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Abstract

We consider a five-dimensional Minkowski space with two time dimensions
characterized by distinct speeds of causality and three space dimensions. For-
mulas for relativistic coordinate and velocity transformations are derived, lead-
ing to a new expression for the speed limit. Extending the ideas of Einstein’s
Theory of Special Relativity, concepts of five-velocity and five-momenta are in-
troduced. We get a new formula for the rest energy of a massive object. Based
on a non-relativistic limit, a two-time dependent Schrédinger-like equation
for infinite square-well potential is developed and solved. The extra time di-
mension is compactified on a closed loop topology with a period matching
the Planck time. It generates interference of additional quantum states with
an ultra-small period of oscillation. Some cosmological implications of the
concept of four-dimensional versus five-dimensional masses are briefly dis-
cussed, too.

Keywords
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1. Introduction

The structure of space-time based on Einstein’s Theory of Special Relativity (TSR)
[1] and the associated four-dimensional concept of Minkowski’s space [2] are

familiar and well-understood. The underlying framework has one time dimen-
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sion and three space dimensions (Z.e., 1T + 3S space-time structure). Later, Eins-
tein’s Theory of General Relativity (TGR) introduced [3] the concept of curved
space-time and a new interpretation for the gravitational force—still within the
(1T + 3S) four-dimensional framework of space-time. In this paper, we will not
consider gravity; thus, curved space-time will remain beyond our discussion (Ze.,
we will consider only a “flat” space-time). One of the earliest attempts to intro-
duce extra dimensions (Ze., beyond the 1T + 3S four-dimensional space-time) in
physics was the Kaluza-Klein Theory (KKT) that considered a five-dimensional
(1T + 4S) space-time with an extra space dimension [4] [5]. But the time itself
remained one-dimensional.

The KKT would stand out for exploring two key ideas—1) the unifying idea of
the TGR with electro-magnetism and 2) the concept of dimensional compactifi-
cation (Ze., compactifying the extra space dimension by curling it up into an ul-
trasmall circular loop). The current highly active field of the String Theory (ST)
extended KKT ideas into many more dimensions to unify all fundamental forces,
including gravity (see [6] and references therein). In this paper, we will not dis-
cuss such theories. We will consider only one extra time dimension. Such a
five-dimensional space-time with two times has been considered in the literature
by several researchers from different perspectives embracing various conceptual
domains (for example, see Bars [7] and references therein; also [8] [9] [10] [11]
[12]). While considering extra time dimensions, some authors think such theo-
ries are a live conceptual possibility. If nothing else, they serve to stretch our
minds into domains of new physical possibilities (see Weinstein [13] [14]).

Our focus in this paper is to explore Lorentz-like space-time transformations
(see [15] and references therein) in a five-dimensional space-time with two time-
like and three space-like (Ze., 2T + 3S) coordinates and the associated kinematics.
Consequently, we present an intriguing conceptual framework for understand-
ing the impact of four-dimensional versus five-dimensional masses on physical
theories. There is no detailed work on a five-dimensional (2T + 3S) Lorentz-like
transformation in the literature. Our goal is to provide sufficient details so that
researchers, especially the fresh entrants in the field and graduate students, can
explore the formulations and compare them readily with the familiar four-di-
mensional Lorentz transformation results [16]. We derive the non-relativistic
version matching the Newtonian mechanics. Based on the non-relativistic form
and using the operator formulations of quantum mechanics, a two-time depen-
dent Schrodinger-like equation is proposed. Solving a new version of the famili-
ar infinite square-well potential and compactifying the extra time dimension on
a periodic topology, we get, in addition, secondary quantum levels. A similar
example was discussed by others [6] for an extra space-like dimension, and a
Kaluza-Klein type [5] compactification technique generated additional quantum
levels as well. We present an elaborate analysis and highlight the difference in
results in our case.

Section II presents conceptual arguments and explains the meaning of speed

of causality while considering extra time dimensions. In Section III, we consider
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a flat space-time with 2T + 3S dimensions and derive the formulas for coordi-
nate transformation between two inertial reference frames in the standard con-
figuration. Motion with uniform velocity is along the x-axis, and all other coor-
dinate axes are parallel for the rest and moving frames. We also obtain formulas
for velocity transformations. Expressions for five-velocity, five-momenta, and
energy-momentum relationship—all as an extension of the familiar four-dim-
ensional (Ze, 1T + 3S space) Lorentz transformation are derived in Section IV.
In Section V, we derive a non-relativistic approximation of the five-dimensional
kinematics and obtain a Schrodinger-like equation in 2T + 1S dimensions for the
time-dependent one-dimensional infinite square-well potential. Solutions and
analysis of the quantum mechanical formulations are presented in Section VI
Comments and discussions of some unique outcomes of this research are in Sec-

tion VII. Finally, Section VIII is dedicated to conclusions.

2. The Case for Two Time Dimensions with Different Speeds
of Causality

In 1T + 3S dimensions, the relativistic coordinate transformations, as we get
from Einstein’s TSR, have been obtained in the literature from a set of postulates
[16]. In some of these sets of postulates, the constancy of the speed of light was
not required (see [17] and references therein). However, in the end, they needed
a special speed V. Vis required to be 1) the maximum speed possible, 2) tied to a
particle whose rest mass is zero, and 3) needed to be the same in all inertial
frames. From empirical considerations, 1 eventually becomes the same as the
speed c of light (Ze, photons having zero rest mass). Speed of light ¢ enters the
Lorentz transformation formulas through a ratio and Lorentz factor (here, v is
the uniform speed of the inertial reference frame). As nothing can move faster
than ¢ it has implications for the cause-and-effect relationship in all modes of
interactions. Thus, ¢ in TSR is not just the speed of light; it can be termed the
speed of causality [18].

