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Abstract

In 1909 the brothers E. and F. Cosserat discovered a new nonlinear group
theoretical approach to elasticity (EL), with the only experimental need to
measure the EL constants. In a modern framework, they used the nonlinear
Spencer sequence instead of the nonlinear Janet sequence for the Lie groupo-
id defining the group of rigid motions of space. Following H. Weyl, our pur-
pose is to compute for the first time the linear and nonlinear Spencer se-
quences for the Lie groupoid defining the conformal group of space-time in
order to provide the mathematical foundations of both electromagnetism
(EM) and gravitation (GR), with the only experimental need to measure the
EM and GR constants. With a manifold of dimension n >3, the difficulty is
to deal with the n nonlinear transformations that have been called “elations”
by E. Cartan in 1922. Using the fact that dimension n=4 has very specific
properties for the computation of the Spencer cohomology, we also prove
that there is no conceptual difference between the (nonlinear) Cosserat EL
field or induction equations and the (linear) Maxwell EM field or induction
equations. As for gravitation, the dimension n=4 also allows to have a
conformal factor defined everywhere but at the central attractive mass be-
cause the inversion law of the isotropy subgroupoid made by second order
jets transforms attraction into repulsion. The mathematical foundations of
both electromagnetism and gravitation are thus only depending on the struc-
ture of the conformal pseudogroup of space-time.

Keywords

Nonlinear Differential Sequences, Linear Differential Sequences, Lie
Groupoids, Lie Algebroids, Conformal Geometry, Spencer Cohomology,
Maxwell Equations, Cosserat Equations

1. Introduction

The famous Special Relativity paper of A. Einstein published in 1905 contains

two specific parts, the first one dealing with kinematics while the second is ap-
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plying to electrodynamics the results obtained in the first part ([1]). With more
details, the central result of the first part is sketched as follows in a footnote:

“When cis the speed of light, the Lorentz transformation
(x,y,2,t)—>(&m,¢,7) can be deduced in a more direct way by supposing that
the relation &% +7° +¢% —c*7* =0 must bring x* +y* +2° —c** =0".

However, the basic underlying assumption has been to suppose that the
transformation was only depending on the relative speed v of the frames and to
restrict the study to a linear group reducing to the Galilée group when the di-
mensionless number v/c was going to zero. As a byproduct, it must be noticed
that people did believe that Einstein had not been influenced in 1905 by the Mi-
chelson and Morley experiment of 1887 till the rather recent discovery of hand
written notes taken during lectures given by Einstein in Chicago (1921) and
Kyoto (1922). As for other books on Special Relativity, each writer is similarly
avoiding the use of the conformal group of space-time implied by the Michelson
and Morley experiment, only caring about the Poincaré or Lorentz subgroups,
sometimes claiming that the conformal factor could eventually depend on the
local property of space-time, adding however that, if there was no surrounding
electromagnetism or gravitation, the situation should be reduced to the preced-
ing one but nothing was said otherwise.

Similarly, using standard notations of differential geometry for the exterior

derivative on forms when n =4, the second Maxwell operator

AT QAT a%3)/\4 T ®T :(.7:ij ) —>(8i.7:ij = Jj) is the adjoint of the paramet-
rizing operator T —>A’T :A—>dA=F in electromagnetism in such a way
that Fis killed by the first Maxwell operator A*T —A>T", independently of the
Minkowski constitutive relations F — F between field and induction, that
may depend on the Minkowksi metric weS,T . The two sets of Maxwell equa-
tions are thus separately invariant by any diffeomorphism.

Though surprising it may look like, the conformal group of space-time is only
the maximum group of invariance of the Minkowski constitutive law in vacuum.
Indeed, this law is not at all F; = uyo, @ F* where g, is the magnetic con-
stant because such a relation is nottensorial as Fis a 2-form, that is a 2-covariant
tensor, but F is a 2-contravariant tensor density. Hence, introducing the me-
tric density :(|det(a))|)7l/n o, we must set F; =@, 0, F". Accordingly,
this constitutive law is only invariant by difftomorphisms preserving @ and
this is exactly the definition of the Lie pseudogroup of conformal transforma-
tions (see Section 3.1 for details).

With more details, if group theory must be used, the underlying group of
transformations of space-time must be related to the propagation of light by it-
self rather than by considering tricky signals between observers, thus must have
to do with the biggest group of invariance of Maxwell equations ([2] [3]). How-
ever, at the time we got the solution of this problem with the publication of ([4])
in 1988 (see [5] for recent results), a deep confusion was going on, which is still

not acknowledged though it can be explained in a few lines (compare to [6]).
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Using standard notations of differential geometry, if the 2-form F e A’T" de-
scribing the EM field is satisfying the first set of Maxwell equations, it amounts
to say that it is closed, that is killed by the exterior derivative d:A’T"~ — A’T"
as we said. The EM field can be thus (locally) parametrized by the EM potential
l-form AeT” with dA=F where d:T — A*T" is again the exterior deriv-
ative, because d”=dod =0. Now, if Eis a vector bundle over a manifold X of
dimension n, then we may define its adjoint vector bundle ad(E)=A"T" ®E’
where E” is obtained from E by inverting the transition rules, like T~ is ob-
tained from T =T(X) and such a construction can be extended to linear par-
tial differential operators between (sections of) vector bundles. When n=4, it
follows that the second set of Maxwell equations for the EM induction is just
described by ad(d):A'T  ®A’T — A*T" ®T, independently of any Minkows-
ki constitutive relation between field and induction. Using Hodge duality with
respect to the volume form dx =dx" A---Adx*, this operator is isomorphic to
d:A’T" — AT, It follows that both the first set and second set of Maxwell eq-
uations are invariant by any diffeomorphism and that the conformal group of
space-time is the biggest group of transformations preserving the Minkowski
constitutive relations in vacuum where the speed of light is truly C as a uni-
versal constant.

It is thus natural to believe that the mathematical structure of electromagnet-

ism and gravitation have only to do with such a group having:

4 translations + 6 rotations + 1 dilatation + 4 elations =15 parameters

the main difficulty being to deal with these later non-linear 4 transformations.
Of course, such a challenge could not be solved without the help of the non-linear
theory of partial differential equations and Lie pseudogroups combined with
homological algebra, that is before 1995 at least ([7] [8]).

From a purely physical point of view, these new nonlinear methods have been
introduced for the first time in 1909 by the brothers E. and F. Cosserat for stud-
ying the mathematical foundations of elasticity theory ([9] [10] [11] [12] [13]).
We have presented their link with the nonlinear Spencer differential sequences
existing in the formal theory of Lie pseudogroups at the end of our book “Diffe-
rential Galois Theory” published in 1983 ([14]). Similarly, the conformal me-
thods have been introduced by H. Weyl in 1918 for revisiting the mathematical
foundations of electromagnetism ([3]). We have presented their link with the
above approach through a unique differential sequence only depending on the
structure of the conformal group in our book “Lie Pseudogroups and Mechanics”
published in 1988 ([4]). However, the Cosserat brothers were only dealing with
translations and rotations while Weyl was only dealing with dilatation and ela-
tions. Also, as an additional condition not fulfilled by the classical Einstein-
Fokker-Nordstrom theory ([15]), if the conformal factor has to do with gravita-
tion, it must be defined everywhere but at the central attractive mass as we al-
ready said in the abstract.

Let G'be a Lie group with coordinates (a”) = (al,---,ap) be a Lie group act-
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ing on X with a local action map y = f(x,a). According to the second funda-
mental theorem of Lie, if 6,,---,0, are the infinitesimal generators of the effective
action of a lie group G on X, then [HP,HGJ =C,,0, where the c= (c;a = —C;,)
are the structure constants of a Lie algebra of vector fields which can be identi-
fied with G=T,(G) the tangent space to G at the identity ecG by using
the action. Equivalently, introducing the non-degenerate inverse matrix a ="
of right invariant vector fields on G, we obtain from crossed-derivatives the
compatibility conditions (CC) for the previous system of partial differential (PD)

equations called Maurer-Cartan equations or simply MC equations, namely:

po =t

|00 /0a" - 00 [a° + ¢ @ =0

(care to the sign used) or equivalently [a p,aa} = C;Jar (see [7] for more de-
tails).

Using again crossed-derivatives, we obtain the corresponding integrability con-
ditions (IC) on the structure constants and the Cauchy-Kowaleski theorem fi-
nally provides the third fundamental theorem of Lie saying that, for any Lie al-
gebra G defined by structure constants ¢ = (c;,g) satisfying:

T T _ A Al A Al A Af
¢, +¢, =0, ¢, cl +cC,Cl+C,Cl = O|

one can construct an analytic group G such that G=T,(G) by recovering the
MC forms from the MC equations.

EXAMPLE 1.1: Considering the affine group of transformations of the real
line y= alx+a?, the orbits are defined by x= {:llx0 +a?, a definition leading to
dx =da'x, +da? and thus dx= ((]/al)dal)x + (da2 —(az/al)dal) . We obtain
therefore 6, =x0,, 6,=0,=[6,,0,]=-6, and o' = (l/al)dal ,

o’ =da’ —(az/al)da1 =do'=0, do’-0'r0’=0 <[a,a,]=-a, with
o, =a'0, +a’0,, a,=0,.

