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Abstract 
This study investigates the diffusive motion of a Brownian particle in a 1D 
periodic potential. The reactive flux theory for finite barriers and memory 
friction is developed to calculate the escape rate in the spatial diffusion re-
gime. The diffusion coefficient is obtained in terms of the jump-model. The 
theoretical results agree well with the Langevin simulation results. The me-
thod can be generalized to other colored noises with Gaussian distribution. 
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1. Introduction 

The Kramers rate [1] theory and its successive development for all damping, the 
original Melnikov and Meshkov (MM) theory for white noise [2], and Pollak, 
Grabert and Hanggi (PGH) theory for general noise [3], are correct for high po-
tential barriers. Nevertheless, the finite or the lower barrier is universal in prac-
tical stochastic processes. Two main approaches are employed for finite barrier 
correction. One is based on the generalized Langevin equation equivalent to 
Hamiltonian formulism, and the other is based on the Fokker-Planck equation. 
The perspective of the former is the finite barrier correction in the framework of 
PGH theory and improved PGH theory [4]. The improved PGH theory with fi-
nite barrier correction for Ohmic friction is quite accurate over the whole fric-
tion range up to the reduced barrier height 4. However, high accuracy agreement 
between theoretical and numerical exact results in the spatial diffusion regime 
cannot be expected, especially when the reduced barriers are low, because the 
perturbation parameter in the theory is no longer small. Within the framework 
of the Fokker-Planck processes in the spatial diffusion regime, a perturbation 
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theory was developed to calculate the finite barrier escape rate by means of the 
flux over population expression, the Rayleigh quotient, and the mean first pas-
sage time to the stochastic separatrix [5]. Although a simple analytical perturba-
tion solution can be obtained for a polynomial potential, obtaining a simple 
analytical solution for a nonpolynomial potential is difficult. The two approach-
es mentioned above have some limitations. The equivalent Hamiltonian ap-
proach is a perturbation theory for weak damping and extrapolation to spatial 
diffusion regime is questionable. In addition, obtaining a simple analytical ex-
pression from the finite barrier correction to the PGH theory is difficult. The 
Fokker-Planck equation approach relies on the existence of a Fokker-Planck eq-
uation. However, this situation is not always the case for a generalized Langevin 
equation with general noise and an arbitrary potential. This approach is also 
based on perturbation expansion, which is not suitable for low barriers. 

To develop a simple, accurate and widely applicable approach to incorporate 
the finite barrier correction in analytical calculation of the escape rate, the reac-
tive flux theory for finite barriers is proposed in [6]. The theoretical results 
match well with the simulation results until lower barriers for a Brownian par-
ticle moving in a cubic metastable potential and subjected to a Gaussian white 
noise. 

The Brownian motion in a periodic potential can model many physical and 
chemical situations, such as the motion of ions in superionic conductors [7], the 
Josephson supercurrent in tunneling junctions [8] [9], the mass transport in 
solids [10] [11], and the diffusion on surfaces [12]. Several analytical results with 
finite barrier correction were given in the spatial diffusion regime for the diffu-
sion of a Brownian particle in a periodic potential. The escape rate for an inter-
nal Ornstein-Uhlenbeck noise has been investigated within the frameworks of 
Grote-Hynes [13] theory with high potential barriers and PGH theory [14] [15] 
for not too large damping and correlation time. In the present work, we extend 
our finite barrier correction scheme [6] to an internal Ornstein-Uhlenbeck noise 
to calculate analytically the diffusion coefficient in the spatial diffusion regime 
with finite barrier correction. 

2. Reactive Flux Theory for Finite Barriers and Memory  
Friction 

We consider a Brownian particle with unit mass diffusing in a 1D periodic po-
tential under the influence of an internal Ornstein-Uhlenbeck noise. The particle 
is in contact with a heat bath at temperature T, which provides fluctuation and 
dissipation. The dynamics of the process is governed by the following genera-
lized Langevin equation:  

( ) ( ) ( ) ( )
0
d .

t
x t t t x t V x tγ ε′ ′ ′ ′+ − = − +∫               (1) 

where ( )tε  is the Ornstein-Uhlenbeck noise, which is associated with the mem-
ory kernel function ( )tγ  by the fluctuation-dissipation theorem: 
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( ) ( ) ( ) ,Bt t k T t tε ε γ′ ′= −                    (2) 

where Bk  is the Boltzmann constant, ( )tγ  is the memory kernel function, 
given by  

( ) ( )exp ,t tγγ τ
τ

= −                       (3) 

where τ  is the correlation time of the noise, and γ  is regarded as the effec-
tive friction coefficient due to ( )

0
dt tγ γ

∞
= ∫ . In Equation (1), ( )V x  is the 1D 

periodic potential, given by  

( ) 0 cos .V x V x=                         (4) 

What we want to investigate is the diffusion coefficient in the spatial diffusion 
regime, which can be attributed to the calculation of escape rate, because single 
jump is dominate in the spatial diffusion regime. 