Velev [19] explores the formulations of coordinate and kinematic transforma-
tions in a detailed analysis of a flat space-time with extra time dimensions. How-
ever, Velev [19] used the same speed of causality ¢ for all time dimensions, in-
cluding the extra ones. This at least creates one calculational problem—we can-
not take the limit for ¢ assigned to the extra times to zero to get back the familiar
four-dimensional (i.e, those of Einstein’s TSR results) formulations. There is no
way to distinguish one ¢ from the other. At the current energy level of the un-
iverse, we do not see the extra time dimension in any experiment. Therefore, if
we think of any theory of extra time dimension, it has to be about the structure
of space-time at an early stage of the universe. In the present era, the extra time
dimension has to be compactified, as we do not see it now. Thus, we can con-
ceptualize each of the time dimensions due to different interactions mediated by
distinct massless particles moving with distinct speeds in the expanded space-
time. In such a conceptual environment, let us formulate the “modified” TSR for

space-time through the following “gedanken” scenarios. Let us denote the inte-
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ractions as interactions A and B.

First, we turn off interaction A and consider a space-time structure with 1T +
3S dimensions where interaction is carried by a massless particle moving with
speed ¢ which is the speed of causality. Therefore, the space-time transforma-
tions (think TSR) between inertial reference frames will be the Lorentz trans-
formations [16] with ) =v/c, . Then, we turn off interaction A and turn on in-
teraction B which will be mediated by a massless particle moving with speed ¢,
that will be the new speed of causality (it does not have to be equal to ¢, because
it has no knowledge of interaction A as we turned it off). Therefore, now the 1T
+ 3S dimensional space-time transformations between inertial reference frames
will be Lorentz transformations with /3, =v/c, . Finally, we turn on both inte-
ractions A and B carried by respective massless particles. Now, the plausible
space-time structure has to be 2T + 3S dimensional where time ¢, will be “influ-
enced” by the speed of causality ¢ and time ¢, will be “influenced” by the speed
of causality ¢,

The five-dimensional flat space-time will comprise two time dimensions each
having, in general, distinct speeds of causality and three space dimensions. This
is the conceptual foundation of the extra-time dimensional world being consi-
dered in this paper. In the standard model of elementary particles (see Salam [20]
p. 45-50 for a lucid explanation) there was a phase in the early universe when
electromagnetic and weak interactions were carried by massless photons and
W/Z bosons. However, the theory of electroweak unification is formulated in 1T
+ 3S dimensions, and at high energies the gauge symmetry was unbroken. Thus,
we cannot think of massless photons and massless weak bosons having different
velocities. Therefore, we will refrain from identifying ¢, and ¢, with the speeds of
massless photons and any other known interaction at all. They are just two dif-
ferent speeds of causality associated with time dimensions # and ¢, respectively.
To be more specific, we call them “speeds of causality in isolation” implying that
q is the speed of causality associated with an interaction mediated by a massless
particle in the absence of any other “similar” interaction. Likewise, ¢, is the
speed of causality associated with an interaction mediated by a massless particle
in the absence of any other “similar” interaction. When both are present then we
conceptualize an expanded space-time with two time dimensions in a Minkows-
ki-like formulation having two distinct speeds of causality plus a three-dimensional
space. We show in this paper that the resulting relativistic formulations involve
an effective speed of causality ¢, which is a combination of both ¢, and ¢,. It will
be shown that it would be possible to travel at speeds greater than ¢, or ¢, but
not greater than c,.

Velev [19] derived the space-time transformation formulations and consi-
dered associated kinematics in (2T + 3S) space-time assuming the same speed of
causality (Ze., the same numerical value) for both time dimensions. Consequently,
Velev [19] used five-dimensional variables ( ct,,ct,,x,y,z ) and invariant interval
ds® =c?df} +c*d; —dx® —dy” —dz” . He provided detailed results related to coor-
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dinate transformations, velocity, and energy-momentum transformations, etc.,
between two inertial frames of reference. It is a natural extension of the famil-
iar Lorentz transformation of four-dimensional Minkowski space exemplifying
Einstein’s TSR. He examined the causal structure of space-time showing that
particles moving in multidimensional time are as stable as particles moving in
one-dimensional time if certain conditions are met. Here in this paper, we con-
sider a more general scenario—a five-dimensional space-time (Ze., two time and
three space dimensions) but each time dimension has a unique speed of causality
not necessarily having the same numeral value. More specifically, we make a
more general assumption such that the speed of causality for time ¢ and ¢ are
different. Thus, the space-time variables in the (2T + 3S) space are (¢/t,c,t,,X, ¥,z ).
Therefore, we can derive Velev’s results [19] by taking ¢, = ¢, making our results
a more general one. We consider Minkowski-like flat space with metric signa-
tures (+, +, —, —, —) such that the invariant space-time interval ds is given by
ds’ =c’dt +c;de; —dx* —dy® —dz* . With these two different speeds of causality,
¢ and ¢, we emphasize that although ¢ and ¢ are both “time-like” variables, this
time (#) is not the same as that time (£). We denote the dimensions of ¢ and ¢,
by T'and trespectively and dimensions of x, y; and zby L. So, the dimensions of
¢ and ¢, are LT and Lr' respectively. Throughout the paper, we keep explicitly
the variables ¢ and ¢, in all expressions without assigning a value of unity (Ze,
will not use the natural system of units). This makes it possible to set ¢, = 0 to
obtain the four-dimensional results (Z.e., those of Einstein’s TSR) for the sake of

comparison and for checking consistencies as needed.