Now, if x=a(t)x, +b(t) with a(t) a time depending orthogonal matrix
(rotation) and b(t) a time depending vector (transl/ation) describes the move-
ment of a rigid body in R?, then the projection of the absolute speed
v=2a(t)x, + b(t) in an orthogonal frame fixed in the body is the so-called re/a-
tive speed a™v=aax,+a'b and the kinetic energy/Lagrangian is a quadratic
function of the 1-forms A= (a*la, a’lb). Meanwhile, taking into account the
preceding example, the Eulerian speed V=V(X,t)= daa'x+b-aa™d only de-
pends on the 1-forms B= (aa’l,b - aa’lb) . We notice that a2a and aa™
are both 3 x 3 skew symmetric time depending matrices that may be quite dif-
ferent.

REMARK 1.2: An easy computation in local coordinates for the case of the
movement of a rigid body shows that the action of the 3x3 skew-symmetric ma-

trix 42~ on the position x at time #just amounts to the vector product by the

1
vortex vector o= Ecurl (v).

The above particular case, well known by anybody studying the analytical

mechanics of rigid bodies, can be generalized as follows. If Xis a manifold and G
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is a lie group (not acting necessarily on X), let us consider maps
a:xX -G :(X) - (a(x)) or equivalently sections of the trivial (principal) bun-
dle XxG over X.If x+dx isa pointof Xclose to x, then T(a) will provide

a point a+da= a+?dx close to a on G. We may bring a back to e on G by
X

acting on a with a’', either on the left or on the right, getting therefore a 1-form
a'da=A or (da)a'=B withvaluein G.As aa'=e wealso get

(da)a™=-ada’=-b"db if weset b=a™ asa way to link 4 with B When
there is an action y=ax,wehave x=a'y=by andthus dy=dax=(da) aly,
a result leading through the first fundamental theorem of Lie to the equivalent

formulas:
a'da=A=(A( —} (b(x))ob7 (x)dx')
(da)a’I:B:( x)dx' = e} (a(x) )8ia"(x)dxi)
Introducing the induced bracket [A A] ¢, 77) A (f ]eg VéEneT, we
may define the curvature 2-form dA-[A A]=F e 2T ®g by the local for-

mula (care again to the sign):
0,A (X) =0, AT ()~ A (X) AT (%) = F (%)
This definition can also be adapted to B by using dB+|B,B] and we obtain

from the second fundamental theorem of Lie:

THEOREM 1.3: There is a nonlinear gauge sequence:

MC
XxG > T'®F > AT ®G (1)
a — a'da=A > dA-[AA]=F

Choosing a “close” to ¢, thatis a(x)=e+tA(x)+--- and linearizing as usual,
we obtain the linear operator d:A°T " ®G— AT ®G: (/17 (x)) N (ai/if (X))
leading to (see [7] for more details):

COROLLARY 1.4: There is a /inear gauge sequence:

d d d d
AT ®GHAT @G AT @G> A"T ®G >0 )

which is the tensor product by G of the Poincaré sequence for the exterior de-
rivative.

It just remains to introduce the previous results into a variational framework. For
this, we may consider a lagrangian on T~ ®§, that is an action W = IW )dx
where dx=dx" A---Adx" and to vary it. With A=a“da=—(db)b™ we may
introduce A= a_léa =—(6b)b"eG=A"T " ®G with local coordinates
AT (X)=-a] (b(x))&b” (x) and we obtain in local coordinates:

[6A=dA-[A ] 6A =04 —C A1 3)

Then, setting ow/0A=A = (AT' ) eA"' T ®G, we get:
oW = [ASAdx= [ A(dA-[A, A])dx

and therefore, after integration by part, the Euler-Lagrange (EL) equations of
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Poincaré ([7] [16]):

0,4l +co AP AL =0| (4)

Such a linear operator for A has non constant coefficients linearly depending on
A and is the adjoint of the previous operator. However, setting (da)a™=ueG,
we get A= a’l((éa)a’l)a =Ad(a)u while, setting a'=ab, we get the gauge

transformation:

A— A'=(ab) d(ab)=b"a™((da)b+adb)=Ad(b)A+b™db,vbeG| (5)

Setting b=e+ti+..- with t«1, then SA becomes an infinitesimal gauge
transformation. Finally, a’'=ba

= A'=a’b*((db)a+a(db))=a" (b’ldb)a +A = 6A=Ad(a)du when
b=e+tu+--- with t«1. Therefore, introducing B such that Bu=.A41, we
get the divergence-like equations:

0

In a completely different local setting, if Gacts on Xand Y'is a copy of X with
an action graph X xG — X xY :(x,a) —>(X, y=f (X,a)), we may use the theo-
rems of S. Lie in order to find a basis {6’1 [1<7<p= dim(G)} of infinitesimal
generators of the action. If u= ( J7AREES ,un) is a multi-index of length
|y| =gy +-+p, and p+1 = (g, iy, i+ 1 0,00+, 1y ) » we may introduce
the system of infinitesimal Lie equations or Lie algebroid R, < J,(T) with sec-
tions defined by f}j (x)=27 (X)G”@k (x) for an arbitrary section Ae AT ®¢G

and finally obtain the Spencer operator through the chain rule for derivatives:

(d&a)", (X) =08 (x) = &by (X) =027 (%)2,6%(¥) 7)

THEOREM 1.5: When g is large enough to have an isomorphism
Ry @R, AT ®G and the following (trivial) /inear Spencer sequence in

which the operators D, are induced by &

D D, . D3 Dy .
R,>T ®R, >A’T"®R, > >A"T ®R, -0 (8)

is isomorphic to the linear gauge sequence but with a completely different mean-
ing because G'is now acting on X.

EXAMPLE 1.6: (Weyl group of transformations) For an arbitrary dimension
n, the conformal group has n translations, n(n—1)/2 rotations, 1 dilatation
and n nonlinear elations, that is a total of (n +1)(n + 2) / 2 parameters and the
Weyl subgroup has only (n2 +n+ 2) / 2 parameters. When n=2 and the
standard Euclidean metric, we may choose the infinitesimal generators 6, =0,,
0,=0,, 0,=x0,-x%0,, 0,=x0,+x°0, of the Weyl subgroup with
2+1+1=4 parameters by taking out the elations. Setting 52 =10 /ﬁrk with
A= (/1’ ) € G, we have the 4x4 full rank matrix allowing to describe the isomor-
phism R, ~R ~A°T"®G:

E = A KA E = A XA XA =g = 2R = g2 = 0
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& 1 0 —x* xt\(A
| jo 1 X x| A
~a=&£1100 1 o0}
&= 00 o0 1)1
Now, in order to determine ad(D,), we have to integrate by parts the duality

summation:
o1 (0.8 -&)+03(0.87 - & )+ 07 (0,6 - &)+ 03 (0,8 - &)
+ %0, +v'o. 8

in which we have taking into account the Medolaghi equations & —& =0,
&+E =0, & =0 defining the Weyl algebroid. We get the 4 Cosserat/Clausius
equations describing the adjoint of the first Spencer operator in which we may

have o'’ #o%':
0,0 =10,y +o* -~ =m? 0,V +c5’ =u
that we can transform into the 4 pure divergence equations by comparing ad (D, )
with ad(d):
o, (a”): ', 0, (yl“ +x'o?" — xch“)z m?+x 2 - x> f,

o, (v +xof )=u+xT,

a result not completely evident at first sight. When n=2, the conformal group
has therefore 6 parameters and we should follow the same procedure after add-
ing the two elations:

95 :%((Xl)z _(XZ )2)81 + Xlxz@?’ 96 = X1X261 +%((X2 )2 _<Xl)2)82

in such a way that 0,0 =2x",0,0) =2x° (see [17] for the relation with the
Clausius virial theorem and [18] for the relation with the conformal group). The
only difference is that we have now to deal with the 6 right members

( 1, f2,m?, u,Vl,vz). As we have been only using the Spencer bundles G and G,
these results have strictly nothing to do with & involving 2-forms and the
so-called Cartan curvature, a result also proving that the mathematical founda-
tions of Gauge theory must be revisited as we have no longer any link with the
unitary group U(1).

From a purely mathematical point of view, the concept of a finite length dif-
ferential sequence, now called Janet sequence, has been described for the first
time as a footnote by M. Janet in 1920 ([19]). Then, the work of D. C. Spencer in
1970 has been the first attempt to use the formal theory of systems of partial dif-
ferential equations that he developed himself in order to study the formal theory
of Lie pseudogroups ([20] [21] [22]). In 1978 we have provided a link between
these two sequences in our Fundamental Diagram I ([4] [7]). The nonlinear
Spencer sequences for Lie pseudogroups, though never used in physics, largely
supersede the “Cartan structure equations’ introduced by E. Cartan in 1905
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([23]) and are quite different from the “ Vessiot structure equations” introduced
by E. Vessiot in 1903 ([24] [25] [26] [27] [28]) for the same purpose but still not
known today after more than a century because they have never been acknowl-
edged by Cartan himself or even by all his successors.

The purpose of the previous paper ([29]) has been to apply these new methods
for studying the conformal origin of electromagnetism in a purely mathematical
way by constructing explicitly the corresponding nonlinear Spencer sequence for
the conformal group when the dimension of the ground manifold Xis equal to 4,
a very specific value as we have seen. All the more specific physical consequences
concerning gravitation are presented in the present paper and we shall discover

that this dimension is also quite specific but for a completely different reason.