In the traditional reactive flux formulation, an initial equilibrium distribution 
is assumed for the trajectories of particles starting at the top of the barrier. The 
equilibrium state assumption at the top of the barrier is reasonable for higher 
potential barriers because the current is small. It is no longer a good approxima-
tion for lower potential barriers where the current is not small enough. For finite 
barriers, we remove the starting point of the trajectories to somewhere 0x x=  
in the potential well where the probability distribution can be regarded as an 
equilibrium one, and replace the potential barrier from 0x  to bx  (top of the 
barrier) with an equivalent parabolic barrier in the spatial diffusion regime. 0x  
is given by ( )0 b BV x V k T= − , where 02bV V=  is the potential barrier height, 
and Bk T  is the average energy fluctuation of a quasi-equilibrium distribution. 
The equivalent potential ( )eV x  is given by  

( ) 2 21 .
2e b bV x V m xω= −                       (5) 

The equivalent potential barrier frequency bω  can be determined by the po-
tential approach scheme in the barrier region, that is by minimization of the fol-
lowing average  

( ) ( ) ( )1

0

2
d ,

x
e ex

I x V x V x P x= −  ∫                   (6) 

where ( )eP x  is the Boltzmann distribution normalized in barrier region, in 
which the potential ( )eV x  is used. 0 1,x x  are two intersection points of the 
straight line b BV V k T= −  with the original potential. Similar to the derivation 
of the escape rate in original reactive flux theory, the expression of the escape 
rate for Gaussian white noise can be worked out [6]:  

2 2 4 2 exp .bB
b

b B

Vk Tk
nQ k T

ω γ γ
ω

  = + − −     
             (7) 

The population n in the expression can be approximated by  

( )0
2
0

0
1 d d exp exp ,

2
x

B B

V x v
n x v

Q k T mk T
∞

−∞ −∞

   
= − −   

   
∫ ∫            (8) 

where Q is the partition function for the particles in the potential well. 
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When the theory is extended to an internal Ornstein-Uhlenbeck noise, a dif-
ficulty is encountered: the second order moments appearing in the probability 
density in barrier region is a oscillation function and the limits as time t tend to 
infinite do not exist, that is, the steady-state probability density does not exist. 
The steady-state probability density only exists for a small parameter region be-
low the dashed line in Figure 1. 

By using the method of characteristic function, the Fokker-Planck equation 
for transition probability density ( ), ,P x v t  in the barrier region is given as fol-
lows [16]:  

( ) ( ) ( ) ( )
2 2

2
2

( ) ,b b b b
P P P vP P Pv t x t t t
t x v v x v v

ω γ ψ φ∂ ∂ ∂ ∂ ∂ ∂
= − − + + +

∂ ∂ ∂ ∂ ∂ ∂ ∂
      (9) 

where the subscript b signifies the dynamical quantities defined at the barrier 
top. The expressions of these quantities can be found in [16]. ( )b tω  and ( )b tγ  
in the above equation can be called the renormalized (by the noise) potential 
barrier frequency and friction coefficient, and the original potential barrier fre-
quency can be called bare frequency. For an internal Ornstein-Uhlenbeck noise, 
the steady-state transition probability density only exists in the region below the 
dashed curve in Figure 1. We use ( )1,2,3is i =  to denote the three poles of the 
Laplace transformation of the coordinate Green function, i.e., the roots of the 
following characteristic equation:  

3 2 0,s as bs c+ + + =                       (10) 

with 2 21 , ,b ba b cτ γ τ ω ω τ= = − = − . For large time, i.e., ( )1 2 1s Res t− +  , 
( ) ( ),b bt tψ φ  in Equation (9) can be approximated as  

( ) ( )( ) ( ) ( )2 2 1 , ,b B b b b B bt k T t t k T tψ ω ω φ γ= − =             (11) 

and ( ) ( )2 ,b bt tω γ   are given by  
 

 

Figure 1. The applicable parameter region of the theory is below the solid line. (a) for 
0.4T = , (b) for 0.6T = . 
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( ) ( ) ,

2 2
2 b 2 b 2
b 22 2

2 2

ω R e ω Im
ω t = + tan Im t

τ τ

s s
s

s s
              (12) 

( ) ( ) ( )1 2 2 2tan ,b t s Res Ims Ims tγ = − + +  

where 1s  and 2s  denote the roots of Equation (10) with the maximal and the 
secondary maximal real parts, respectively, and “Re” and “Im” denote the real 
and imaginary parts of the complex, respectively. If the root 2s  satisfies 

