1 2 1 1 2 2
1 2 2 1

3 1 2 3 2 1

24 po

ph ph

ien k
G x E E

c c
ω ν ν

ν ν
ω ω ω γω ν ν

∗ ∗ ∗ ∗
∗ ∗

  ∆ + ∆ ∆ ∆ ∆ ∆
= − + + +  

 

π

 
 (27) 
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and 
22 2

2 3
2 2 2

3 3

1 p

ph

c
c

ωω
χ

γω ν

 
= − − 

  
 

However, it can be noticed that the electric and magnetic fields 3 pω ω γ  
relativistic effect of the electron. The wave Equation (26) has the following solu-
tion: 

 ( )3 3 1 2 1 2
3 1 2 1 2

1 2 1 2

dphm
B v x

ec x
γηω ν

ν
ω ω ω ω

∗ ∗
∗    ∆ ∆ ∆ ∆∂

= ∆ + ∆ − + −    ∂     
∫  (28) 

The transverse and longitudinal electric field components of the beat—wave 
(E3z and E3x) can be obtained as follows: 

 
2

1 2
3 3 2 12

3 2 13

p
z

ph ph

icE B E E
x

ω ν ν
ω η ν νγω η

∗
∗

 ∂ = + +    ∂   
 (29) 

 1 2 1 2
3 3 1 22

3 3 1 23

4 o
x

ph

encE B ν ν
ν η ω ω ωω η

∗ ∗
∗ π ∆ + ∆ ∆ ∆

= + − + 
 

  (30) 

4. Conclusions and Results 

In this work, the direct acceleration of electrons by using crossed linearly polar-
ized Bessel beams with slightly different frequencies in underdense plasma is stud-
ied. The electric field of a longitudinal electron plasma oscillation with plasma 
velocity ( phv ) near the speed of light (c) accelerates charged particle to high ener-
gies is presented. It is possible for radiation beat wave to resonantly drive large 
amplitude electron plasma waves. An accelerating gradient on the order of 
GeV/cm is theoretically possible, where n is the electron number density in units 
of cm−3 the basic mechanism can be looked at in terms of the nonlinear, longitu-
dinal ponderomotive force associated with the beat pattern. This force acts on 
plasma electrons to produce charge separation and hence plasma oscillations at 
the resonant frequency. It is found that when laser intensities, frequencies and 
plasma density are given, the current, perturbed density and the field components 
of the excited plasma wave are readily calculated.  

The matching of the laser beat frequency to the plasma frequency (i.e., 

1 2 peω ω ω ω∆ = − = ) is generally regarded as the perfect resonance condition but 
in our case, the perfect resonance condition is ( )22

1 2peω γ ω ω= − . This mis-
matching of two frequencies is more favorable as the recent research proved that 
our results investigate that the amplitudes of the fields of the excited plasma wave 
have become large with high amplitude of laser beams. However, there is also a 
pondermotive force associated with the transverse spatial variation of the pump 
profile. Because the beat wave generation of plasma waves is resonant excitation, 
large amplitude plasma waves can be developed even though the laser beams are 
relatively weak. Besides, as we have seen in this article, by adjusting the laser du-
ration or chirp rate, precise control over the electric field amplitude and electron 
beam energy can be achieved. It is also possible for electron acceleration applica-
tions that autoresonant PBWA could serve as a controllable moving grating for 
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manipulating laser light to achieve the long trains of periodic large-amplitude 
density oscillations [23].  

Ponomareva E. and Shevchenko A. [25] analyze the excitation and amplitude 
enhancement of a plasma wave by a beating optical beam. They compared be-
tween the generating highly energetic electrons with reduced transverse spread via 
a two-color Bessel-Gauss beam with those obtained when using a Gaussian 
PBWA. When a Bessel-Gauss beam is used, the beam diameter can be much 
smaller and the Rayleigh range is essentially unlimited. For example, the Bessel 
beam (with a radius of 2  μm only) can easily be made to remain propagation-
invariant over a distance of 10 mm, making it possible to achieve much smaller 
electron spreads. So that, we have focused our work here on the study of plasma 
beat-wave acceleration driven by two co-propagating, linearly polarized Bessel la-
ser beams of slightly different frequencies. 

It can be seen that in the near-critical density regime, electron energies up to 10 
keV can be obtained using intensities 1014 W/cm2. These low laser intensities allow 
for the use of novel fiber technology described, along with many applications such 
as for radiation therapy treatment [23]. Accordingly, this introduces a new possi-
ble way to operate an endoscopic electron radiotherapy using fiber laser (that is, 
an endoscopic radiation therapy). 
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