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Abstract

The paper is devoted to the spherically symmetric problem of General Rela-
tivity. Existing solutions obtained by K. Schwarzschild and V. Fock are pre-
sented and discussed. A special geometry of the Riemannian space induced by
gravitation is proposed. According to this geometry the four-dimensional
Riemannian space is assumed to be Euclidean with respect to the space coor-
dinates and Riemannian with respect to the time coordinate. The solution of
the Einstein equations for the empty space with this geometry coincides with
the solution in Gullstand-Painlever coordinates. In application to the found
solution, the problem of the light trajectory deviation in the vicinity of Sun
and the problem of escape velocity are discussed.
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1. Introduction

To demonstrate the problems discussed in the paper, consider the traditional
formulation of the problem in General Relativity (GR). The basic equations of
the general relativity specify the Einstein tensor which has the following form:

p=pi -1

"R
2g

(1)

in which R’ are the components of the Ricci curvature tensor, R=g;R’ and

g, is the metric tensor specifying the line element
ds® = g dx'dx’ (i,j=1,2,3,4) )

in a four-dimensional Riemannian space. The Einstein tensor is associated with

the energy-momentum tensor as
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E7 = 4T 3)
where
x= 87tG/c4 (4)

is the relativity gravitational constant expressed in terms of the classical gravita-
tion constant G and the velocity of light c. We consider the original GR which is
a phenomenological theory based on the traditional model of space as a homo-
geneous isotropic continuum whose microstructure is ignored. Within the frame-

work of this model, the energy-momentum tensor has the following form:
T7 =o' — '/ (i,j = 1,2,3), T = ucv', T* = uc? (5)

Here, o is the stress tensor induced in the continuum by gravitation, V' is
the 4-velocity vector and u is the continuum density. The energy-momentum

tensor must satisfy four conservation equations, Ze.,
V,TF =0 (i=1,23,4) (6)

The Einstein tensor in Equation (1) has a special structure. As follows from

Equation (3), it satisfies Equations (6), i.e.,
V.Ef =0 (i=1,2,3,4) (7)

For the continuum which simulates an empty space (vacuum), we have ¢’ =0,
1£=0.Thus, T/ =0 and, in accordance with Equation (3),
E"=0 (8)
In four-dimensional empty Riemannian space, ten Equations (8) contain ten
unknown components of the metric tensor g,. As known [1], the set of Equa-
tions (8) is not complete—only six of these equations are mutually independent
because the left-side parts of them identically satisfy Equations (7). Traditional
approach is associated with four coordinate conditions [1] with which Equations
(8) should be supplemented to arrive at the solution. However, the general form
of these conditions is not known.
In the paper, this problem is demonstrated and discussed for the spherically
symmetric problem which reduces to ordinary differential equations that can be
solved analytically. The general form of the line element in Equation (2) in

spherical coordinates r,6,¢ is
ds* = g, dr’ + g,,dQ* — g,,c*dt*, dQ* =d@* +sin’ Od@’ 9)

For a static problem, the components of the metric tensor depend on the radi-
al coordinate only. Traditionally [1] [2] [3], Equation (9) is reduced to the fol-

lowing form:
ds® = g,,dr’ +r2dQ* — g, ,c’dt? (10)

in which g,, =7° corresponds to the Euclidean space. According to the tradi-
tional transformation, put g,, = /() and introduce a new coordinate

"= f(r). Omitting the prime, we get g,, =+’ and arrive at Equation (10).
However, the undertaken transformation is valid for the infinite space for which
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0<(r,r")<oo and the difference between r and r' is not significant. If we
have in space a spherical object with radius »= R, we cannot determine the
corresponding value of 7' and study the problem. We further consider the gra-
vitation field for the sphere with given radius and cannot use the transformation
resulting in Equation (10).