3. Space-Time Transformation in 2T + 3S Dimensions
(T Stands for Time and S Stands for Space)

We consider two times # and ¢ to represent the first and second times respec-
tively and the speeds of causality are ¢, and ¢, such that the five-dimensional
space-time interval is invariant under transformation between two inertial ref-
erence frames K and K’. To be explicit,

ds* =cldt] +cide; —dx® —dy® —dz®

(1)
ds™ = clde? + c3dry? - dv' —dy” —dz"

and ds* =ds". The unprimed (primed) coordinates are defined in K (K’). We
consider the standard configuration and the motion of K’ is along x coordinate
only such that at £, = 0 and £ = 0, the coordinate axes of K and K’ coincide. K’ is
moving with uniform velocities v and w defined with respect to times £ and ¢,
respectively. So, if x; is the coordinate of the origin of K’ at any time,

v=dyx,/ds,; w=dx,/dt, (2)

Let us assume that at times £ and ¢ a particle has space coordinates (x; y; z) in
K and (x; y; z) in K corresponding to times # and ¢,. Next, we define x; =
iqt, x, = igt, 3= % X, = y, x, = zand x/ =ict/, x,=icty, x;=x", x;=y",

[
Xs=2Z .
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To derive the transformations between K and K we follow Velev [19].
Schréder [16] also used this technique to derive the Lorentz transformations in a
more general case when the so-called Lorentz boost is in an arbitrary direction
(ie, not necessarily along x) with x; y; and z axes being parallel and coinciding
space-time origins. The complete coordinate transformation will be realized by
three successive rotations denoted by five-dimensional rotation matrices R, L,
and R'. First, R represents a proper rotation in the x,-x, plane through angle a
giving new axes X, and X, keeping the other three dimensions (x;, x,, x;) un-

changed. This transformation is described by the matrix R,

cosa sina 0 0 O

—sina cosa 0 O O
R=| 0 0 1 00 (3)
0 0 01 0
0 0 0 0 1
X,p =—X,sina +x, cosa . (4)

Setting x,, = 0 we get tana = x,/x; and so, x, = xjtana.
Also, rotation matrix R gives x;, = x,cosa + x,sina. Combining with the pre-
ceding equations, we get

Xz =X [cosa

Since the reference frames K and K’ are in standard configuration, at £ = 0
and t, = 0, the axes coincide. Then, to apply the boost along x; (e, uniform mo-
tion along x; = velocities vor w; as defined above) a proper rotation through an
angle ¢ in the plane x;,-x; keeping other three dimensions (x,; x,, X;) un-

changed is realized by the transformation matrix L

cosp 0 sing 0 O

0 1 0 00
L=|-sing 0 cos¢g 0 O (5)

0 0o 0 10

0 0 0 0 1

The origin of K’ as measured in K along the x; has a value, x; = v#, or x; = wt,.

Since x; = i t; and x, = i, we get, x; = if;x, and x, = if,x, where £ = ¢/vand

= qclw
These relations lead to tana = x,/x; = £/1. Then, sina = £f and cosa = £
where f= !

2, 2
A+
Operating L on x, - x; plane, we get new coordinate value,
X, =X, COS@ + x;sing (6)
Xy ==X, sing+x;cosg. (7)

Applying to the origin of K’ as observed on K’ (ie, setting x; =0), we get

tang = x; /x,, . As Xz = x,/cosa, x; = if;x, and x; = if;x;, we get tang=—if3,
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1
sing=-p¢, cos¢g=¢,and ¢ = .
J1-5
The complete transformation between K and K’ is obtained by A = R'LR

such that X'= AX. X is a column matrix with elements [x], /=1, 2, 3, 4, 5 and

X'is a column matrix with elements [x,.'] ,i=1,2,3,4,5.

cosae —-sina 0 O O

sind cosa 0 0 O
R'=| 0 0 100 (8)
0 0 010
0 0 0 01
_1+(cos¢—l)cosza (cos¢—l)sinacosa cosasing 0 0]
(cosg—1)sinacosar  1+(cosgp—1)sin’a  sinasing 0 0
A=R"LR= —cosasin ¢ —sina sin ¢ cosg 0 0[(9
0 0 0 1 0
I 0 0 0o 0 1]

Let us express all trigonometric functions in terms of £, £, fand ¢, and re-
store coordinate variables (#, &, x, y; z) in K and (4,#,,x",)’,z") in K. Then, we

obtain the final transformation matrix as

t A B C 0 0f¢
t D E F 0 0f¢
X|={G H I 0 0] «x (10)
y' 0 0 0 1 0fy
z' 0 0 0 0 1]¢=