2. Variational Calculus

It remains to graft a variational procedure adapted to the previous results ob-
tained in ([28]). Contrary to what happens in analytical mechanics or elasticity
for example, the main idea is to vary sections but not points. Hence, we may in-
troduce the variation &§f* (X) =" ( f (X)) and set 7" ( f (X)) =& (X)ai fk (X)
along the canonical “vertical machinery” ([7]) but notations like 5x' =&' or
SY* =n* have no meaning at all
If Yis a copy of X with local coordinates (yk> and £=XxY , we shall de-

note by Il the open sub-fibered manifold of the g-jet bundle J, (X xY) de-
fined independently of the coordinate system by det(yik ) #0 with source pro-
jection Il — X :(X, Yq ) - (X) and ftarget projection

By, =Y :(x, yq)—>(y). We denote by id:X —Y:x—y=x the identity
map and we have the identification T =id™ (V (& )) . In order to construct
another nonlinear sequence, we need a few basic definitions on Lie groupoids
and Lie algebroids that will become substitutes for Lie groups and Lie algebras.
Introducing the operator

Jg i X xY = 3 (X xY)=f(x) —>(f “(x),0; " (x),0; f K (X),) , the first idea is
to use the chain rule for derivatives j, (g f)=j,(g)e j,(f) whenever

f,ge aut(X) can be composed and to replace both j, ( f) and J, (g) re-
spectively by f, and g, in order to obtain the new section g, o f, . This kind
of “composition” law can be written in a pointwise symbolic way by introducing

another copy Z of X with local coordinates (z) as follows:

: X R . ooy
7 1, (Y,Z) YHq(X,Y)—>Hq(X,Z).[y,z,ay, j,[x,y,ax, j—)[x,z,ay , J

We may also define j, ( f )71 = Jq ( f '1) and obtain similarly an “inversion” law
1 I, > 11

A fibered submanifold R, 11, is called a system of finite Lie equations or a
Lie groupoid of order g if we have an induced source projection a,: Ry, —> X,
target projection 'R, —Y , composition y,:R,x, R, >R, , inversion
t,: Ry >R, and identity j,(id)=id,:X >R, . In the sequel we shall only
consider transitive Lie groupoids such that the map (aq By ) "Ry > XxY isan
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epimorphism and we shall denote by R;) = id'l(’Rq) the isotropy Lie group
bundle of R,. Also, one can prove that the new system p, (Rq):Rq+r ob-
tained by differentiating r times all the defining equations of R, is a Lie grou-
poid of order g+ .

The vector sub-bundle R, =id,* (V (Rq )) < J,(T) is called a system of infi-
nitesimal Lie equations or a Lie algebroid of order q.

As a major result first discovered in specific cases by the brothers Cosserat in
1909 and by Weyl in 1916, we shall prove and apply the following key result:

THE PROCEDURE ONLY DEPENDS ON THE LINEAR SPENCER
OPERATOR AND ITS ADJOINT, recalling that &:9,,; T ®4g, is minus
the restriction of d'to the symbols.

Let the non-linear operator
IS:Rq+1 ->T'® R« f ° J1( fq)—idq+1 =y, be defined as in ([7], p. 224

and [22]). For compositions like fj; =g, 0 f,.; = f 10Ny, we get:
I:_)fq,+1 = 1:q:-ll ° gq?—l ° jl(gq ) ° Jl( fq ) - idq+l = 1:q:-ll ° |quﬁ-l ° Jl( fq ) + I:_)fq+l

= hq_+l-1 ° fq_+11 ° Jl( fq ) ° jl(hq ) - idq+:l = hq:l-1 ° I:_)fq+1 ° jl(hq)+ I:_)hq+1

-1
q+1 - fq+l

Using the local exactness of the first nonlinear Spencer sequence ([7], p. 215 or
[25], p. 176), we get:
LEMMA 2.1: For any section f., € R, ;, the finite gauge transformation:

X €T OR, - 2h=Tohoxgo i fy)+ Dfg e T ®R,

q+1 °

exchanges the solutions of the field equations D' X, =0.

Introducing the bilinear algebraic bracket {jq+l(§), jQ+1(77)} = J,([£.7]), we
may then introduce both the formal Lie derivative and the differential algebroid
bracketon J,(T) by the formulas:

L& )7 ={ g llgn ) +1(E)dmgy =[ &g [+1(m)dE,,
(L3 (S0)) 20 )(©) =L () (20 () - 4 ([£:€])

in such a way that [Rq , Rq ] c Rq .
LEMMA 2.2: Passing to the limit over the sourcewith y, = Iqu+1 and

q+1 = qu+1 +t g+l

h

leading to the infinitesimal variation:
g =&+ L(1(&00)) 24
0 (§)=1(€)dE s +{E 24 (O} +1(8)d 20a () = 2o ([ECT)| @)

=i(§) g0+ (%) (20 () - 2 ([£:€])

+--- for t— 0, we get an infinitesimal gauge transformation

which only depends on y, but does not depend on the parametrization of y, .
LEMMA 2.3: Passing to the limit over the target with y, = II_)fq+l and

Oq =10y, +1y,,, +--- for t— 0, we get the other infinitesimal variation:

5/1/1:1 = fq111°d77q+1° Jl(fq) (10)

which highly depends on the parametrization of .
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EXAMPLE 2.4: We obtain for q=1:
ok =(0 - &)+ (&0, 4) + o - &)
s = (08 =& ) +(E0, ) + 2,08 + 2& - 45:& - i)

(11)

Introducing the inverse matrix B =A™, we obtain therefore equivalently:
SR =0, A + A& - NE & 5B =0, Bl ~B[o,& +Bl&l
both with:
Sl = (0] — N ER)+(E0,4)i + 21,0+ 258 - 25,80

For the Killing system R, < J,(T) with g, =0, these variations are exactly
the ones that can be found in ([10], (50) + (49), p. 124 with a printing mistake
corrected on p. 128) when replacing a 3 x 3 skew-symmetric matrix by the cor-
responding vector. The three last unavoidable Lemmas are thus essential in or-
der to bring back the nonlinear framework of finite elasticity to the linear
framework of infinitesimal elasticity that only depends on the linear Spencer
operator.

For the conformal Killing system FAQl < J,(T) (see next section) we obtain:
o = 1, = 00, = (0,8 - & )+ (&0, + 2,0, - x3&L)
= (aigrr - Aﬁsgrrs)"_ (araigr + grarai )
@y =0, — 0,0 = Oy = (aj (Aisgrl:s)_ai (Aigrrs))+((prjai§r +¢iraj§r +(§rar¢ij )

These are exactly the variations obtained by Weyl ([3], (76), p. 289) who was as-
suming implicitly A=0 when setting &' =0 & =-o,&' by introducing a
connection. Accordingly, & is the variation of the EM potential itself, that is
the 0A of engineers used in order to exhibit the Maxwell equations from a
variational principle ([3], § 26) but the introduction of the Spencer operator is
new in this framework. If f =id,, wehave y,=0 and

S = (0,8 = &)+ (e, 0,8 + 0,01 .

The explicit general formulas of the three previous lemmas cannot be found
somewhere else (The reader may compare them to the ones obtained in [22] by
means of the so-called “diagonal” method that cannot be applied to the study of
explicit examples). The following unusual difficult proposition generalizes well
known variational techniques used in continuum mechanics and will be crucially
used for applications:

PROPOSITION 2.5: The same variation is obtained whenever
Ny = fq+1(§q + 74 (f)) with y, =Df,,;, a transformation which only depends
on j1< f ) and is invertible if and only if det(A)=0.

Proof First of all, setting c_,?q =&, + 24 (5), we get §_=A(§) for q=0, a
transformation which is invertible if and only if det(A)#0 andthus A#0.In
the nonlinear framework, we have to keep in mind that there is no need to vary

the object @ which is given but only the need to vary the section f ,; as we
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already saw, using 7, €R,(Y) over the target or & €R, over the source.
With 7, =f (g‘q ) , we obtain for example:
é'fk :Uk _ frkér
St = £ = 18 + £
k k v k K gr K gr K gr K gr
oty =n, " f +m, fiju =& + 1&g + 18 + 158

and so on. Introducing the formal derivatives d;, for i=1,---,n, we have:

SfN =k (fmy)=dm  =mi ) 4= £XEL 4ot £, &

We shall denote by #(nq)zé’;(yq,nq)%evwz(]) with ¢* =7* the cor-

H

responding vertical vector field, namely:

_ 6 k 6 k u a k u,,v k u a
#m) =05+ () g+ (L (O ) e+ [l ()WY + 0 (1) )ay_5+"'
However, the standard prolongation of an infinitesimal change of source coor-
dinates described by the horizontal vector field &, obtained by replacing all the

derivatives of & byasection &, €R; over SeT, isthe vector field:

i 6 6 k gr 8
h(&)=¢ (X)§+0W—(yr§i (X))ay_ik
-umxn+ﬁauw«xum%%+w

a}'ij

It can be proved that [b(ch),b(/fé )J = b([ch,ﬁﬂ),%q,cfé €R, over the source,
with a similar property for #() over the target ([25] [27]). However, b(fq) Is
not a vertical vector field and cannot therefore be compared to #(nq ) .The solu-
tion of this problem explains a strange comment made by Weyl in ([3], p. 289 +
(78), p. 290) and which became a founding stone of classical gauge theory. In-
deed, & is nota scalar because é‘ik is not a 2-tensor. However, when A=0,
then —y, isa R,-connectionand &'=¢& + y/;&' isa true scalar that may be
set equal to zero in order to obtain & =—y/ &', a fact explaining why the EM-
potential is considered as a connection in quantum mechanics instead of using
the second order jets &;; of the conformal system, with a shift by one step in
the physical interpretation of the Spencer sequence (see [4] for more historical
details).

