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Description of an Initial State of Electron
before Absorbing Infinite Number of Pho- ~ 1N our investigation, we examine the initial state of an electron that is

tons. Journal of Modern Physics, 14,  represented as a massless point-like charge before it absorbs an infinite num-
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©_® The theory that particle mass is generated by Higgs mechanism is widely ac-
cepted. Especially after the discovery of the Higgs particle [1], the Higgs me-

chanism has been convinced as the true origin of bosons. Encouraged by this
discovery, many physicists have been trying to show that the Higgs mechanism
is also true for fermions, specifically by showing a mass hierarchy for quarks and
leptons [2]. However, some physicists are still not convinced that the Higgs me-
chanism is true for fermions, primarily because of lepton consideration. In this
regard, it becomes very important whether an electron charge is a point or
spreads out to finite volume because Weinberg shows that electron charge
spreads out to finite volume simultaneously when it gains mass by absorbing in-
finite number of photons by estimating its charged radius in his famous book of
Quantum Theory of Field I [3], for one instance. This point has become more
important after ACME collaboration reports that they could not find a dipole
moment inside electron [4]. Recently, this problem has attracted to scientists in
other fields beyond particle physics, especially electron Laser physics [5]. We al-
so investigated this problem considering an electron charge distribution as a

corresponding eigen-function of electron mass that plays as an eigenvalue sti-
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mulating by Weinberg’ description of electron in previous article [6]. The pur-
pose of this paper is to show that our method used in the previous article is rea-
sonable by showing that an initial state of electron is massless point particle as

described in Weinberg’s book [3] using same method in Ref. [6].

2. Formulation

We investigated an electron charge distribution function stimulated by Wein-
berg’s consideration [3] in the previous article [6]. Weinberg considered that an
electron is point-like charge before absorbing infinite number of photons and by
absorbing infinite photons it obtains mass and simultaneously its charge is
spread out finite volume. In our previous article, by introducing a charge matrix
and by considering the equation of motion, we obtained an electron charge dis-
tribution function in its final state as a corresponding eigen-function to electron
mass as an eigenvalue. In this paper, we investigate an initial state of electron
corresponding to Weinberg’s electron state before absorbing infinite photons.
To approach this problem, we use the same method as the previous article be-
cause the obtained result may show whether our charge distribution function in
Ref. [6] is actuary comparable to Weinberg’s description of electron or not. To
consider this problem, we assume that an electron charge before absorbing infi-
nite photons is a bare charge €, and that a vacuum permittivity is ¢, that is
different from normal vacuum permittivity ¢,. In fact normal vacuum permit-
tivity is considered under finite volume. However, to follow Weinberg’s consid-
eration, we must consider the vacuum permittivity at a, -0 case that is de-
fined under volume-less vacuum. To do this, we use the estimation method for
vacuum permittivity by Mainland et al [7]. According to Mainland et al, the

vacuum permittivity is estimated as

where L, : zitterbewegung length (refer to Ref. [7])

|E0| : electron field strength interacting with a single photon

<PVF > : expectation value of electric dipole moment

They use electron mass to estimate a zitterbewegung length L;,. However,
we are going to consider an initial state of electron case in which its mass is zero.
Thus, we estimate L;, from an eigen-function associated to an eigenvalue
Pja, (a,: electron charge radius) of an equation of motion describing in later

part of this section.

2
. . . L 2 r .
As shown in later, the obtained eigen-function is e :exp[——2 . Thus, it
EY

is allowable for us to setas L;, ~ @, . The electron field strength interacting with

a single photon |E0| can be expressed as

e
|Eo|:;ﬁz
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g, : electron bare charge

By denoting an eigen-function associated with an eigenvalue ( Ra,) as

#(r)(r=

) the expectation value of dipole moment <PVF> is estimated as

wy  Amf drr’g’(r)e,re(r
(pr) - e
4nIO drr?g (r)¢(r)