Consider the gravitation field in the outer empty space of the sphere with ra-
dius R (R<r <o). For the line element in Equation (9), the field equations,
Equations (1), become [4]

r 2 r ’
pol 1 l[g_] L 8B8u | _g an
&»n &u|4\&» 28,84

" ’ 2 ”n ’ 2 ! ! ! ’ ’
Ej:__l &_l(&j +@_l(@j L 8» [&_&j__g“g“ -0(12)

28| & 2\ 8u gn 2\ 8&x 22,\ &u & 28,84
4 ! 2 ’ ’
pol 1 g_l[g_]gg o 13)
g»n & &n 4\&»n 28,85

where ()' =d() / dr . As can be seen, Equations (13) and (11) allow us to express
g, and g, intermsof g,,.The general solution of these equations is [5]
;N2
C
& = (gn)—a 84 =C, (1"' ; J (14)
4(822 +C gzz) 8n

inwhich C, and C, are the integration constants. Substituting Equations (14)
in Equation (12), we can conclude that this equation is satisfied identically with
any function g, (r). It looks like this function can be arbitrary chosen and the
GR solution corresponding to the line element in Equation (9) is not unique. As
mentioned above, Equations (11)-(13) should be supplemented with an addi-
tional coordinate condition. Thus, the first problem discussed further is the
problem of the coordinate condition.

Consider the internal space (0 <7 < R) of a solid sphere. The second problem
is associated with conservation Equation (6). For the line element in Equation

(9), this equation reduces to

d—Tll+g—52(T]‘—T22)+g—54(T,l—n4)=o (15)
dr g, 284

For a static problem, we have 7' =0,,7, =0, ie, the mixed components of
the energy-momentum tensor coincide with the physical components of the
stress tensor in spherical coordinates. Then, Equation (15) is the equilibrium
equation analogous to the corresponding equation in the theory of elasticity [6].
In this theory, the equilibrium equation is supplemented with the compatibility
equation [6] and the set of two equations allows us to determine two stresses o,
and o, . However, the compatibility equation which states that the space inside
the stressed sphere is Euclidean does not exist in the Riemannian space. Thus,

the second problem discussed further occurs—GR does not provide the com-
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plete set of equations to determine the stresses induced in a solid continuum by
gravitation.

To solve the foregoing problems, a special geometry of the Riemannian space
is proposed in the paper. According to this geometry, the four-dimensional
Riemannian space is assumed to be Euclidean with respect to space coordinates

and Riemannian with respect to the time coordinate.

2. Spherically Symmetric Problem—EXxisting Solutions

Consider the solution corresponding to the Newton gravitation theory. For the
Euclidean space, we have g,, =1,g,, =7°,g,, =1 and Equations (11)-(13) are
satisfied identically. In terms of GR, the metric tensor corresponding to the

Newton gravitation theory has the following components [1]:

2 Te
gn=L g,=r", gy :1_7 (16)
Here,
2mG
r, = = (17)

is the so-called gravitation radius depending on the mass m of the spherical ob-

ject which induces gravitation. The equilibrium Equation (15) reduces to [6]

1__ _r _ o ' d()
T e U

7o, -2(6,-0,)-

Since the space is Euclidean with respect to coordinates r,0,¢, we can in-

troduce the radial displacement u, (r) and the strains

&, 217;’ ‘919 =L7r/7’ 1’7r zur/R (19)

Eliminating u, , we arrive at the compatibility equation
(re, )’ =g, (20)

Note that this equation is valid for any displacement and strains which means
that it can be used to solve linear and nonlinear problems. Assume that the
sphere is linear elastic. Then the strains can be expressed in terms of stresses
with the aid of Hooke’s law

g, =%(o;, -2vo,), & :%[(l—v)% ~vo, |

Substituting the strains in Equation (20), we get the compatibility equation in
terms of stresses. Adding this equation to Equation (18), we arrive at two equa-
tions for two stresses induced by gravitation.

To analyze the Newton solution, determine the escape velocity for the sphere
with radius R. Using Equation (17), we can present the radial motion equation of
the Newton theory as

ﬂ Gm czrg

== (21)
ds? P2 2r?
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Introduce a new variable u

dr d* du_d_uﬂ_du

=—, 5 =—= =—u (22)
dr dr dt drde dr
Then, Equation (21) becomes
% _ czr(g
dr 2
Integration yields
2 2 7
uw=c2+C (23)
r

For the Euclidean space, the coordinate velocity u coincides with the physical
velocity v. The minimum value of the escape velocity can be found from Equa-
tion (17) if we take v(r — 0)=0. Then,

V== (24)

As can be seen, v, =c for a spherical object with radius R=r, and the
sphere with such radius becomes invisible. This result was obtained in the end of
the 18" century by J. Michel and P. Laplace.