The main idea is to consider the vertical vector field T ( fy )(5) - b(fq ) eV (’Rq )
whenever y, = f, (x). Passing to the limit t—0 in the formula
g, o f, = f, oh,, we first get
gof=foh= f(x)+tn(f(x))+-=f(x+t&(x)+). Using the chain rule

for derivatives and substituting jets, we get successively:
sti(x)=¢"0,t%, sff =0+ ke,

k r k kK gr k gr k gr

ofy =&0.f; + ;& + ;5 + 178

and so on, replacing &"fS, by £'0, fiin n,="f

e (fq) in order to obtain:
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REAE/ S HEREE-Y (A IR P R AV SRR

where the right member only depends on Jl( fq) when | ,u| =
Finally, we may write the symbolic formula
fon (;(q ) = j1( f, ) —fpa=df ;e T ®V (’Rq) in the inductive form:

frZﬂ|+ +fy+1;(| (aiil:k fk

u+l

Substituting in the previous formula provides 7, = fqﬁ(ch + X4 (5)) and we
just need to replace gby g+1 in order to achieve the proof. Checking directly
the proposition is not evident even when =0 but cannot be done by hand
when q>1. O

3. Applications

Before studying gravitation in a specific way, we shall provide a technical result
which, though looking like evident at first sight, is at the origin of a misunders-
tanding done by the brothers Cosserat and Weyl on the variational procedure
used in the study of physical problems.

Setting dx=dx" A---Adx" for simplicity and using the fact that the standard

Lie derivative is commuting with any diffeomorphism, we obtain at once:
y=f(x),x=g(y)=dy= det(ai fk (x))dx:A(x)dx
n=T(f)é= L(n)dy=L(£)(A(X)dx)=> A =Adiv, (1) =Adiv, (£)+£0,A

The interest of such a presentation is to provide the right correspondence be-
tween the source/target and the Euler/Lagrange (actual/initial) choices. Indeed,
if we use the way followed by most authors up to now in continuum mechanics,
we should have source = Lagrange, target = Euler, a result leading to the conser-
vation of mass dm= pdy = p,dx=dx when p, is the original initial mass per
unit volume. We may set p, =1 and obtain therefore p(f(x))=1/A(x)

choice leading to:

E) 1 on* 0 oE" o(pn"
5p+77k—pk:——25A:>5p:—pik—77k—pk:—p fr =>o0p=— ( - )

oy A oy oy oX oy
but the concept of “variation” is not mathematically well defined, though this
result is coherent with the classical formulas that can be found in the literature

«

where “points are moved’.
On the contrary, if we adopt the unusual choice source = Euler, target = La-

grange, we should get p(X)=A(X), a choice leadingto Sp=0A and thus:

o era,p=a, (o)

which is the right choice agreeing, up to the sign, with classical formulas but
with the important improvement that this result becomes a purely mathematical
one, obtained from a well defined variational procedure involving only the

so-called “vertical’ machinery. We obtain the fundamental identity over the
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source and over the target.

%[A(x)gy—gkl( f (x))j =0, VxeX
Q%(;))ai A (g(y))]zo, vyeY

Ag(y
which becomes the conservation of mass when n=4 and k=4.

In addition, as many chases will be used through many diagrams in the sequel,
we invite the reader not familiar with these technical tools to consult the books
([30] [31] [32]) that we consider as the best references for learning about homo-
logical algebra. As for differential homological algebra, one of the most difficult
tools existing in mathematics today, and its link with applications, we refer the

reader to the various references provided in ([8] [32]-[37]).

3.1. Poincare, Weyl and Conformal Groups

When constructing inductively the Janet and Spencer sequences for an involu-
tive systems R, < J,(E), we have to use the following commutative and exact

diagrams in which we have set F, =J_(E) / Ry:

0 0 0
\2 \2 \’

0> S(ATT ®,,4) > AT®R, — C -0
\’ \2 \’

0> SN ®S,, T"®T - AT'®J,(E) > C/(E) -0
\’ \’ \’

0> AT ®R+5(A7T'®S T"®E) > AT ®F —> F -0
\ ) "
0 0 0

It follows that the short exact sequences 0 —»C, —»C, (E)i F. —0 are allow-
ing to define the Janet and Spencer bundles inductively. If we consider two in-
volutive systems 0c Rq c |R3q c Jq (E) , it follows that the kernels of the in-
duced canonical epimorphisms F, - F, — 0 are isomorphic to the cokernels
of the canonical monomorphisms 0—»C, — ér cC,(E) and we may say that
Janet and Spencer play at see-saw because we have the formula

dim(C, )+dim(F, ) =dim(C, (E)).

When dealing with applications, we have set E=T and considered systems
of finite type Lie equations determined by Lie groups of transformations. Accor-
dingly, we have obtained in particular C, =A"T"®R, cA'T"®R, =C, =C, (T)
when comparing the classical and conformal Killing systems, but these bundles
have never been used in physics. However, instead of the classical Killing system

R, J;(T) defined by the infinitesimal first order PD Lie equations
Q=L(&)o=0 andits first prolongations R, = J,(T) defined by the infinite-
simal additional second order PD Lie equations I'= [,(f) y=0 or the confor-
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mal Killing system |§2CJ2(T) defined by Q=L(¢)w=2A(X)w and
Fzﬁ(f)y:(é‘ikAj(X)+5;‘A1(x)—a)ija)ks (X))GSZT*®T, we may also con-

sider the formal Lie derivatives for geometric objects:

Q; E(L(§l)a))ij Ea)rjéir +a)|r§jr +§rarwij =0
Ty =(L(5)7), =& + 58]+ 7&] —ri&i + 07y =0

We may now introduce the intermediate differential system R, cJ, (T) de-
fined by E(é)a) = 2A(X)a) and I'= £(§)7 =0, for the Weyl group obtained
by adding the only dilatation with infinitesimal generator Xx'd, to the Poincaré
group. We have the relations R c R, = Iil and the strict inclusions R, = p,(R,),
R, = pl(lil) , Iiz =pl(|§1) =>R,cR,c Iiz but we have to notice that we must
have 0,A— A =0 for the conformal system and thus A =0= A=cst if we do
want to deal again with an involutive second order system R, J,(T). How-
ever, we must not forget that the comparison between the Spencer and the Janet
sequences can only be done for involutive operators, that is we can indeed use
the involutive systems R, — R, but we have to use FAig even if it is isomorphic
t? DI?Z . Finﬂally, as §,~T and §,=0, Vn>3, the first Spencer operator
R, E)T* ®R, isinduced by the usual Spencer operator
R,—>T ®R, :(0,0,(frrj i = O) - (0,8i0 &0y —O) and thus projects by co-
kernel onto the indléced operator T~ =T ®T . Composing with &, it projects
therefore onto T~ —>A°T :A—dA=F as in EM and so on by using he fact
that Dy and d are both involutive or the composite epimorghisms
C,>C/C AT ®(R,/R) AT ®G, ~A'T"®T A" T" . The main
result we have obtained is thus to be able to increase the order and dimension of

the underlying jet bundles and groups as we have the inclusions:

|POINCARE GROUP c WEYL GROUP c CONFORMAL GROUP

that is 10<11<15 when n=4 and our aim is now to prove that the mathe-
matical foundation of gravitation only depends on the second order jets, exactly
like we have already proved in ([29]) that the mathematical foundation of elec-
tromagnetism only depends on these second order jets.

With more details, the Killing system R, < J,(T) is defined by the infinite-
simal Lie equations in Medolaghi form with the well known Levi-Civita iso-

morphism (@,7)~ j;(®) for geometric objects:
Q; = a)rjgir + wiré:jr + grara)lj =0
L5 =756 + 7] — 1 +&70,7 =0

We notice that R, (a_)) =R, (a)) S w=awm,a=cst,y =y and refer the reader
to ([28]) for more details about the link between this result and the deformation
theory of algebraic structures. We also notice that R; is formally integrable and
thus R, is involutive if and only if @ has constant Riemannian curvature along
the results of L. P. Eisenhart ([4] [25] [27] [35]). The only structure constant ¢

appearing in the corresponding Vessiot structure equations is such that T=c/a
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and the normalizer of R, is R, if and only if c#0. Otherwise R, is of codimen-
sion 1 in its normalizer R, as we shall see below by adding the only dilatation.
In all what follows, @ is assumed to be flat with ¢=0 and vanishing Weyl
tensor.