2

As mentioned before, ¢(r) is actuary exp[—ﬁ r—ZJ so that <pVF> becomes
a

2 e
prF\_ [£ %
SR N
. . 2 _ &% Ry
As shown in later, [ is expressed as f =27h—. Thus, the vacuum
& hc
permittivity at a, — 0 case is described as
3
_ leas 1
G2t~ (M
e 1
B =y
a’ 0
eZ eZ
Recalling - is related to — by renormalization, S is dimensionless so
5 S

that g is dimensionless. Equation (1) shows that a, dependence of the vacuum

permittivity € at a, -0 case. Equation (1) shows that € goes to infinity as
2

€
a, — 0. Therefore the quantity —> is meaningful.
S

In previous article [6], we introduced a charge matrix state as
P, (t.F)=(-€)(0|a, (t.F)aq, (,F)|charge state)

where A,7 are Dirac indices. This kind of charge matrix (only operator part) is
also used by Karnieli [5] as mentioned in Ref. [6]. For considering an initial state
of electron case, we use the same charge matrix state except using charge e,
(bare charge) instead of e.

To obtain the equation of motion for an initial state of electron case, we use

),

same argument as Ref. [6]. However, recalling that p(t,F)=e "™ p(r)(r=

we have to change the following two points.

First: Gauss® law becomes divE :@ vacuum permittivity is changed from

€
normal ¢, to g for which we described before.

Second: necessary condition of p,(r) becomes
47tJ.:dr r?p, (r)=—e, andtaking p,(r)=-e,5,(r)
4nj:drr2/30(r)=1 (2)

Decomposing p(t )
p(tF)=1p, (t,7)+ (i&-f)pl(t,r)+ﬂp2(t,r)+,8(i&-f)pB(t,F)
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as shown in Ref. [6], we obtain the equation for eigen value P, as follows.

Ropo = _hcaapl hcg 1+e_b,50 [ J.dr'r'zﬁo

3)
+ [ dr'rpy(r j dr'r'py (r }
op,
P,p, = hic apro (4)

2
€
These form of equations are obtained in Ref. [6] except that charge part —

2

€
is changed to —>. Recalling that we are considering an initial state of electron
%

and that its quantity we know is only charge quantity-e after being renormalized.
Thus we have to construct the equation of motion for eigen value of [Fyr] be-
cause dimension of € is [energy x length]. To do this, we multiply r for both

side of Equation (3). Then Equation (3) becomes as

P,rp, =—her aar —he2p, + [J' dr'r’? gy (r'
(5)
[ drrpy(r rf dr'r'p, (r ):|
— _hc opy

From Equation (4) p, is described as p, = , then we substitute this

0

p, into Equation (5). Then, taking new variable as T = and after using

r
8

some manipulation, we obtain the following equation for p,(F).

(Poaojzﬁz Py 207 & () - (o “ 4T 5, ()
he )0 art T & (ko)

j dr’r’,B0 }

Note that a charge distribution function must satisfy Equation (2), and for

1 _
:Fag' Thus, p,(TF)

(6)
+j:dr r'po (7'

Do (F) case, Equation (2) is described as J.:dTTZ,EU (T)
N SN e . .
can be expressed as p,(F)=—k(F) and k(F) is dimensionless some function
aO
of T.Thus, Equation (6) is consistent for dimensional argument.

Because T is dimensionless, we can use Tayler expansion for integral parts
as shown in Ref. [6]. Then, Equation (6) becomes

2 — — 2 2 2
0 pzo +Eapo +[P030J - _e_b (Poaoz)clﬁo_le_b (Poaoz)rzﬁozzo
ar r or AC & (hc) 2€ (hc)

)

where C,=a] I: dF'F'p, (T')

Note that because p,(T) is described as p,(F)=—

k(F) as mentioned
aU
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before, C, is dimensionless.
We can deal with Equation (7) as an equation for new eigenvalue V, =FRza,.
Since we cannot find exact solution of Equation (7), we set following condi-

tion similar to that as shown in Ref. [6].
3P =Py (T)+a5f (T) (8)

Using the Condition (8), Equation (7) becomes

2
v Y Y
: [i’] 5w |p-sR e,
hic € (hc) 2 €, (hc)

162 Vs _ _
:E}’—E’"Zr2 S (T)
& (1c)

Py, 200
or? or

2
+=
r

)

Equation (9) is an inhomogeneous second order differential equation. Thus,
to find this solution, we first solve homogeneous equation, then we use Wrons-
kian way to construct this solution as shown in Ref. [6]. As we mentioned in Ref.
[6], this way of construction of solution is well known and we cite Ince’s book
[8] as an example of reference.