S BRI B R =L

D=(¢-1) £ 2% E=1+Bf7(¢-1) F:—f—zﬂzg (11)
G=-¢ /B¢ H=-c,[,°¢ I=¢

Finally, the coordinate transformations in our five-dimensional Lorentz-like
transformation are,

t/ = At + Bt, + Cx

t, =Dt + Et, + Fx

x'=Gt, + Ht, + Ix

, (12)
y =y
Z'=z
Here, p=c, /¢,

That the above transformation is correct can be demonstrated by showing that

2 2,12 2,12 2

_ ”2 2 _ 22, 22 2 2 2 2
ST=qlT ot —XxT -y Tz =t e, - X -y —z7 =8

We used Maplesoft™ [21] to do the algebraic computation and the output

(not included here due to space constraints) is available from the author. It is
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worth deriving simplified expressions for the coordinate transformations for com-

paring with the familiar Lorentz transformation formulas in 1T + 3S dimension.
From Equation (2), we also have w= % = %ﬁ =v-k,where k= ﬁ . This
dr, dt dt, ds,
implies that ¢, =k-t,. If £ has a dimension of 7 and ¢ has a dimension of £
then k has a dimension of 7.£'. We will see how & would help us check dimen-
sional consistencies throughout the text of this paper. The expressions in Equa-
tion (12) simplify a lot if we use the relations, w=v-k and ¢ =k-t, and we

get,

c
: = ) t2 = =
v v w? Vv (13)
I-— 1= =55 Iz
c, c, k7c; c;
ct=cl+c; / K
=+ [k (14)
For real values in coordinate transformations, we should have v<¢, (or,
w<ke,) and thus the maximum possible speeds are c, and 4c, for vand wre-

spectively. So, it is possible to exceed velocity ¢ or ¢, but not ¢. We have ta-

chyons [22] only for v>c¢, (or, w>kc,). It is worth noting that,

xw 1 XV
h —ﬂZ—[h ——ZJ (15)
ke k c,
ot L .
So, we checked that k=—=—. Thus, kis invariant under the transforma-
t2 IZ

tion of Equation (13).

One can easily derive the length contraction and time dilation formulas.

(Azy), (Az,),

2 At
=1, 1= Atl:(—l)‘;; At, = - . (16)
C, - w v
c

& e e

2
C

e

Here, [,1,,Af,(At)) oA, and (A, )0 have familiar meanings requiring no
further explanations as the subject is discussed in detail in all textbooks of TSR
[16]. Compared to the familiar four-dimensional Lorentz transformations, the
only difference is that cis replaced by ¢, If we set ¢, =0 and ¢, =c, we get the
familiar Einstein’s TSR formulas.

Just as in traditional Lorentz transformation in the Minkowski space, it is in-
teresting to determine how the velocities transform from the reference frames K
to K. Since we have two different time-like dimensions denoted by variables ¢,
and ¢, there are two velocities for each space dimension x, y; and z We define
them as V,, V,, V,and W,, W, W, for velocities in reference frame K with re-
spect to ¢ and ¢, respectively. Similar quantities are defined by primed notations
for the reference frame K.

For reference frame K,
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X x_ 5 y:_s VVy:d_yaI/ZZEa VVZ:E (17)
T dr, dr, dr, dr, dr,

For reference frame K’

_dx !_dx.V!_dl W!_dyV!_dZ E

V,__n P - s PRSP VVz,z 18
Yody Y de T d T dg de/ dz; (18)
V.
Using a, _dpde V. 2 Y and recalling that ﬂ:k,we get
dy dxdy, W, W, f de,
14
e Ty
W,ow, W

So, W,=kV, andsoon. W=kl and W :|VI_/| :k|I7| =kV.

Similar relations exist for the primed velocities defined in K’ reference frame.
As is done in the standard text on TSR (for example, see [16]), we can take de-
rivatives on both sides of the simplified transformation equations (13) and de-

rive the velocity transformation equations easily.

Vv Womw o, VALY o
VI: o andWx :W:kVX; Vy=y73ndWy :kI/y
- c - K¢ - c (19)
V ’1_ 2 2
I/;:z—v/cEandVVz':kI/z,
-
c
We can solve for V,and W, and get,
Vi+ w!+
V== and W, = (20)
1+ Cz" szc;

We can confirm by substituting ¢, for V! (or kc, for W) that it is not
possible to exceed the maximum speed even by traveling in a moving reference

frame as in four-dimensional TSR.

+ ke, +
Vool e and W, > e (1)
’ ve, wke,
I+— I+—
c kc

Again, it can be checked that by setting ¢, = 0 and ¢,= ¢ we get the familiar

Einstein’s TSR formulas.

4. Proper Time, Five Velocity, Five Momentum, and
Relativistic Energy—Momentum Relationship

Define five space-time variables (in 2T + 3S dimensions)

X, =G, Xy =Cly, Xy =X, X, =Y, Xs =Z
And the metric g is (+1, +1, =1, =1, —1) such that the displacement §* = g;x'¥’ is
given by,

=l - - —xl=(ep) +(et,) X =y -2 (22)
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We can define two proper times dr, and dz, and other related variables (X

is a three-dimensional space vector with components x, y; 2).
ds* =cldt] +c3dt; —dx* —dy* —dz’
de? =ds?/c} =dety %5 de, = y7'dy,
dr; = 2/02_ Gyysde, =y,'dr,

y = Ly = 1 -v—d’?~v dx
1= s /2 T VN =5 V) =
) 1 ) 1 dtl dtz
S B
2

— 2 YN 2 V) c, df v,

Vi =V, YV, = (V5 =—, ==, p=-"=, —=k=-—=

1 | 1| p) |2| B 3 B sz P ¢ di, W

1) Five Velocity in 2T + 3S dimension
We can define two types of five velocities (« =1,2,3,4,5)
dx dx

(ul)a :d_:;(uz)a =—= (xl =Cly, Xy =Coly, X3 =X, Xy = Y, Xs :Z)
1

dr,

Explicitly, one type of quantities are,

|
(”1 ). =an; (”1 )2 =67 ;; U =ym
The other types of quantities are,
(”2)] =cky,; (”2)2 =Gy Uy =Y,V
It can be easily proved (for each type),
(), ()" = (1), + (1), = (10); = (1), = (1) =
(”2 )a (u2 )a = (”2 )12 + (”2 )2 _(”2 )j _(”2 )i _(”2 )i =c

2) Energy-Momentum Five Vectors

(23)

(29)

(25)

(26)

Just like two types of five-velocities, we have two types of energy-momentum

five vectors.