As known [3], there exist experiments which allow us to check the solution.
We use here one of these experiments, particularly, the experiment that deter-
mines the shift angle for the light ray deviation from the straight trajectory in the
vicinity of Sun. The experimental value is 1.75" [7], whereas the Newton theory
yields only one half of this result.

Consider the Schwarzschild solution of GR equations. Return to Equations
(14) and determine the integration constants C, and C, from the asymptotic
condition according to which the solution must reduce to the classical solution in
Equations (16) for » — 0. Assuming that g,, (r —©)—r?, we get C, = —Ty>
C, =1 and the solution in Equations (14) becomes

2 r
8 :L’ 8us :[1_;] (25)
4(g22 —T gzz) 45

As can be seen, to obtain the final solution we need to assign the function
25, (7). The problem was solved in 1916 by K. Schwarzschild under the condi-
tion g,, =r°. We discuss the modern form of this solution [4]. Originally, K.
Schwarzschild used a different condition which can be reduced to g,, =7° [8].
Putting g,, =7° in Equations (25), we arrive at the following metric coeffi-

cients for an empty space:

r
g = - =1—7g (26)

V—I"g

This solution is singular at r =7, . The sphere with radius 7, isreferred to as
the horizon of events of the Black Hole. This term is associated with the expres-

sion for the escape velocity corresponding to the Schwarzschild solution. The
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motion equation which generalizes Equation (21) has the following form [9]:

o n(w)_cof, -
dr* 22 (l—rg/r) dr 2r? r

The solution of this equation that specifies the coordinate escape velocity is

(9]
u, :i:c[l—r—g] 43
dr rj\r

Physical escape velocity can be found with the aid of Equations (26) as

/ r
v, =u, Su _ c\/; (28)
84 r

This result coincides with Equation (24) for the Newton theory and means

that the Black Hole becomes invisible if R =7, . Analysis of the shift angle for
the light beam in the vicinity of Sun yields the result that is in agreement with
the experimental value [3]. The Schwarzschild solution is characterized with an
interesting property. To demonstrate it, consider the dynamics problem for
which metric coefficients g,, and g, depend on the radial coordinate r and

time # Then, the static field equations, Equations (11)-(13), are generalized as

.. . 2 . .
(Ell) :Ell_i_L[@_[ E» J _ En8u }
D

8a| 8n 2gy 225,84

. . . 2 . 2 . . . . . .
(Ezz)D =E22+ 1 I:zgzz +2g11 _[Q] _(&J +g11g22 _818u _g22g44:|

484 | &» g 8n 8 8182 81184 8n8u
. 2 . .
EY) = E*+ 1 E» +2g11g22
4 ), 4
424, |\ &n 81182

(E14)D _ 21 [zgzz _ £18% _ g222g£2 _ €08 ]’ (E14)D _ _(E‘l‘)o S
g\ 82  8u8xn &n 8228 8

Here, E| are specified by Equations (11)-(13) and (I)=a(.)/at. For the

Schwarzschild solution, taking g,, =7°, we can conclude that g,, =g, =0

and (El1 )D =E, (E;1 )D =E,. Thus, the equations for g, and g, are the

same that for the static problem. Consequently, the static solution in Equations

(26) is valid for the dynamic problem as well. This result is known as the Birk-

hoff theorem [4] according to which the solution of a spherically symmetric
problem is static.