Homogeneous part of Equation (9) is expressed as

o5, 20, (Vo) €& V. 12V, o,
,020 +:ﬁ+ = _Tb;aozq Py == a02 F°p, =0 (10)
ot ror \lne) & (he) 27 (ic)

Taking p,(F)= %W (T) and after some manipulation, we obtain the following

equation for W (F) .

2 V. V¥ a2 V 2y
()
or hc & (nc) 2 & (nc)
. . =2 . o 4 0 .
Changing variable as T° =2 and recalling that — =4z—+2—, Equation
or 01 674
(10) becomes as
2
(V%J & Va
2 hc & (he)’ 2y
oW LW, o (o) w18 Yo g (12)
oz 21 oz 4z 8¢ (nc)

1
Taking W (z)=z2 4VV(Z) and after some manipulation, we obtain the fol-

lowing equation for W (z) as

2
(R
— - 2
oW | 16 Ve 4\ & (ko)

oz’ 8% (;-,(;)2 z

3
+18 -0 (13)
YA

Changing variable as z = 7, Equation (13) becomes
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W =0 (14)

vV 2V, |’
Taking le_—b 2B L , this determines S as fB= e_l 2.
8¢ (nc) 4 & (hc)
Inserting this £ into Equation (14), we obtain the following equation.

1

V. ¥ e V 2y )2
oW | 1 4\e) & () “©(me) ) 16
-2

o7? 4 7 Z

W =0 (15)

) L
\Y 2V, 2V, 2
Denoting as x = 1 [i" - ?’ 20 >C, 2%’ 2 5 and recalling Equa-
41\ hc & (hc) & (hc)

tion (15) is a standard form of Whittaker’s differential equation [9]. We obtain

basis solutions of Equation (15) as
M, . (Z)and M, _, (Z)
We do not use W, ,(Z) and W, _,(Z) type solutions because we are seek-
ing eigen values corresponded to Equation (15).

el

Standard form of _iz term is expressed as — 4 , thus u value of the
z z

solution of Equation (15) is u= i% . Definition of M,_, (7) is

1 z
MW(f):f‘”ZeZF(;;—H%,Z;;H;T) [9] (16)

where F (0', 7 Z) is Kummer’s hyper geometric series defined as [9]

zo(oc+1)-(oc+n-1)7"

Floriz)=2

rd 7/(7+1)---(y+ n—l) n!

(17)

z
K

Thus, when 7 becomes sufficiently large, MK'# (7) behaves as €27°".

However, electron charge must be zero at r goes to oo so that its series have to be

terminated. This gives the following condition equation.

,u—K+n+%:O (18)

For electron, we take n = 0 as in Ref. [6]. Recalling that x denotes as
5 1
1 (V. 2\ 2\ 2
K== EL‘]J —Ei’ "’]{’ZC1 2?’ a"z and choosing ,u:l,thatis K=§,
41\ hc & (hc) & (hc) 4 4

DOI: 10.4236/jmp.2023.148070 1245 Journal of Modern Physics



https://doi.org/10.4236/jmp.2023.148070

T. Kurai

we obtain the determining equation of V, as

3 1 1
V. Y2 g2 VARV 2 2
AT S (A (P T (19)
nc € hcl he € hc
1
V. )2 o2 )2
Denoting X = —>| and &=|—2>-| , Equation (19) becomes
he Ehc
X3 -0, X -3J2£=0 (20)
Equation (20) shows that X has a definite positive solution and we know that
2 2
€
= is related to € after being renormalized. Then we can set the following
% %

condition as

2 2
€ €
2 -~ where { issome constant (21)

€ €

Note that this condition becomes meaningful only when a, approach 0.
2

Because electron charge is appeared as a quantity as in quantum

€,

electrodynamics (QED), we seek to find the corresponding eigenvalue as
v, =&

=ahc.
© Ane,

Then, substituting V, =ahc into Equation (19) and using condition Equa-
tion (21), we obtain the equation for ¢ as follows.
W2 JE- 1,
\/47'Ca 47TC1

Taking \/Z =5 , Equation (22) becomes

W2 - 1

F-———=0 (23)

=2
+
é/ \/47505 4TCC1
1( 18 1 3&}

Because ¢ must be positive, we obtain ¢ ==| |—+——
2| \4ra nC, 4na

First, we construct a corresponding eigen-function using Wroskian method.