(p), =my(u,), (a=1,2,3,4,5) and m, is something like mass in five dimension.

More explicitly,

b= ()

( o)
(E] , can be defined as energy of type 1 corresponding to time component 1

_ _ 1.
=myCyy =———;
c

1

)
)

c E
=), =m S =L
E))

And the space components are
=myy,v,

It is obvious that ( )2 )a ( )2 )a =mc; or expanding the repeated Greek

2

P = myl,

index summation convention,

2 2
E E
[—( 1)1] +(—( 1)2J —méz?f:mgcf
G G

can be defined as energy of type 1 corresponding to time component 2 (27)
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And for the other type, we have,

(p,), =my(uy), (@=1,2,3,4,5) and m, is something like mass in five dimension.
More explicitly,
(EZ )1

( )1 =mycky, =c_;

1

(pz

(EZ)z
=m,\u =myC,y, = )
0( 2) 0m2 C, (28)

(Ez) can be defined as energy of type 2 corresponding to time component 2

(Ez) can be defined as energy of type 2 corresponding to time component 1

py),

Dy = Myilly =myy,v,

It is obvious that ( p,)"(p,), = myc; or expanding the repeated

Greek index summation convention,

2 2
E E
(( 2)1} +[( 2)2} _méﬁzzzmgcg
G &

In addition, we observe the following relations,

(E1)1 _ (El)z :L:l;pyl :72/(

(Ez )1 (Ez )2 nkop

Also using py, = v,k we can derive By, = 5,7,
dx  dx df
dr, didr,
We have another relation, pf, =k /.

Also, v, = =k andv2:|\72|:k|71|:kv

(29)
Using the above relations, it is easy to prove that the expression

2 2 2 2
E E E E

(—( I)IJ -i{—( 1)2] —miu] =mict and[—( Z)IJ +£—( 2)2] —mgit; =mc;
G 53 G )

are equivalent.

5. New Expression for Rest-Mass Energy and Derivation of
the Non-Relativistic Limit

From the previous section, we have (using various relations)

@ =myc,y, = myC, P, T (30)
g (B +B-BB)

(El )2 =m, 6_271 =my¢ Z 72 (31)
& k (B +8 - B)

Using various identities given above, we can simplify expressions in Equation

(33) and Equation (34) as we did in the case of coordinate and velocity trans-
formations and get,

1/2
(E), (E), B+ p, mye, (1+2¢,c, kel )
+ =myc, ] 5 RS = (32)
4 © (ﬂl +ﬁ2 _:BnBz) \/1 Y /C
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This is an interesting result of this paper (see Section VII). The rest energy of

the object is given by,

E E 12
(M+QJ =myc, (1+201(:2/kc§) (33)
cl c2 rest
However, in Einstein’s TSR in 1T + 3D dimensions we have,
E
[—j =mc or E,,, =mc’ (34)
c rest

where cis the speed of light and m is the four-dimensional mass.
When ke, ¢, or ¢,>ck,weget ¢, ~c or ¢, ~c; / k* respectively.

In addition, we have the approximation,
1+2qcz/kce2 —1 (for ke, >c¢, or ¢, >kc)

The factor kis introduced for the sake of dimensional matching.
We get two cases
Case 1: kc, > ¢, whichisequivalentto S, < f,

E E
( l)l +( 1)2 & My¢ 1 12 (35)
G ) (1 - / cl )
For p <1, we have the non-relativistic limit for a free particle,
E E 12
—( ) +( ). =myc, 1-1——V—‘2 (36)
¢ c, 2¢
Case 2: ¢, > kc, which is equivalent to S, < S,
E E
( 1)1 +( 1)2 &M, C 1 2 (37)
G ) (1 -] / c )
For f, <1, we have the non-relativistic limit for a free particle,
E E 1v2
( 1)1+—( 1)Z:mocl 1+—v—22 (38)
q c, 2¢

Similar expressions can be obtained using (£,) and (E, )2 . However, for

1
the sake of illustration, we focus on Case 1 and derive two time-dependent
Schrodinger-like equations (i e, the one-dimensional infinite square-well poten-
tial problem in 2T + 1S dimension). Eventually, the extra time dimension will be
compactified. We start with the non-relativistic limit Equation (36),

(El )1 (E1)2 v 1 Y

1 2 2 (p )2
A2 R e +—mye, = = mye, +—my = = —| mycl + (39)
0™1 01 2 0™1 0 0™1
G c, 2 G 2 ¢ ¢ o

Py is the non-relativistic linear momentum m,v, . The first term in the square
bracket is the rest-mass energy that we drop from now on and the second term is
the kinetic energy. Adding a potential energy term {x) we get,

(5), , (5, :l[m)z +V(x)} (40)