1t 2Im s , we integrate two sides of the Fokker-Planck equation for large 
number periods, which results in an effective steady-state Fokker-Planck equa-
tion satisfied by an effective probability density, which is the long term average 
of the usual probability density and is just the quantity we need for the calcula-
tion of the mean escape rate for the time. If 1t 2Im s  is not satisfied, the im-
aginary part of ( )2

b tω , ( )b tγ  can be neglected because of the large barrier 
passing time t and the effective steady-state Fokker-Planck equation remains in 
the same form. Some details can be found in our previous work [17]. The barrier 
frequency bω  in the above expressions is the renormalized one, which incor-
porates the finite barrier correction. The expression of the escape rate has the 
same form as (7), but 2 ,bω γ  are replaced with the renormalized long term av-
erage frequency and damping, given by  

( ) 2
2

2

,st
s

= −
τ



2
2 b
b

ω R e
ω                       (13) 

( ) ( )1 2 ,b t s Resγ = − +  

and the expression of the escape rate is  

( )
( ) ( ) ( )22

2
4 2 exp ,bB

b b b
Bb

Vk Tk t t t
k TnQ t

ω γ γ
ω

  = + − −     
  



   (14) 

n is given by Equation (8). Because single-jump is dominant in the spatial 
diffusion regime, the diffusion coefficient is given by  

2 21 ,
2

D d kd= Γ =                         (15) 

where 2kΓ =  is the total jump rate, and d is the spatial period of the potential, 
here 2d = π . For some parameters, ( ) 0b tγ ≤ , which is physically unreasona-
ble. The theory is applicable below the solid line (plotted with ( ) 0b tγ = ) in 
Figure 1. In contrast to the PGH theory [14], the proposed method can also be 
applied to large damping and correlation time case provided that the parameter 
is below the solid line in Figure 1. 

3. Diffusion Coefficient: Theory versus Simulation 

To avoid a direct simulation of the generalized Langevin Equation (1), we in-
troduce an auxiliary variable  

( ) ( ) ( )
0
d ,

t
z t t t x t tγ ε′ ′ ′= − − +∫                   (16) 

which satisfies the following differential equation  
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1 0,z v zγ
τ τ

+ + =                        (17) 

in which the fluctuation-dissipation theorem (2) has been used, and v is the ve-
locity. Hence, the generalized Langvin Equation (1) is equivalent to the following 
Markovian-type Langvin equations  

x v=                            (18) 

( )v V x z′= − +  

1z v zγ
τ τ

= − −  

We simulate the Langevin Equations (18) by the second-order Runge-Kutta 
algorithm. In the calculation, the natural unit ( 1m = , 1Bk = ), the dimension-
less parameter 0 1V = , and the time steps are 410t −∆ =  for 0.1τ =  and 

45 10t −∆ = ×  for 0.4τ = . The test particles start from the a potential well and 
have zero velocity. The number of test particles 55 10N = ×  is used to describe 
the diffusion motion of a Brownian particle. The mean square displacement 

( )( )2
x t∆  reveals a good linear relation at long times. The diffusion coefficient 

D is obtained by the long time behavior of the mean square displacement  

( )( )2
2 .x t Dt∆ =                       (19) 

Figure 2 shows that the theoretical results of the diffusion coefficient (Equa-
tion (14) and Equation (15)) match well with the Langevin simulation results. In  
 

 

Figure 2. Diffusion coefficient: theory versus simulation. The solid lines are theoretical 
results, and the dashed lines are simulation results. Where 2bV = , other parameters are: 
(a) 0.4, 0.1T τ= = ; (b) 0.4, 0.4T τ= = ; (c) 0.6, 0.1T τ= = ; (d) 0.6, 0.4T τ= = . 
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the spatial diffusion regime, specified by 2 bγ ω≥ , the maximal errors are about 
4% for 0.4, 0.4T τ= =  and 2% for other cases. 

For higher temperatures or lower reduced potential barrier heights, the error 
increases, which can be interpreted as the jump-model being no longer a good 
approximation. 

4. Summary 

In the spatial diffusion regime, the calculation of diffusion coefficient is attri-
buted to the calculation of the escape rate. The reactive flux theory for finite bar-
riers is developed to incorporate finite barrier effect. The starting point of the 
Brownian particle is removed into the potential well where the probability den-
sity can be viewed as an equilibrium one, and the potential barrier is equivalent 
to a parabolic one. An equivalent steady-state Fokker-Planck equation is estab-
lished to overcome the difficulty of the absence of the steady-state probability 
density. The theoretical results for diffusion coefficient indicate a good agree-
ment with the Langevin simulation results in a certain range of parameters. 
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