(22)

However, we have to remind that this eigen-function is only formal one and be-
comes meaningful only after taking limitation of a, -0 because of our defini-
tion of vacuum permittivity e,.

To find a function f (), we use Equation (8) and this gives
N | -
po(r):z—ag(li./1+4a§f (M)

Because we are seeking a useful solution when a, goes to zero, we take
Po~ _ag f (F)

Substituting this form of p, into Equation (9), we obtain the following equ-

ation for f(F) as
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2 V 2 2 V
az 20 || 2 “% T ¢ =0 (24)
o rar \\ne) % (ne)
Taking f(F)= %f_( T),equation for f(T) isobtained as

r
2f ((V, Y e V _
%+ 2 —e_—b;‘“’zc1 f=0 (25)
or hc & (hc)

Usual solution of Equation (25) is sin(JT) where

hc (hc)

considering a solution under a, -0 condition so that we solve Equation (25)

V, ) eV,
o= || — ——b C, >0 under our required V value. However, we are

as follows. Changing variable as u :% and Equation (25) becomes
r

e f=0 (26)

Taking f_(u) = exp(—%) F(u), we obtain the following equation of F(u)

from Equation (26).

s =0 (27)

62F+(2 _jaF a’+5
u

au? \u? ou u
. . = OF .
Taking a¢=ivo and F :8_ , Equation (27) becomes
u
ﬁ+(%+gjﬁ=0 (28)
u u

Equation (28) is first order differential equation so that a solution of Equation

(28) is expressed as
— cu i 1
F = 0 du exp| — — (29)

Thus, a solution of Equation (26) is
f(u) exp[—l JI du’ —ex [IZ\/_J (30)

Because we are interested in the behavior of a particular solution when a,

approach 0, we check that the behavior of f_(u) when u approach 0 recalling

1 a
that U:::—O.
r r

To do this, changing variable as u=—i(z+i¢), integral part of Equation (30)

i e ool 2|
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When z goes to —ig, this obviously goes to 0 because its integrand is well

u

defined in the integral region. In addition, magnitude of exp(—iﬁj is less

and equal to 1. Thus, f(u) approaches 0 when a, goesto 0.

Recalling a solution of Equation (15) with =% is M;,(7)=

4'4

the other solution is M

sl

1
4

sufficiently large 7, M

31
4" 4

_ 72 -2 72
tions for ) are exp| —— | and T 2exp| —
po( ) p( 25 p 28
sufficiently large T case)

Then Wronskian is expressed as

Z4exp

&

(Z) and its series part is not terminated so that at

1
(7) becomes as 7 Zexp(%j. Then, basis solu-

j (this form represents for

T =
e? —%e 2
3 7
Wroskian = . 3 LSRRI (31)
5 1% 7= B 2
Fe2 _|272, . T° |2
2 25

A particular solution of Equation (9) without coefficient term

S(F) is writ-

ten as
o , s
=12 £ (=1 2 5 T° B 12 £ (w\ = 242 L
rf(r)e -2 rf(r)r 2e
s(r)=|[ dr 3() ~[F e | [ drF (3) —le¥ (32
ET' 2 _§r7 Er’i _§F"E
B 2 B 2

=

Considering that T’ is large to evaluate integral parts, Equation (32) be-

comes
~ 7 F«Z 5 FZ r«Z FZ
r - e - o a T e -
[drr2f (e * |7 2e? —| [ dF'Tf(T)e” [e (33)
. 1 . . .
Taking u=—, Equation (33) is rewritten as
r
9 11 5 11 11 11
u -—— iz | - 552 u = a2 | os 2
—IO du'u’ 2 (u')e 2ﬂuz}uze“’u2 —lZ—J'O du'u”*f (u’)e?’v* }e 2hu? (34)

Because that our concern is only how the particular solution behaves when u

goes to 0 (8, — 0 ), we consider the following two quantities as

9 11
u - Yy _
[ duu 2 (u)e uf (u)
2 0 (35)
u Ze 2fBu —EU —E

To obtain the result of Equation (35), we use Roll’s theory under the condition

u approaches 0. For the second term of Equation (34), using the same method
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we obtain this term also becomes zero under U — 0. This means that our par-
ticular solution goes to zero when a, goes to zero.
Denoting the particular solution T(F) as

2\
T(r)=2% 0 _a3s(r)
2% (hc)

A general solution of Equation (9) is formally written as follows.