The Weyl system R, < J,(T) is defined by the infinitesimal Lie equations:
0,& +0,E +E70,0; = 2A(X) o
{eﬁ,—k +ynEl g — &l + &0,y =0
and is involutive if and only if J,A=0= A=cst. Introducing for convenience
the metric density @; = w, / (|det(a))|)% , we obtain the Medolaghi form with

the geometric objects (&,7):
Q, =, +d,E] —%caije;' +&'0,0, =0
T =& +7a& +7aé] 1l +&0,75 =0

Finally, the conformal system Iiz = J,(T) is defined by the following infini-
tesimal Lie equations:
Og8 + O8] +¢'0,0; =2A(X) 0
{é',—‘ + e+ 7aE] —rid + &0y = 6 A (X) + 5 A (X) - 00 A (%)
and is involutive if and only if 6,A—A =0 or, equivalently, if ® has vanish-

ing Weyl tensor ([7] [26]).

However, introducing again the metric density @ while substituting, we

1
obtain after prolongation and division by (|det(a)) )” the second order system

R, < J,(T) in Medolaghi form with geometric objects (@,7)= j,(®) such
that:

ks, r

- 1 >
7 =r (S oim — e ) = 74 =0

Q; = (brjgir +é)ir§; _%é\}ljfrr +§r5r‘?}u‘ =0

r5=¢ —%(5#5:] + O35 — By 0L )4 TREl + Tng] —TiE + €107 =0

Contracting the first equations by @’ we notice that & is no longer vanish-

ing while, contracting in kand j the second equations, we now notice that &; is

no longer vanishing. It is also essential to notice that the symbols §, and §,

only depend on @ and not on any conformal factor. We let the reader exhibit

similarly the finite Lie forms of the previous equations that will be presented

when needed. We have to distinguish the strict inclusions I'c ['c ' c aut(X)

with:

e The Lie pseudogroup I' aut(X) of isometries which is preserving the
metric @eS,T" with det(w)#0 andthusalso y.

e The Lie pseudogroup I which is preserving @ and .
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~

e The Lie pseudogroup [ of conformal isometries which is preserving @

and thus also ¥ .

3.2. Gravitation

In ([7] [29] [35]), we have proved that the EM field F e A’T" could be de-
scribed by n(n-1)/2 components of the bundle T"®§, of 1-forms with
value in the conformal symbol §,, which is a sub-bundle of the first Spencer
bundle for the conformal group described by the bundle T~ ® Iiz of 1-forms
with value in the Lie algebroid FEZ, with no relation at all with the second
Spencer bundle A*T" ® Iiz that can be identified with the Cartan curvature.
Similarly, in this subsection 2, which is by far the most difficult of the whole pa-
per because third order jets are involved, we shall prove that the substitute for
the Riemann curvature is only described by n(n+1) / 2 other linearly indepen-
dent componentsof T"®§,cT ® Iiz in such a way that
n(n-1)/2+n(n+1)/2=n’ =dim(T" ®4, ).

Let us start with a preliminary mathematical comment, independently of what
has already been said, and explain the main differences existing between the ini-
tial part of the Janet sequence for a formally integrable system
C, =R, = J,(E)=C,(E) with a 2-acyclic symbol g, C SqT* ®E such that
040 =0 and the initial part of the corresponding Spencer sequence for the first
order involutive system R ,; < Jl(Rq) . First of all, we recall the following com-
mutative diagram with short exact vertical sequences, only depending on the left

lower commutative square:

0 0 0
{ \: s
Iq Dy D
0 - 0 - C, 2> C, -2 C,
A \2 2
g Dy D,
0 > E - Ci(E) -2 C,(E) - C,(E)
[ o, Lo,
D D
0 » 6 » E :) K 2 F
\: 2
0 0

In this diagram, ® =®,, is defined by the canonical projection

®:J,(E)—> 1, (E)/Rq =F, withkernel R, and

FR=T"®]J, (E)/(T* ®R, +5(Sq+1T* ® E)) is induced by ®, after only one
(care) prolongation. As D is a first order operator because it is induced by the
Spencer operator, it is essential to notice that such a result is coming from the
fact that D, is of order 1 because R, is formally integrable and g, is 2-acyclic
(see [7], p. 116, 120, 165). This very delicate result cannot be extended to the

right with D,:F —F, unless ¢, is involutive, a situation fulfilled by ],
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which is an involutive injective operator. Also the first order operator

DR, — Jl(Rq )/Rq+1 =C,~T'® Rq/é'(gqﬂ) =T"® R, is trivially involutive
because g,,=0 and C,cC,(E) while C,= AT ® R, <C, (E) . Hence,
the upper sequence is formally exact, a result that can be extended to the right
side (see [28] for a nice counterexample). From a snake chase in this diagram, it
follows that the (local) cohomology at G in the upper sequence is the same as
the (local) cohomology at F in the lower sequence though there is no link at all
between C and K. Moreover, in the present situation, we have an isomorphism
R,u >R, and obtain therefore D&, =d& ., V&, eR,.

For helping the reader, we provide the two long exact sequences allowing to
define G and G in the Spencer sequence while proving the formal exactness of
the upper sequence on the jet level if we set J, (E)=0,vr<0 and J,(E)=E
for any vector bundle £

0 0 0
A A \
0 — S.T® — ST ®C - S.,T ®C,
\A A \A \
0> Ry — J4(C) - J3(C) - I,4(C)
\A 2 \A \2
0> Ry = J(G) - Jau(C) - J.,(C)
2 A \
0 0 0

It just remains to apply inductively the Spencer d-operator to the various upper
symbol sequences obtained by successive prolongations, starting from the case
r=0 already considered.

Similarly, if we define £ in the Janet sequence by the following commutative

and exact diagram:

0 0 0 0
s \ \ s
0 - S.,I'®C — ST ®F —» T®F - F, —0
J J J J I
0> R, » J.(E) - K - IF) - F -0
\ s \ 2 s
0> R, —» J(E) -» ¥F) -» K - 0
{ \2 { 2
0 0 0 0
we have F, ~C,(E) / C, . If we apply the Spencer J-operator to the long symbol
sequence:
0-5S,,T ®E—>S,T ®F »S,T ®F >T ®F,

we discover, through a standard snake diagonal chase, that such a sequence may
not be exact at S,T" ® F, with a cohomology equal to H?® (gq) that may not

vanish.
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With n=4,q=2 and the conformal system R, <J,(T), we provide below
the fiber dimensions:

0 0 0
A \2 \2
Dy D,
15 —1> 60 —1> 90
J \2 J
J2 Dy D,
0 - 4 > 60 —1> 160 —1> 180

o
o

Now H®(§,)#0 when n=4 as §, is 3-acyclic only when n>5 but no
classical approach could even allow to imagine such a specific cohomological
importance of n=4 ([17], pp. 26-28).

The Jarge infinitesimal equivalence principle initiated by the Cosserat brothers
becomes natural in this framework, namely an observer cannot measure sections
of R, but can only measure their images by D, or, equivalently, can only meas-
ure sections of C killed by D,. Accordingly, for a free falling particle in a con-
stant gravitational field, we have successively:

10,6 &1 =0,0,& —£4,=0,0,64,-0=0,1<i,k <3

This result explains why the elations are sometimes called “accelerations” by
physicists ([34]).

Our purpose is now to extend these comments to the nonlinear sequences and
we start with a few useful but technical local computations ([29]). First of all, we

may define:
2i=0l (0 f - AR )= =Bl = (Bsa, £ —f2) =T\ -T%
AN (ki =7l ) =0 -0, A = o —f, =BIBI(0,A -0, AY)
LEMMA 3.2.1: Summing on kand rwhen y =0, we get successively:
(¢, =7/, )det(A) = BB} (0, Af -0, A" )det(A)
=B/ (BJo,A + AJo,B; )det(A)
=B/ (BJ0, AY )det(A)+det(A), B
=B'd, det(A)+det(A)o,B
=0, (B det(A))
~0"0, (B det(A))&; - o' det(A) &5 =[ & (o], — 1/, ) & — 7] &5 et (A)
[a)'r a)”z" +0"7) )}det(A)fjj
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=[oef, ~ (', + o, ) et (A);
|ot 2o, e ()
=o' det(A)

Using the “vertical machinery”, namely the isomorphism
Y (J (& )) ~J,(V(€)), like in the preceding sections, we shall vary the sections
5f, = (6f; (X)) while setting 5(8i f (X)) = Gié'( f (X)) as it is done in ana-
lytical mechanics with the notations ¢ =0Jq when studying the variation of a
Lagrangian L(t,q, C']) .

LEMMA 3.2.2: Let us compute directly the variation of the 1-form « over
the target and over the source, recalling that o =a;dx' with
o =y =00, f -~ Agifs= n(aia— A'ar) and na =g, f; . We have succes-
sively:

sti=n=¢o.t" st =nif’ =0 f + &
St =ni fUf el =ET0 £+ 1080+ f1& + f1&

un~r_k

né‘a'i = g;é‘f: + frll(agl: = gl: (ULIJ(V fiu frv +77ll,|< fl?) frl gk’]u - f nsr
n5a _gk(§ ar is + frs‘jvjl + fné: + f §SI) 5|gk(g (é:ra f + f gt ))
=n(¢'oa +agl)+ 4
a = f*b, = ndq = {5 =nf b, +nb 51" =nf*sb, +nb, f'n
= X5 =nf b, +nb {7y
= nob, =n;, —nb7
Then, using the definition of a, namely det( fX ) =e™, we have:
néa= (]/det )5det(f ) 9ot =n = gk(éa X+ f e;)
= né: ara'i_é:r
Using the variation SA* =&'0, A + A‘0.&" — A'EX, we finally get:
da; =ndo,a—nA'da, —na, oA
=(6& - &)+ (0,0 + 2, 0,8 ) - 1i&n
= (0,8 - A& )+(&T0.a +,8,¢")
The terms 0,&/ +(§'6 a; +a,0;E" ) of the variation, including the variation of
a= ozidXi as a 1-form, are exactly the ones introduced by Weyl in ([3] formula
(76), p. 289). We also recognize the variation 5A of the 4-potential used by

engineers now expressed by means of second order jets.