Consider the internal space of a solid sphere. The equilibrium Equation (15)

becomes
2 g,
’ 44
O-r __(O-g _o-r)+_

. 2., (0' - ,ucz) =0 (29)

r

This equation includes two stresses. Compatibility Equation (20) does not ex-

ist in the Riemannian space. Thus, the stresses cannot be found for the space
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with the metric coefficient g,, =#>. If the sphere consists of a perfect incom-
pressible fluid, o, =0, =—p, where pis the pressure, Equation (29) reduces to

p! + gé,l4
2g44

(p-i—,ucz):O

This equation, in principle, allows us to determine the pressure. We do not
proceed, because a perfect incompressible fluid is not a proper continuum model
in GR. In this model, perturbations propagate with infinitely high velocity, whe-
reas in GR the velocity cannot be higher than c.

There exist some other solutions of a spherically symmetric GR problem
based on various coordinate conditions [10] [11] [12] [13]. Particularly, consider
the application of the so-called harmonic coordinate condition [3] which has the

following form:

d g
E(gzz iJ = 2r\/g11g44

11

The solution of this equation in conjunction with Equations (25) is [10]

2
. :r+rg/2 = e ¢ :r—rg/2
11 4 22 2 ’ 44 I"-‘r]"g/z

As can be seen, this solution is singular at =7, / 2.

3. Spherically Symmetric Problem—Solution Based on a
Special Geometry of Space-Time

To introduce the special geometry, undertake the following virtual experiment.
Assume that we observe a solid sphere in space. According to GR, the gravita-
tion inside the sphere induces internal Riemannian geometry for which the ratio
of the sphere circumference to its diameter in not equal to 7z As known [14], a
three-dimensional object with Riemannian geometry can be embedded in a
six-dimensional Euclidean space. However, observing the sphere in a three-di-
mensional Euclidean space, we can measure the length of the sphere circumfe-
rence and the sphere diameter and conclude that the ratio of the measured pa-
rameters is equal to 7 just because we observe the sphere. The foregoing discus-
sion allows us to suppose that gravitation induces the special Riemannian space
such that the space is Euclidean with respect to space coordinates and is Rie-
mannian with respect to time.

In spherical coordinates, the line element can be presented in this case as
ds® = dr’ +r°dQ* +2g,,cdrdt +2g,,cd0dt — g,,c*dt? (30)

The Einstein equations, Equations (1), have a cumbersome form and are not
presented here (for example, the equation for £,, which is one of six equations
contains 35 terms). The coefficients of these equations include coordinate 6
which means that the metric form (30) does not correspond to a spherically
symmetric problem. So, we have two possible versions—to take g, =0 or

&,, =0. The first three field equations in case g, =0 are
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1 ’ r ’ g COSH ’
E,=- (4’”2g44+7”g2421+4g24g24)203 E, = 2 (2g24—rg24)
4dre 2resin @ (1)
cosd

14 (g44g;4 _g24g:14)n e= r2g44 +g224

" Desin 0

The rest equations are not presented here for the sake of brevity. The solution
of the second Equation (31) is g,, =Cr”. It does not satisfy the asymptotic
condition g,, (r — ) =0. Thus, the only one possible form of the line element

correspondingto g,, =0 is
ds® = dr’ +r°dQ* +2g,,cdrdt — g, c*dt? (32)
In this case, Equations (1) become (we use contravariant tensor components
to simplify the equations)
1

E" =ﬁ(g124g44_”g44g;‘4)=0 (33)
rg
E* = _T(4g14g!14 _4g4’14g124 ~2848u —2rg2g"{4
4r'g
+27814844814 — 27848 +”g4’142t) (34)
=0

E14_E41_g14 2 o' V=0

= = (g14 ”g44)_ (35)
rg

E¥ :_Ifzz (2rg1'4+g14):0, g:g44+g124 (36)

For the space with the line element in Equation (32), tensor F satisfies two
conservation equations that follow from Equation (7). These equations take the

simplest form if we use mixed tensor components, i.e.,

dEI ' ’
—1+£(E11 ~E})+ 84 (g - g )+ BuSu s g (37)
dr r 2g 2g

84 (E: _E11)+g44E14 =0 (38)

Thus, only two of Equations (33)-(36) are mutually independent. Consider
Equations (35) and (36) which yield

g124—rgi4 =0, 2rg/,+g,=0 (39)