SR ) P T’ 1 T’ 117
po(r)_g{T(rﬁ Aexp[—§J+ B?eXp(_ﬁjF[_E’E'ZﬂH (36)

where A and Bare arbitrary constants

1
The term of — comes from the condition Equation (2) as mentioned before.

Because A and B are arbitrary constants and recalling the fact that formal so-
lution of Equation (36) becomes meaningful only when a, approaches 0 as
mentioned before, we can choose A = 1 and B = 0. Then our solution of Equa-

tion (9) becomes

2o (F)=lim —{T (?)+exp{—%ﬂ (37)

2 (T) = lim —sexp(—ij (38)

To obtain above form, we use the property that the first term of Equation (37)

goes to zero when a, approaches 0 because %T (T)=constantS(T) and
8

S(F) goesto zero when a, goes to zero as shown before.

Recalling T = L , Equation (38) becomes
2l
Po(r)=lim iexp —iﬁ (39)
%003 2p 8

Recalling r? =x*+y” +2z° and the fact that usual definition of one dimen-

sional delta function is

5(x)= e!ﬂi@g%exp[—;—ij% (40)

we can express Equation (39) as follows.

Po(r)= ConStanté‘(\/;_ﬂJé‘[\/;,_ﬂjé{\/é_ﬂJ

= constants® [i FJ = constants® (F)

27

where &° (F) denotes three dimensional delta function

(41)
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1
To obtain the final form of Equation (41), we use the fact that &(yX)==5(x)
Y

2

Note that this eigen-function is corresponded to eigenvalue V, = under

TE,
choosing certain ¢ value determined by Equation (23).

To determine C,, recalling that meaningful eigen-function can be obtained
+2

T L r

when a, goes to 0, the characteristic eigen-function is only exp{—i] and we

also use this consideration to satisfy charge condition Equation (2). Then from

—2
Equation (2), we can represent p,(F) as p,(T)= ﬂi Z ! - exp(—;—ﬂj. Then
\| A 4nad

1 88

2 . However, we have to insist that these
T\ T«

we can determine C, as C, =

value is only formal one. We show these values because we need to show that
our argument is closed within our framework.
Thus, we can insist that an initial state of electron before absorbing infinite

number of photons is described as three dimensional delta-function.

3. Results

Introducing vacuum permittivity at a, -0 and bare charge, we construct a
second ordereigen value differential equation for V, =Ra,. Recalling this dif-

ferential equation is meaningful only when a, approaches 0, we obtain an
2

as three dimensional delta

eigen-function corresponded to eigenvalue
e
0

function. This is clearly corresponding to Weinberg’s initial state of electron that
is a massless point-like charge. This completes our claim that our methods to
find both electron charge distribution functions at an initial state (massless) and
at normal state (massive) by considering that these functions are corresponded
eigen-functions to eigenvalues the former for charge and the latter for mass, re-
spectively, are reasonable one so that the obtained results in Ref. [6] may reflect
Weinberg’s description of electron. As a final comment, we want to insist that
charge distribution functions for an initial state (massless) and for normal state
(massive) can be described as eigen-functions corresponding to each eigenvalue

the former for charge and the latter for mass, respectively.

4. Discussion
To obtain the final three dimensional delta function, we choose Gaussian func-

tion ( :l) for Equation (15). This is consistent to basic solution of a charge
H 1 q 8

1
distribution function in Ref. [6] because basic solution of ref. [6] is :exp(—aFZ)
§

type solution. This is corresponded to eigenvalue P, . In this paper, we search a

solution corresponded to eigenvalue PByr =P,a,I . Thus,
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POaOF%exp (—o-FZ ) =(PRya, )exp (—GFZ ) =V, exp (—O'FZ ) . This shows that

Gaussian type solution is consistent to that in Ref. [6]. This property is another
reason why we consider that the obtained results in Ref. [6] may reflect Wein-

berg’s description of electron.
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