[ c, al| 2m,
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Next, by replacing the classical energy and momentum functions with corres-

ponding quantum operators we get the time-dependent Schrodinger-like equa-

tion.
0 0 0
E ) —»ih—,(E,), >ih—, p, > —ih— 41
( 1)| ! atl ( 1)2 ! atz p L O ( )
ihi‘l’(tl,tz,x)+ih WY (,,8,,x)
c,0t, c,0t,
noe 1 (42
=- — Y (t,,t,,x)+—V (x)¥(t,.1,,
2myc, OF° (t1:15,) o (x)¥(4.1,,x)
6. Solving the Infinite Square-Well Potential Problem in
2T + 1S Dimension with Compactification of the
Extra Time Dimension and Analysis of Results
We consider one-dimensional infinite square-well potential,
V(x)zO;OSxSa; V(x):oo;OZxZa (43)

Such an example is well discussed in the literature as a time-independent
Schrédinger equation in 1T + 2S dimension where the extra space dimension is
compactified as in Kaluza-Klein theory [4] [5] on a circle of radius R (for exam-
ple, see Zwiebach [6]). The energy eigenvalues are determined by two quantum

numbers gand /

n’ b : [ :
E,, :—H"—J “{Ej }qzlﬂ,--- and [ =0,1,2,--- (44)

2m|\ a

The term involving g defines the familiar quantum effect in an infinite square-
well problem, whereas the term involving /is due to the compactification of the
extra space dimension. We will not discuss this result further as it is available in
the literature [6]. We focus on our example with an extra time dimension that
will be compactified on a circle of period 7;. The solution will be obtained by

following the standard separation of variable techniques.
WY (1,0,x) =y (x) X (1.1,) (45)

The time-dependent equation becomes,

: {ihiX(q,tz)+ihiX(t1,t2)j|
G

X (1,1 ot ¢,0t
( | 2) 1 2 UL (46)

Ty e L ()
l//(x) 2myc, Ox° v e v

This implies that both sides will be equal to a constant — (this choice leads
G
to simple equations).
=2 X (1,,) 4 i~ X (1,6,) = £ X (1,1, (47)

¢of, ¢,0L, 1
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w0
- —y(x)+V(x)y(x)=Ey(x
L (0 (9 (1) v ()
We further apply the separation of variable technique to Equation (47).
Let X(1,t,)=T,(#)T,(t,) and derive two equations
10
ih——T,(t,)=—T,(t 49
ot 1(1) ¢ 1(1) (49)
=1, (1,) = 1, (1) (50)
c,0t, c,
where,
ﬂ + & = £ (51)
G &6 G
Solving the equations for T (tl) and T, (tz) we get,
—[%11 i%zz
T(h)=Ae "5 T,(t,)=Be (52)
A and B are arbitrary constants.
We assume that time ¢ is compactified in the sense that, 7,(1,)=1,(t, +T,)
and 7j is very small, say like Planck time. This gives,
(53)

7i%To i2pn
e =1=e"""; p=0,£1,12,-

2pnh
a)z — _p—
T,
For the sake of illustration, we take the positive values. Now, let us consider

the x-dimensional equation.
(54)

P2y )+ ¥ () ()= Ew (+)

- 2m, o
We introduce the variable,
2m,E
q= hg (55)

Then, the solution that satisfies boundary conditions at x = 0 and x = a is
well-known and available in any introductory quantum mechanics textbook (see
(56)

for example [23]),
W(x)zCSin(qx); q, =E, n=12,--
a

Energy levels are
hZ 271:2
E ==~ (57)
2mgya
. . o o E . .
Finally, using —+—==— (ie, Equation (51)) we get,
¢ G 1
o, E o Kn’nc® 2prh
_1:___2:n—2+ p (58)
q ¢ ¢ 2myac T,
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Or,

wl(”ap) wnin’ 2pnh
G 2mya’c, T02

=1,2,---and p=0,£1,£2,--- (59)

The complete solution is a linear combination of the products.

P (t.0,x)=2.C(n.p)w, (x)T, (4)Ty, ) (1) (60)

n,p

c (n, p) are arbitrary constants. For the sake of analysis and to highlight the
results, we consider a couple of cases as follows.

Case 1:

Let p=1 and n= 1, 2 and consider the linear combination of two terms only.

L), e Lo, o)

¥, =Csingx-4e " -Be " =C(Ll)singx-e " e ”

® (61
Similarly,

L), e()
¥,=C(L,2)sing,x-e " e 7 (62)

All constants are lumped into ({1, 1) and ({1, 2) and we assume them to be

real for the sake of simplicity. The sum of the two solutions gives,

_iwtl —imtl —i[UZ(l)tZ
Y=V +¥,=|C(L)singx-e " +C(L,2)sing,x-e " |e " (63)
Therefore,
[¥[* = C(1,1) sin® gx + C(1,2) sin® g,x
+20(L1)C (1,2)Sinq1x-sinqzx-cos(a)l(1,1)—601(1,2))%
(64)

=C(1,1) sin® g,x +C(1,2) sin® g, x

. . 3nm’
+2C(1,1 1,2)sing,x-sing,x-cos| — |t
(L1c(12) I 2 2myd’ I
This gives the time evolution with respect to time #. Dependence on ¢ did not
appear due to the particular choice of the quantum numbers.
Case 2:
However, let us consider another case where p=1,2,and n= 1.
The two quantum states under consideration are,
—iL(]'])tl —i%—(])tz
VY, =Dssingx-e " e 7" (65)
and