We have over the target:

k |
frkAir :6ifk = frk5Air + A{’?: erl :aayiuaifu :>5Ar = glr [Zy_nk_mijﬁufk
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0 rekos
da; = |:8;75 —ng; (6y_ jar}aifk — A5

ond on'
:l:(agk _UskJ_nbl (ay_z_’lliﬂaifk

a result only depending on the components of the Spencer operator, in a cohe-

rent way with the general variational formulas that could have been used other-
wise. We notice that these formulas, which have been obtained with difficulty for
second order jets, could not even be obtained by hand for third order jets. They
show the importance and usefulness of the general formulas providing the
Spencer non-linear operators for an arbitrary order, in particular for the study of
the conformal group which is defined by second order lie equations with a

2-acyclic symbol. It is also important to notice that:

o _n[syb bjaifk:ﬂkaifk

k on* on' k
= 0, =(38,)0, " + A {6@%%}6&

and thus §f does not only depend linearly on the Spencer operator, contrary
to do .
LEMMA 3.2.3: We have over the source:

Sdet(A)=det(A)BSA"
=det(A)B, (&0, A" + ADE - AE) 0
= £'0, (det(A))+det(A)(8,&" —¢)

Now, we recall the identities:

Oty — 01 — Ay + A - N e+ A =0

that we may rewrite in the equivalent form:

ler,s _Tll;,r = B:st (ai}ﬁk,j _ajlllfi _er,ilrk,j +Z|r,;7(rk,i)
= B; st (aillk,j _6jZIk,i)_(Tlt,thk,s _Tlt,srtifr)

Looking only at the terms not containing the jets of order 2 in the right member,

we have separately.
BB/ (ai(gﬁajflu) (gualf ) BB/ ((Qg (6195)(@ f’ ))
(0:Bi6,f*)(0iBlo, f,")~(r <>5)=B}B! (( o, f ))—(r<—>s)

BJ (9,
(BB (9 ‘af fvajgv) (r<—>s))
-—(B18!(09

) (r<—>s))

BB/

and the total sum vanishes.

Looking at the terms linear in the second order jets g fy', we have separately
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(care to the sign):
BrI st (ajpﬁ[ _aiA; ) gil( 1:tlu = (T;,s _T;r ) gllj 1:tlu = g\t/ (leal frv - B:a| fsv)gllj< ftIu
(00B/(8,f) ol fr + 9iBI (9, 1) 0l fi )= (r >5) (12)

The simplest and final checking concerns the derivatives of the second order

Jets. We get:
BB (0,1~ 0,215) = BIBI (A0, (0 )~ Aay (0l i)+~
=BJo, (9! i) —Blo, (gl fl )+
with y=f(x)«>x=g(y), it remains to substitute the formulas
B! = f*ag' / oy*  while introducing the finite Lie equations:
O =gl (f +7a(FO0))F 1) =7 () + 578 +5fa —m0a,

(13)

and setting y =0 in the conformal case, a local result leading to
O =5fa; +5fa —w;w'a, in S,T"®T which only depends on the Min-
kowski metric @ and not on a conformal factor.

The novelty and most tricky point is to notice that we have now only 77 com-
ponents for (r,';,j ) €T '®(§, and no longer the n? (n2 —1)/12 components of

the Riemannian curvature.

r ro_
i " Thi T @i

for describing EM in ([29]), we may choose the n(n+1) / 2 symmetric compo-

As we have already used the n(n—l)/ 2 components @; =7,

): 7; that should involve the third order jets which are

1 r r
nents 7; :—(r- P T
i o Mg T

only vanishing in the linear case but do not vanish at all in the non-linear case.
To avoid such a situation, we shall use the following key proposition that must
be compared to the procedure used in classical GR for defining the Ricci=S,T",
Riemann = H/ (9,) and Weyl = H; (8,) tensor bundles along the Fundamen-
tal diagram II that only depends on the Spencer J-cohomology through the
second order symbol §, allowing to define the elations and has been provided
for the first time in 1983 ([4]):

0
2
0 Ricci
\ \
0 - Z}(g,) — Riemann —0
\! \ \’
0 - T'®4, 5 z:(§,) > Weyl —0
\! \’ d
S5 S5
0> S,T° - T T - AT > 0
\2 \
0 0

It is important to notice that this diagram splits and does not depend on any
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conformal factor.
PROPOSITION 3.2.4: Defining pﬁij = rﬁ’ i —z',';’i it is just sufficient to study
pii=pl#p;; and tr(p)=a’p; or 7, =1}, and tr(r)=0"r . Setting:

n-2

1
r r r r
G =Thi,j ~ Trin Ty = (Tri,j + 7y )v Lij :TTij +Hwijtr(r)

2
in a way not depending on any conformal factor, we have the equivalences:
7, =0 ©p=007,=09,=00p, =0

Proof As §, ~T", we have successively:

r
rs,i

=0Tl + @ 0°T

k _ gk_r k_r ks __r k
NP =9 Trij +9 Ty, — @@ T, -9 Trii i Tl

rs,j
r —
= Prij =T, T
_ r r st_r
np.; =(n-1)z); -7 + oot =(n-1)z, -7, + oytr (7)

= Pii~Pii =T T

ntr(p)=2(n-1)a"z;  =2(n-1)tr(r)

ri,j
When we suppose that there is no EM, that is:
@ =0C7,=7,,=7,=7; & 0, =P, =P = Pj

the above formulas become simpler with:

i 2(n—1r)1(n—2)w”'tr(p)

np; =(N-2)z; +eoytr(z) = 7 =

In the general situation, we have:
np, | =(n—1)ri'j -7, +a)ijtl’(r), np;; =(n _1)Tj,i —Ti +a)ijtl’(z')

Surprisingly while summing, we discover that the same formula is still valid.

We may thus express ,o,k‘ij by means of p;; or by means of 7;; while using
the relations ¢; = p/; =7,
in the conformal case ([17]), we have the short exact sequence:

~7;;=p;—Pji- As G, is 2-acyclic when n>4

~ 5 * ~ 6 * ~
05 §,>T ®§,>5(T"®§,) >0

Moreover,as §, =0 when n>3, we have an isomorphism
T ®§,~6 (T* ® QZ), both vector bundles having the same fiber dimension
n(n-1) n(n+1
o _n(n-1) n(n+Y)

2

When there is no EM, that is when ¢ =0, then one can express pllfij by

when n>4 and thus rlf’j =0 pllfij =0.

means of p; =p,; =p;; =pP; but there is no longer the Levi-Civita isomor-
phism (@,7)= j(@) in the Spencer sequence and the above proposition is
quite different from the concept of curvature in GR as it just amounts to the va-
nishing of the Weyl tensor. O

We notice that no one of the preceding results could be obtained by classical
methods because they crucially depend on the Spencer J-cohomology. As a by-
product, the same formulas provide:

COROLLARY 3.2.5: The corresponding Weyl tensor vanishes.
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Supposing again that there is no EM and looking for the derivatives of the
second order jets, contracting in & and r while replacing /by 7and s by j, we get
with a = f b, :

Pij = Pji = Trri,j _Ti;,r = B;at (gl: fr?)_ B/o, (gl: fiju)+”'

=nBjo,a ~ B:@t(é‘iraj +0,a —a),ja)’sas)Jr---

) oa. )
= ff] {(n _2)%+wkl (v)o© (y)a—bi
oy oy

with a bracket symmetric under the exchange of & and /that has been obtained

by using the fact that we have for example:

1 08y |a(fikbk)_ et OB off
T Ty iy

We have thus to take into account the following terms linear in the b, , left aside

f

in the derivations:

Iaf'k Iafjk rs Iafsk
Py inf“’u'a’ f =

b,
=[(n-1)Bja, f* + B0, + 00" 10,1 b,

Under the same assumption, let us work out the quadratic terms in b, as

follows:
(i ot —aiort ) =( 90 £ ) (0l £ ) = (gt £ ) (98 )
Contracting in kand ras above while replacing /by /and sby j, we get:
(7,2l et )= (98t ) (90 £ )= (s £ )(ay £
that is:
(§:ai +da, —w;0"a, )(E{at +6a; - w,0"a, ) - n(a‘faj +6,8, — w0 a, )a[
Effecting all the contractions, we get:
(naa;)+(2aa; - m0°a.a,) - (0,088, )-n(2aa, - o,0"aa, )
and obtain the unexpected very simple formula:
naa; +2a,a; — 20;0"a,a, - 2na,a; + Nw;©"a, a
=(2-n)aa; +(n-2)w,0"a,a,
or, equivalently f*f/ [(2 —-n)bb +(n-2)a, (y)a)“brbs] . Collecting these re-
sults, we finally get:

THEOREM 3.2.6: When there is no EM, we have over the target the formu-
las:

py =1 {(”_Z)Zyif“w’kl (y)a)rs(y)ZSﬁ +(n=-2)bb -(n-2)a, (y)a’rsbrbs}

DOI: 10.4236/jmp.2023.1411086

1486 Journal of Modern Physics


https://doi.org/10.4236/jmp.2023.1411086

J.-F. Pommaret

ab 1 rs
7y =nf* |:Wﬁ+bkbl 5% (v)o (y)brbs}

that do not depend on any conformal factor for @ and thus simply:

Kl abk -2 Kl —kI abk -2 —kI
rzé{w (y)w—nTa) (y)bkbl}:n{a) (y)w—nTa) (y)bkb,}

that only depends on the new metric @=®°® defined over the target.