These equations include two unknown functions and the problem of additional

coordinate conditions does not occur. The general solution of Equations (39) is

C C?
814 :Til” 84 :_TI+C2

Integration constants C, and C, can be found from the asymptotic condi-

tion according to which the obtained solution must reduce to equations (16) for

r —oo. Theresultis C, =,/r,,C, =1 and the final solution becomes
r r
84 = i, 84 =1-= (40)
r r
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Substituting this solution in Equations (33) and (34), we can prove that they
are satisfied identically. Thus, the Einstein equations and the asymptotic condi-

tions are satisfied. The constructed space has the following line element:

ds* = dr* +r2dQ* + 2¢ r/rdrdt c [ Jdt (41)
r

The line element in Equation (41) corresponds to the so-called Gullstand-
Painlever coordinates and was found in 1921-22 [15] [16] [17] [18] as a result of
the coordinate transformation of the line element in Equation (10) correspond-
ing to the Schwarzschild solution (26). Here, Equation (41) is not associated with
the Schwarzschild Riemannian space. It corresponds to the special space intro-
duced above which consists in the general case of a three-dimensional Euclidean
space and the non-Newtonian coordinate which appears only in time. The total

space is Riemannian—the non-zero components of the curvature tensor are

v
— g — —
R1212 - r’ R|3|3 Sm 9 R1224 - \, 1334 - \l_sm 0

2
r, .2
Ry ===, Ry =17, 5in *0, Ry, = ?(r—rg), Ry = (r 7, )sm 0

272

To analyze the obtained solution, determine the escape velocity. The motion

equation analogous to Equation (27) is

d’r Cz’”g Ty Y| 1 7, 302rg 1(drY |dr
Pl 1————2 =S o oy
dr 2r rooc\ dt c\r| 2r 2r\ dt dt

Introducing a new variable u(r) in accordance with Equations (22), we get

3r 3r 2 r r
ud—u——“(’;u2 +u_2 u=-——=+1-=
dr 2r 2r r o c 2r r

Using the following transformation

We can reduce this equation to

2
cr 7 3cr, |r 3r 1 |7
O3 I N B 20 S et SO S S
Y 2r2( r]y 27 ry 2r2y 2er \ r

This is the Abel equation whose solution which satisfies the condition

u(r—)oo)zO is [19]
TR R Ul Vs
u_dt_y(r) ¢ roltrr (42)

To determine the physical escape velocity, we need to transform the matrix of

the metric coefficients to the diagonal form. To specify the line element of the

space-time radial trajectory, take dd=dgp =0 in Equation (32) to get

ds? =dr’ +2g,,cdrdt — g,,c*dt?
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Using identical transformations, we have
ds? = [ g”]dr —g [c—g” d’"J dz
e 44
84 g4y dt
Substitution of Equations (40) and (42) yields

ds; = gf,dr’ —gg,c’dr’, gf) :L’ 8w = r(r_rgz)
r=rg (r+rg)

As can be seen, the expression for g/, corresponds to the Schwarzschild so-

lution in Equations (26). Finally, we arrive at the following equation for the es-

,gu _ \/g
g44

This result coincides with Equation (28) for the Schwarzschild solution and

cape velocity:

means that the spherical object with radius R becomes invisible if R =7, . How-
ever, there is a principal difference between the obtained and the Schwarzschild
solutions—the metric coefficients in Equations (40) are not singular and 7, is
not the radius of the horizon of events.

To determine the angle for the light beam deviation in the vicinity of Sun for
the space with the line element in Equation (41), we follow the procedure used
for the Schwarzschild solution [3]. Consider the light beam trajectory in the
equatorial plane (@ =1/2) of the sphere with radius R. The deviation angle can
be found as [3]

A¢:2[¢(R)—(D(r—>oo)]—n (43)

Take @ =m/2 in Equation (41) and apply identical transformations to present

it in the following form:
ds* =a(r)dr’ +r*de’ - B(r)dz’ (44)

where

— B ()—1— Cdream L, (45)

a(r)zl—i_r(l—rg/r)’ l-r,/r

Geodesic line is specified by the following equations:

2 , 2 2 , 2
d_1;+i ﬂ _L d_¢ +£ ﬂ =0 (46)
dp® 2al\dp al dp 2a\ dp
2
Lo, 2dndp_,, (47)
dp~ rdpdp
ﬁ drdz _ (48)
dp ﬁ pdp

Here pis some parameter that is counted along the trajectory and can be arbi-
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trary chosen. The solution of Equation (48) is
dr

P~
\p

We can take the parameter psuch that C, =1 and get

de 1 )
g p
The first integral of Equation (47) is
dop _ G (50)
dp 2

Consider Equation (46). Using Equations (49) and (50), we can reduce it to
2 ! 2 2 2

L _L(ij Lo

dp~ 2al\dp a\ r 2af
Integration yields

2 2
a ar +[&J —i:Q (51)
dp r B

We can prove that C; =0. Indeed, transform Equation (44) with the aid of
Equations (49)-(51) as

2 = 22 72 d_(oz_ 22 2
@ { [dpj ’ (dpj ﬁ(dpJ }dp
c C. O\ 1)
= C, - =2 — 2| - = dp? = C.dp?
l:3 (rj+ﬂ+ (1’2) ﬂ(ﬂj:|l7 3ap

However, for the light beam ds’ =0, so C, =0. Using Equation (50) to

change dp to d¢ in Equation (51), we arrive at

2
L =0 (52)
r'\{de r° pC,;

Now, take into account that the light beam trajectory has a symmetric confi-
guration and passes the sphere in the vicinity of its surface »=R. Then, at
r=R we have dp/dr=0. This condition allows us to find C; :R/[)’(R)

from Equation (52) and to present the result in the following form:

AR
Rzﬂ(r)

Finally, the corresponding term in Equation (43) becomes

Tdr o
oot I
R*B(r)
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As for the Schwarzschild solution [3], this integral can be reduced to elliptic
integrals. However, integration can be considerably simplified if we take into
account that the ratio 7, =7, / R is small in comparison with unity. Particularly
for Sun, 7, =4.3x10™° and we can linearize the functions «(r) and A(r) in
Equations (45) with respect to the ratio 7, /r . Neglecting relatively small terms,

we finally get

T dr 7, r,r
(0(}")—(0(}" —)OO) = .[—2|:1+2—';+m:|

T, 2 -
:sin1(£j+—g 2—4/1—R—2— [r=R
r 2R r r+R

Then, Equation (43) yields Ag = 27, . For Sun, the numerical result is

Ap =1.75" which is in agreement with the experiment.

Now, assume that the metric coefficients g,, and g, in Equation (32) de-
pend on the radial coordinate and time. The field equations that generalize Equ-
ations (33)-(36) are

1 . .
EE =E" +rg_2(g14g44_2g44g14):0 (53)

1 . . s
E,Z)2 =E% +T(g14g44 —284u8 _ng124g14
2r'g

+2rgl4g1'4g14—2rg44g1'4+rg'14g44) (54)
=0
E)=E)=E"=E"=0, E}} =E* =0 (55)

Here, E’ are specified by Equations (33)-(36). As can be seen, equations
(55) coincide with Equations (35) and (36) whose solution in Equations (40)
does not depend on time. Thus, the spherically symmetric problem for the space
with the line element in Equation (41) has only a static solution. This result is
analogous to the Birkhoff theorem in the Schwarzschild solution (Section 2).

Consider the internal space (0 <r < R) of a solid sphere. Since the space with
the line element in Equation (41) is Euclidean in coordinates r,8,¢, the com-
patibility Equation (20) of the Newton theory is valid and, being added to the

conservation equations, allows us to determine the stresses.

4. Conclusion

The special geometry of the four-dimensional Riemannian space induced by
gravitation is proposed. This geometry is Euclidean with respect to the space coor-
dinates and is Riemannian with respect to the time coordinate. Field equations for a
spherically symmetric problem yield the solution known as Gullstrand-Painleve
solution which, in contrast to the classical Schwarzschild solution, is not singu-
lar. The obtained solution allows us to suppose the existence of invisible spheri-

cal objects with finite level of gravitation.
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