—) (z’l)r —imtz

¥, =D,singx-e " -e °* (66)

All constants are lumped into D, and D, and considering them to be real for

the sake of simplicity, the sum of the solutions gives,

Lot e, y

\P:‘P]+‘I—’2:sinql){D]e e " T4+De e (67)
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|#|* =sin® qlx{Dlz +D? +2D,D, cos[(a)l (L1)-o, (2,1))%1+ (,(1) -, (2))_}}

Therefore,

2
h
(68)

. t t
=sin® g.x{D? + D} +2D,D, cos| 27| 21+ 2
Tye, Ty

This result has dependence in both ¢ and . However, we invoke the relation

t, = kt, and define A=c, / (¢;k) which is a dimensionless quantity.

|‘{’|2 =sin? qlx{Dl2 +D; +2D,D, cos{Zn[;—;j t1}} (69)

0

So, the frequency fof oscillation is

AkT,
and the period Pis L. We as-
p 1+4

sumed that £, was compactified such that ¢, = £, + 7;. We remember that &7, has
the same dimension as ¢ and we can take its value to be equal to Planck time 7,
whose value is 5.39 x 10™* sec. Thus,
A
P/T, = ) (70)
We can plot P/T ', against A and see how it varies as A (see Figure 1). When
A=0 (ie, ¢, = 0), we get zero value for the period as it reduces to four-dimensional
spacetime (Ze., 1T + 3S) making compactification of the extra time dimension
redundant. The smallest time measured so far is about 2.5 x 107" seconds [24].
We need to point out that this analysis is based on a specific example that was
chosen to demonstrate the overlapping effect of the non-relativistic compactified
quantum states and on the compactification method. However, Figure 1 shows
that the period of oscillation P of the quantum interference resulting from com-
pactification of the extra time dimension is too small to be detected given the cur-
rent limit on the smallest time detected so far experimentally [24]. This is a new
result that has not been reported in any previous publications. A lot of references

P/Tp vs. A

0.7

0.6

0.5

0.4

/
_ Y
7

0.1

Period in units of Plack Time T,

A

Figure 1. Period of oscillation in units of Planck time vs. A.
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to the results of Equation (44) (i.e., consideration of extra space-like dimension
and related compactification) are available in the literature [6], but consideration
of effects of extra time dimension with distinct speed of causality is new in this
paper. Velev [19], who considered the relativity of the 2T + 3S dimension exten-

sively, did not consider compactification at all.

7. Comments and Discussion

We are considering relativistic transformations in 2T + 3S space with the square

of the interval is given by
ds* =cldt] +c;dt; —dx’ —dy* —dz’ (71)

dt
We defined _tl:k and & is considered a constant. It is the same as 1/¢&
2

used by Quiros [25]. The scale factor is invariant under coordinate transforma-

tions, 7.e., Under this transformation, the interval can be re-expressed as,
ds” =(c +c3 /) df —dv” —dy” —dz* = Jde} —dx® —dy? - dz’ (72)

where ¢’ =¢] +¢; / k* was defined earlier in Equation (14). This is the same
interval as in Einstein’s TSR with ¢ being replaced by ¢, Therefore, in analogy
with the familiar Lorentz transformation, formulas for coordinate, velocity, mo-
mentum, etc. are expected to be identical to those in TSR except c being replaced
by ¢, in our case. That’s why we got similar results in the previous sections. To
be more specific, all the expressions of relativistic transformation formulas re-
duce to the familiar Lorentz ones as ¢, — 0. We can call this a reduced or effec-
tive interval and the scale transformation can be called a static compactification
technique at the coordinate level. However, the energy-momentum four (or five)
vectors need some comment.

The reduced four momenta will satisfy, p, p“ = mzcj where m is like a
four-dimensional mass.

Therefore,
p/[ =(p0’ﬁ):(E/ce’ﬁ)

E=mcf]/e;;_7=m77e;7/e=1/,Il—v2/cj (73)

E
— | =mc,
C,

€ /rest

In our case, we obtained (see Equation (33)),

E E

(M N QJ = mye, (1+2¢¢, [ke? ) (74)
Cl CZ rest

If we assume that the right-hand sides of Equation (73) and Equation (74) are
equivalent quantities, then we get,

m _ <, _ I e /(ak) 142 (75)
m cl(1+2clcz/kce2)l/2 1+ 2¢, 24

1+ "
clk(1+czz/(clk)2) \/+1+/12
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where 4 =cz/(clk) which is a dimensionless quantity. When ¢, — 0, both
masses are four-dimensional and are equal.

We plotted the mass ratio against A and see the interesting behavior (Figure
2). In the range, 0<A<1 the ratio my/m is less than 1 and is greater than 1
beyond. Does it imply that even the rest mass of an object depends on the finer
details of the dimensional structure of space and time?