Proof We have to prove the following technical result which is indeed the
hardest step of this paper, namely that p; does not contain terms linear in b,
over the target. The main problem is that, if we have any derivative of the second
order jets over the source, like 0,8;, we obtain therefore a term like
0, ( fikbk>= fXo,b, +(6r fik)bk which is bringing a term linear in the b, and
we have to prove that such terms may not exist if we work only over the target.

For this, let us set over the source when ® is the Minkowski metric with

y=0:

T:,r :Ts'jr - CDI:S’ Tslfr = gE Bll’al fsu ¢Trifs’

k k k kt k
q)rs :5r ag +5s a, — 0,03 :rsr

Looking for the derivatives of the second order jets, we already saw in (13) that

they can only appear through the terms:
_ _ o o
leaiq)tl - Brlaiq); = fsv%_ f %
Contracting in kand r, we get when there is no EM:

Vaq): an)g v 0 u 0 r r
fs Wvl_ fr ay_ulz fS 8yv (nal)_ fr W(ésal +5Ias_a)sla)nar)

= (n _1) fs" a(afltubu ) - f|“ a(;;/vub\’) + a)slwrt fru a( flvubV)
=(n_2) flu fsvsy_qu+w5|wrt fru ftv 23 T

but we have to take into account the linear terms produced by an integration by

parts:

(n-1) fngy_'bu e

v u v

o b, + @,0" fr”af—tubv
oy

that is to say, we have to subtract:
(n-1)g,B.o, f"a, — 9,B/0, f,'a, + m,@" 9, B0, f,'a,
=(n-)Ta -Ta - @0 T3,
Meanwhile, as we already saw in (12), we have to compute:
(TS, -T8, )@k (T @ +TE@} )+ (T @k + T}
and to contract in kand rin order to get:

(Trt,s _Tst,r )CDIrt - (Tlfrq)gt + thsq)fr ) + (Tlfsq)rrt +T1,rrq)}s )
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However, two terms are disappearing and we are left with:
T3, @ — T, @ + (TITS(D:t +Tt,rrq):s)
that is to say:
T (878 +5/a - o0, ) - T, (51a, + 68, - 00",
+nT'a, +T, ((S,‘as +6.8, — o0 a, )

and thus:
t r rurt t t rurt
_Ts,l _Ts,ral + [N Tr,sa'u _Tl,sa1 _Tl,tas +(05t(() I,rau

t r r tuTr
+nT . +T a +T, 8 —o,0 T, 2

I,r%s t,r%u
The four terms containing @, and a, are disappearing and we are left with:

(n _1)Tltsa( _Tst,la1wlta)ruTrt,sau +a)sta)ruTt a _wlsa)tuTt,rrau

I,r=u

Taking into account twice successively the conformal Killing equations, we ob-

tain:

2
(n _1)Tlfsat _Tst,lat —i_ﬁa)lsa)ru tfrau - a)lsa)tuTt,rrau
= (n _1)Tltsa[ _Tst,la[ - a)lswrt ttlrau
that is exactly the terms we had to substract and there is thus no term linear in
a, in the Ricci tensor over the target, a quite difficult result indeed because no
concept of classical Riemannian geometry could be used.
We finally obtain from the definition of ® while taking inverse matrices:
O’ay (y) ' fj =@, (x) = 670" () 9,0/ =0’ (x)
= 070" (y)=a"(x) f*f]

and just need to set 7 =" 7; in order to get the last formula. O
REMARK 3.2.7: When A" =6/, we get
plk,ij =ai?(|k,j _ajllk,i -ﬂar,ilrk,,- +7([,—Zrk,i with l;(| = 95@ fju - gll; fiju . However, in

such a situation, we have:
o (f(x) £ = eza(x)“’u (x)
= o, (f(x))3,1*(x)9, ' (x) =Y (x) = &5 (x)

Using the Minkowski metric @ which is locally constant and thus flat, it fol-

lows from the Vessiot structure equations that @ must also be flat but we may
have f,# j,(f) eventhough f =j(f).As @ isconformally equivalent to
@ , then both metric have vanishing Weyl tensor and the integrability condition
for @ is thus to have a vanishing Ricci tensor, that is to say, prolonging once
the system j, ( f )_l (0)=w,weget j,(f ) (7)=7 and obtain:
y=0=7=05'0,a+0/0,a-w;0"0,a
(n-2)0,a+w;0"0,a+(n-2)0,a0,a—(n-2)w;0"0,a0,a=0

This is a very striking result showing out for the first time that there may be
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links between the non-linear Spencer sequence and classical conformal geometry
as the above result is just the variation of the classical Ricci tensor under a con-
formal change of the metric and the reason for which we introduced exponen-
tials for describing conformal factors.

THEOREM 3.2.8: We have the variation over the source:

oty = B{argjj +§r6rrj,i + z'j’rcfir +z’r'i§jr —Tj-r’i .
Proof: Using the general variational formulas one obtains:
5Z|l;,i = (8i§|;( - ‘flﬁ ) + érarlllj(,i + le;,rai‘fr + Zﬁlg;
+(Z:},i§lr _Zﬁ,i‘frk)"‘l:(,i%gljr _er,iéé _eruéglt _X:étj

where one must take into account that the third order jets of conformal vector

fields vanish, that is to say flfj =0. Contracting in kand / we get:
i = 0165 +6 0 Xgi + 250018 + Xari€) ~ XjiSar — Xin
Z|lj(,i = AirTE,r = 5Z|T,i = Air5rll;,r +T|'j<,r5pﬁr = Aoty =015, — 7, ON

N O, =085 +E 0,15, + 15,0 + 215,6] — 2l — 1y, (SO A + NOE - AE)

ot = Birar‘fssj +§rar71,i +(Tj,r§ir +Tr,i§;)+7;,i§ssr O

Using the fact that @ is locally constant and not varied (care), we have at

once:
Sr=a" (Birarfjj ) +&0,7+ 0" (T,-,rfir +7,,&5 ) —a'7i
PN (Birarfssj ) +&'0, T+, (a)iscfir + a)iscfjr ) - a)ijrjr,i o
— (Bifargssj ) +&0,1 +%a)rsfr,5§t —a'7) &
and thus:

COROLLARY 3.2.9: |57;, =B/, +£70,7;, +(7,, & +7,,&] )-7]:&

Combining this result with the three preceding Lemmas, we finally obtain:
COROLLARY 3.2.10: The action variation over the source is:

n ; 2 det(A)e"

5(vdet(A)) =0, (& cdet (A) + o' (x)Bdet(A)]) -

+“%2w“ (x)c det(A):

Proof According to Lemma 5.C.3, we have:
5(rdet(A))=(57)det(A)+rodet(A)
n-2

— "B det(A)0, & +ar(§rrdet(A))— rdet(A)&

-7 det(A) &5
n —

. 2 det(A)e"

=0, (g’rdet(A)+ o" (X) Birdet(A)éSi ) B

- 0"0, (B/det(A)) &5 — o7} det(A) &5
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and we just need to use Lemma 3.2.1. a
THEOREM 3.2.11: We have the following Euler-Lagrange equations when
n=4 only
& — Jgravitational potential
&' — 3 Poisson equation
&" — 3 Newton law

In particular 7], =0 4/, =0, =0<h, = —%6—% .

Proof For n arbitrary, we have:

rdet(A)=ne"?A (a)k' % L b.b, J
oy

2
2 —_—
=-n0"?A| 70" —6k © 122 2020 a_(?a_c?
ooy 2 oy oy

2
In the static case

Hence, for n=4 only, we have rdet(A)= —4A0 0"

kay| .
the gravity vector mustbe in first approximation
9" ~ 7k =w,0"b =-b <0=b, >0, Vk=12,3 (care to the minus sign

coming from the inversion of the elations). If we introduce the gravitational po-

. GM . . . .
tential ¢ =—— where ris the distance at the central attractive mass M and Gis
r

¢

the gravitational constant, then we have — <1 as a dimensionless number and
c

© =1 when there is no gravity. When there is static gravity, the conformal factor

©® must be therefore close to 1 with vanishing Laplacian and % <0. The only

¢ 4

— in order to correct the value ® =1-—
Cc C

coherent possibility is to set @ =1+

we found in ([7], p. 450) and we have already explained the confusion we made
on the physical meaning of source and target. Hence, gravity in vacuum only
depends on the conformal isotropy groupoid through the conformal factor but
this new approach is quite different from the ideas of G. Nordstrom, H. Weyl or
even Einstein-Fokker. Indeed, it has only to do with the nonlinear Spencer se-
quence and not at all with the nonlinear Janet sequence, contrary to all these
theories, as we just said, and the conformal factor ® is now well defined eve-
rywhere apart from the origin of coordinates where is the central attractive mass.
We have thus no longer any need to introduce the so-called Aorizon r=GM / c?

and gravitation only depends on the structure of the conformal group theory like
electromagnetism, with the only experimental need to fix the gravitational con-
stant. Such a “philosophy” has been first proposed by the Cosserat brothers in
([10] [13] [14]) for elasticity with the only experimental need to measure the
elastic constants and extended to electromagnetism in the last section with the
same comments. An additional dynamical term must be added for the Newton

law but this rather physical question will be studied in another paper as we al-
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ready said in the Introduction. O
. GM @ 4
With ¢=—— and thus = <1, we have thus been able to replace 1-—-

r c C

by 1+(;i2 , suppressing therefore the Aorizon r=GM / ¢’ when Gis the gravi-

tational constant and M the central mass, along the following scheme based on

the fact that inversion exchanges source with target.

|ATTRACTION <™, REPULSION]

With more details, the inversion rule for the second order jets is fijk =—fXf"f jsg:s
or, equivalently, g, =-0,9,9/f; . In the case of the conformal Lie groupoid, we
may set y=x, f*=076‘ and obtain therefore g}, =-@°f} for k=123
but such a procedure could not be even imagined in any classical framework
dealing with Lie groups of transformations.

REMARK 3.2.12: We shall find back the same Euler-Lagrange variational
equations by using the variation over the target. With dy = Adx by definition,
we have indeed for n arbitrary:

[zdet(A)dx = [n©"?| &* (y)% N2 (y)bb, |dy
oy 2
If we are only interested by the variation of the second order jets, we may equi-

valently vary the b, alone and get after integration by parts:

e 00 e 100
b —(n-2)6' 3)G)HW+(n_2)®( Do'b =0= b5
Now, with dx=dx" A---Adx" and dy=dy* A---Ady", we have:
§ 0  n(n-4) . 90 00
det(A)dx =—[| n@" e 04 (1).9© 90 |,
et (myx=f] 00 (1) 50 2D () 2026 oy

00 00
oo
If we only vary the section y=f(x) of XxY over X, we have dy=Adx,

— _J%(n(a(n—a)wkl (y)%j dy _J‘ n(nz_ 2) ®(n—4)wkl (y)

u

OA=A on and:
oy

@'det( f(x))=1=0=5(5,0) = 5[6—?jai X +6—Gﬂaikai X
oy oy oy
o 2]
oy oy" oy
It follows that the variation of the last integral is:

fn(n-2)0" o (y)| SHL0 -2 EC LT oy
oy oy' oyt 20y oy oy
After integration by parts, we get, up to a divergence:

0 - 00 00 1 00 00
_ A ®(n 4)[ rk __5k rs __]:| ug
n(n ).[ayk|: @ (y)ayr ayu 2 u @ (y)ayr ays n y
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When n=4, the direct computation becomes simpler because a part of the
integral disappears. We are left with rdet(A)=—4000 and we recognize the
well known Abraham tensor in the bracket, without any other assumption. Ac-
cordingly, we may finally say as in the previous section that the whole gravita-
tional scheme only depends on the structure of the conformal group.

REMARK 3.2.13: Proceeding as in GR, we may consider the variation:

ab 1 rs
5Jgkl (y)|:6y_:(+bkbl —Ea)kl (y)o"(y)bb, [dy=0

Varying only the second order jets b, , we get equivalently through an integra-

tion by parts:

ki
(29k| _a)kla)rsgrs)bl :%

If we set b( f (X)) = a(x) and G)(y) =e"Y | then ®? (y) =e®Y and we
have successively:

oy (y) F 1] = eza(x)“’u‘ (x)= e *Va, () ffj = (%)
= 0% (y)ay (y) £ f] = oy (x)
Inverting the matrices, we obtain equivalently:
0 (y)o" (¥)gi9! =o' (x) = 07 (y)a (y) =" (x) £ f]
and thus:
©”"det () =1=> ©"det( ) =1=> det(A) = det (0, *) /det( 1} )= ©"A

Hence, if we set g (y)= o2 (y)@" (), we finally obtain:

(n-2)0" ), =—(n-2)0" a—? = b, = —38—6:
e %
in a coherent way with the logarithmic derivatives:
ob 1006
B=0e =,
a0
1 00

<:>aia=—6yaifk =ho,f =a,0/0,f“=Aa < a=0

4. Conclusion

This paper is the achievement of a lifetime research work on the common con-
formal origin of electromagnetism and gravitation. Roughly speaking, the Cos-
serat brothers have only been dealing with the 3 translations and 3 rotations of
the group of rigid motions of space with 6 parameters ([10], p. 137) or with the
Poincaré group of space-time with 10 parameters ([10], p. 167) while Weyl has
only been dealing with the dilatation and the 4 elations of the conformal group
of space-time with now 4+6+1+4=15 parameters ([3]). Among the most
striking results obtained from this conformal extension obtained by adding the

elations, we successively notice:
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e We have revisited the mathematical foundations of Special Relativity without

appealing to any “Gedanken experiment’ using specific signals. As a bypro-
duct, the two sets of Maxwell equations are separately invariant by any dif-
feomorphism, but the conformal group is the biggest group of invariance of
the Minkowski constitutive law between field and induction in vacuum that
only depends on one constant. Contrary to classical Gauge Theory, the group
U(1) never appears.

The generating linear first order compatibility conditions (CC) for the Cos-
serat fields are exact/y described by the first order nonlinear second Spencer
operator ;. Accordingly, there is no conceptual difference between these li-
near CC and the first set d:A°T" — A’T" of Maxwell equations where d is
the exterior derivative. However, the classical CC of elasticity are described
by the linear second order Riemann operator existing in the linear Janet se-
quence but this different canonical linear differential sequence could not ex-
plain the existence of field-matter couplings like piezzoelectricity or photoe-
lasticity ([5] [36]). On the contrary, in the conformal approach, it is essential
to notice that the elastic and electromagnetic fields are both specific sections
of él ~T" ® Iiz killed by D,. They can thus be coupled in a natural way but
cannot be associated to the concept of curvature described by éz . This shift
by one step to the left, even in the nonlinear framework, can be considered as
the main novelty of this paper.

The linear Cosserat equations are exactly described by the (formal) adjoint
ad(D,) of the linear first Spencer operator D, :éo —>él which is a first
order operator ([13]). Accordingly, there is no conceptual difference between
these equations and the second set ad(d) of Maxwell equations where
d:T"— A*T". This result explains why the Cosserat equations are quite dif-
ferent from the Cauchy equations which are described by the formal adjoint
of the Killing operator in the Janet sequence used in classical elasticity, that is
Cauchy =ad (Killing) in the language of operators. It follows that the elastic
and electromagnetic inductions are both specific sections of

NT ®C, ~ A’T" ®R;, independently of any constitutive relation.
Combining the two previous comments, respectively related to “geometry”
and “physics” according to H. Poincaré ([16]), there is no conceptual differ-
ence between the elastic constitutive constants of elasticity and the magnetic
constant x or rather 1/u of electromagnetism in the case of homogene-
ous isotropic materials on one side (space) or between the mass per unit vo-
lume and the dielectric constant & on the other side (#me), a result con-
firmed by the speeds of the various elastic or electromagnetic existing waves
([4] [8] [29] [36]). In general, one has guc’ =n? where nis the index of re-
fraction but in vacuum we have ¢&,1,c* =1 and we have thus only one elec-
tromagnetic constant involved in the corresponding Minkowski constitutive

law of vacuum ([2]).

e We have pointed out the fact that, in the framework of Lie groupoids consi-
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dered by Spencer, all the fibered and vector bundles are constructed over the
“source” x and that the “target” yis just used as a kind of “hidden variable”.
Like in classical fluid dynamics, this has been the reason for calling x the Euler
variable and y the Lagrange variable, though using transformations y = f (x).

e As for gravitation and the possibility to exhibit a conformal factor defined
everywhere but at the origin, we may simply say that we needed 25 years in
order to correct the result we already obtained in 1994 at the end of ([7]).
Such a possibility highly depends on the new mathematical tools involved in
the construction of the Janet or Spencer linear/nonlinear differential sequences
for various groups, in particular for the conformal group of space-time. In-
deed, in this case only, the Spencer &-cohomology has very specific properties
for the dimension n=4 only (see [28] for a computer algebra checking by
our former PhD student A. Quadrat, INRIA).

This paper proves that, what was surely true for electromagnetism a few years
ago, must also become true for gravitation in the future. For the moment, in
General Relativity, the usual way is to shrink down the group of invariance of
the underlying metric as we have indeed 10 parameters for the Minkowski me-
tric, 4 parameters for the Schwarzschild metric and only 2 parameters for the
Kerr metric ([37]). On the contrary, following the Cosserat brothers and Weyl,
group theory and differential sequences must define the guiding lines by enlarg-
ing the Poincaré group of space-time (10 parameters) to the Weyl group of
space-time (11 parameters) by adding 1 dilatation and then to the conformal
group of space-time (15 parameters) by adding the 4 elations. We claim that the
most striking results of this paper are coming from the Fundamental Diagram I
(1978) and from the Fundamental Diagram II (1983) that only depends on these
elations. However, the Spencer operator and its J restriction have yet never been
used in mathematical physics, a fact explaining why we have not been able to

provide many other references.
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