On the other hand, if we assume that the four-dimensional and five-dimensional
and (P,’)S are

rest

masses are the same, then the rest energies denoted by (P, )fm
different. Here the subscript ¢ is chosen to imply that P, stands for the “time
component” of the corresponding four or five momenta. From Equation (73)

and Equation (74) we get

-] -me 09

e

(}j)5 :((El)'+(El)2J :mocl(1+2c]cz/kc:)l/2 (77)
c

Then, we have (m = m,)

(B)jm ~ c, ~ I l-i-czz/(clk)2 _ 1+ A2 (78)

(Pt)fm cl(1+201c2/1a262)1/2 1+ 2¢, . \/1+ 2/12
clk(1+czz/(clk) ) 1+2

The plot of Equation (78) will be just as Figure 2 except that the vertical axis

(Pf )‘r‘est

will imply ——==~. If we think in terms of cosmological phenomena, how can

t Jrest

we explain the variation of the ratio of the five-dimensional mass to four-dimen-
4

(1)5 )rest
5

t Jrest

sional mass or with respect to A and compactification in the context of

Ratio my/m vs. A

18
4
16 ‘/

e

14 /

1.2

my/m

0.8

0.6

0.4

0.2

A

Figure 2. Ratio of five-dimensional mass to four-dimensional mass vs. 1.
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(rest mass) energy release or absorption spontaneously during the early evolu-
tion of the universe?

The static compactification at the coordinate level has a weakness as it will
prevent further expansion of physical theories into the dynamic space (ie., classic-
al and quantum field theory). The 2T + 61S dimensional square-well Schrédinger-
like equation is a good example. Because of the second time dimension in the
formulation of the wave equation, we could compactify the extra time dimension
on a circular topology and derive additional secondary quantum energy levels. If
the extra time variable is not available, we cannot develop field theoretical for-
mulations. Then, it will not be possible to couple with additional fifth time-com-
ponents or their corresponding derivatives (e.g., five-dimensional Klein-Gordon

field theory or equivalent Abelian gauge theories).

8. Conclusions and Future Research

In this paper, we considered the space-time structure with two time and three
space dimensions. Other researchers also investigated the possibility of two-time
physics from different considerations. Our conceptual framework for the scien-
tific considerations of this paper refers to the early stage of the universe when all
particles of the standard model were massless. We postulated that the present
era’s (ie., current energy scale) 1T + 3S dimensional special theory of relativity
(TSR) can be extended to a 2T + 3s dimensional TSR applicable to a scenario
where each time dimension was tied to a distinctly separate speed of causality ¢
and ¢, That scenario contrasts the present era one with one speed of causality ¢
the speed of light. In our conceptual framework speeds ¢ and ¢, are tied to some
fundamental interactions mediated by some massless particles that carry infor-
mation needed for implementing the “cause-and-effect” phenomenon.

In this context, it is worth pointing out that in a recent paper, Akhavan [26]
explored a new idea of the prior existence of microscopic Planck-scale black
holes having a mass of the order of Planck mass (m,) which collapsed creating
the electron and other charged leptons. In addition, he argued for the creation of
fundamental characteristics of the electron automatically “just by assuming the
black hole and quantum physics principles, along with an improvement for the
Newtonian gravitational field at Planck scales”. He specifically showed how a
black hole having a mass m,/2 could create an electron of mass 9.11 x 107 kg
along with its spin and charge etc. Although Akhavan [26] has presented some
details regarding the emergence of other charged leptons, more work is needed
to explain the right number of the particles in the families of the standard model
including neutrinos. If one considers the color charge of the gluon, there are
more than one gluon. In addition, Akhavan’s model [26] predicted a zero-spin
particle assigned to the Higgs boson. If masses of the elementary particles emerge
as residuals from the collapse of the Planck-scale black hole, it is unclear what
the role of the Higgs field is.

In this paper, we derived formulations for coordinate transformation, velocity
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transformation, and energy-momentum relations in the five-dimensional (Ze.,
2T + 3S) spacetime within the framework of the standard model. We found that
the maximum speed possible is ¢, =/c{ +¢; / k* (k is defined in the text)
which is greater than either ¢, or ¢, without violating the “new TSR”. The term c,
is the speed of any particle having non-zero energy but a zero rest-mass. The rest
energy of any particle is given by Equation (33). This can be compared with the
four-dimensional TSR expression Equation (34). Starting from the five-dimensional
energy-momentum relation, we derived the “non-relativistic” limit from which
the time-dependent Schrédinger-like equation (TDE) of the non-relativistic quan-
tum mechanics is derived for a 2T + 1S dimension.

There is a quantity called quantum potential originating from the wave func-
tion in the Bohmian version of quantum mechanics (see [27] and references
therein). It is known that energy is conjugated with time. We have not explored
here whether this extra time dimension assumed in this work can be attributed
to the presence of the quantum potential in the Bohmian quantum mechanics
and is left for future investigation.

Our consideration of an extra time dimension was conceptualized at the very
early stage of the creation of the universe. We anticipate this to be after the infla-
tionary expansion and during the “re-heating” phase when all the standard par-
ticles were created, albeit in a mass-less form. However, as in the current energy
range, we only see a 1T + 3S space-time configuration the four-dimensional STR
works well. Thus, the extra time dimension is expected to be compactified. In
the context of the Kaluza-Klein theory, compactification is done on an ultras-
mall circular topology (either spatial or temporal dimension). However, we have
not explored if space-time can be compactified (or expanded) in other, perhaps
more dynamic, ways [28]. For example, cosmologists mention “metric expansion”
to explain the inflationary phase by conceptualizing the existence of a scalar field
called inflaton [29]. But how that works mathematically or in theoretical formu-
lations is not known. The Discovery of the Higgs particle confirms theoretical
developments including symmetry-breaking in electroweak unification. But we
do not know how the Higgs field can play any role in compactifying the extra
time dimension. Conceptually, if inflaton can be responsible for metric expan-
sion during the inflationary phase, making the Higgs field responsible for com-
pactifying the extra time dimension may not be too far-fetched in imagination
[30].
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