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Abstract 
In the relativistic mechanics, we obtain a difference between the time scale of 
a one-dimensional motion having a larger velocity and the time scale of a 
similar motion with a lower velocity. This calculation does involve usually 
also the differences of parameters other than time. Basing on the invariance 
of a pair of the mechanical parameters, it can be shown that the difference of 
two scales of time can be attained independently from the differences of the 
other physical parameters. 
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1. Introduction 

In principle, any calculation of a change of the scale of some mechanical para-
meter in the special relativistic theory is accompanied by an insight into the scale 
changes belonging also to other parameters than that taken into account [1]. But 
recently an invariance of the differences of parameters belonging to different 
mechanical scales has been pointed out [2]. Our aim became to demonstrate that 
this situation allows us to estimate the size change of a single mechanical para-
meter alone. The scale of time has been chosen as our basic example. 

In the first step, we present the Lorentz transformation of the variables pair 
,t x  into the pair ,t x′ ′  [2]. Next the intervals t t′ −  and x x′ −  are calculated 

in terms of t and x. Finally the quanta of the electric capacitance in the hydrogen 
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atom and their change with the quantum number are examined. 

2. Lorentz Transformation and the Invariant Expressions  
for the Mechanical Parameters  

If the Lorentz transformation is specified for the variables pair ( ),t x  going into 
the pair ( ),t x′ ′ , the corresponding transformation formulae are:  

2 2

2 2

1

1 1

vx
ct t

v v
c c

′ = −

− −

                     (1) 

and  

2 2

2 2

.
1 1

vt xcx
v v
c c

′ = − +

− −

                    (2) 

The t and t' are the time coordinates, the x and x' are coordinates of position 
in the particle one-dimensional motion along the axis x, so the changes of two 
parameters are involved. The v is a speed between the system labelled by ( ),t x′ ′  
and that labelled by ( ),t x . We obtain for the difference [2]  

2 2
2 2 2 2 2 2

2 2 2 2

2 2
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2 2 2 2

2 2 2

2

1 12 2
1 1

11 1 .
1

v v v vt x t xt x t xt x
c cc v c v

c c
v vt x t x
c c v

c

   
′ ′− = − + − − +   

   − −

    
= − − − = −    
      −

     (3) 

The result in (3) indicates the invariant behaviour of the difference  
2 2 2 2t x t x′ ′− = −                         (3a) 

upon the Lorentz transformation formulae in (1) and (2). From (3a) it comes 
out that  

( ) ( )2 2 2 2t t x x t t t x x x′ ′ ′ ′− = − = ∆ + = ∆ +              (4) 

on condition we put  

t t t′∆ = −                            (4a) 

and  

.x x x′∆ = −                            (4b) 

Our aim is to point out that the above properties concerning the transformed 
and non-transformed parameters of t and x can lead to a simple reference be-
tween t' and t. 

3. The Difference of t' and t Represented as a Function of  
Some Remainder Parameters  

We multiply Equation (1) by t and Equation (2) by x. A simple rearrangement of 
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terms leads to the formulae:  
2

2 1 2

22

2

1

11

t vxtt t
cvv

cc

′ − = −
 

−− 
 

                   (5) 

and  

22 1 2

2

22

1 .
11

x vtxx x
cvv

cc

′ − = −
 

−− 
 

                   (6) 

The difference of (5) and (6) leads to the result:  

1 2

2 2

2

2

0,

1

t xt t x x
v
c

−′ ′− − =
 
− 

 

                     (7) 

or with the aid of (3a) to the formula:  

1

2 2 2 2

2 2

2

2 1 2

2

.

1 1

t x t xt t x x
v v
c c

′ ′− −′ ′− = =
   
− −   

   

                 (8) 

The result in (8) is dictated by the property (3a). The calculations done farther 
in the paper refer to the non-primed coordinates system 

Another approach to the rearrangement of terms in (8) gives:  
2 2 2 2 .t t x x′ ′− = −                         (9) 

By taking into account (4a) and (4b) we have:  

( )( ) ( )
( )( ) ( )

2 2

2 2

2 ,

2 ,

t t t t t t t t t

x x x x x x x x x

′ ′ ′− = − + = ∆ + ∆

′ ′ ′− = − + = ∆ + ∆
             (9a) 

but in virtue of (9):  

( ) ( )2 2 .t t t x x x∆ + ∆ = ∆ + ∆                    (10) 

The left-hand side of (8) can be transformed into  

( ) ( ) 2 2 ,t t t x x x t x t t x x+ ∆ − + ∆ = − + ∆ − ∆              (11) 

so  

( ) ( )
2 2

2 2 2 2

2 1 2 1 22

2 2

1 1

1 1

t xt t x x t x t x
v v
c c

 
 

−  ∆ − ∆ = − − = − − 
    − −        

     (11a) 

indicating a positive value of (11a) on condition t x> . 
An effect of (4a) and (4b) leads together with the relation (3) to the formula:  

( ) ( )
( ) ( ) ( )

2 22 2

2 22 2

2 2

2

t x t t x x

t x t t x x t x

t x

′ ′− = + ∆ − + ∆

= − + ∆ − ∆ + ∆ − ∆

= −

            (12) 
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so the last step of (12) gives  

( ) ( ) ( )2 22 t t x x t x ∆ − ∆ = − ∆ − ∆                  (13) 

or  

( ) ( )2 22 2 0.x x x t t t∆ + ∆ − ∆ − ∆ =                 (13a) 

4. An Equation for the Interval Δt and Its Properties  

Because of (11a) we have  

( ) 1
2

2 2
2 1 1 ,

1

t t t x x x
v
c

 
 
 

∆ − − − = ∆ 
   −        

             (14) 

therefore  

( )2
1 2

2

2

1 1 1 .

1

t t t x x
x x v

c

 
 
 

∆ − − − = ∆ 
   −   

     

            (14a) 

A final equation for the interval t∆  is obtained from the relations (11a), (13) 
and (14a):  
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In effect the equation coupling the pairs ( ),t x′ ′  and ( ),t x  becomes  

( ) ( )

( ) ( )

2
2 2 2

2
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1/22
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        −   
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   (16) 

We divide (16) by 
2

1t
x

   −  
   

 and get the equation:  

( ) ( )

2
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1

2

2
2

2

1 12 1 1
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1

t t t t x
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− − = 
   −   

     

      (17) 

which gives  

( ) [ ] [ ] [ ] [ ]2 22 2 2 22 2t t t t x x∆ − ∆ + = +               (17a) 

or  

[ ]{ } [ ] [ ]2 22 22 .t t x x∆ − = +                    (18) 

The contents of the square brackets in (17a) and (18) is represented in (17). 
Taking the square root of (18) we obtain:  

[ ] [ ]{ }2 1 2

12 2

1 1 2 .

1

t t x
v
c

 
 
 

∆ − − = + 
   −   

     

              (19) 

We divide both sides of (19) by t:  

[ ] [ ]{ }2

2

1 2

1 2

1 1 2 .

1

t x
t tv
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− − = + 
   −   

     

              (20) 

From this equation we have:  
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[ ] [ ]{ }1 2

1 2
2

2

1 1 2 .

1

t x
t tv

c

∆
= − + +
  −  

   

              (21) 

We see from (21) that the ratio t t∆  is a sum of a constant dependent solely 
on v c  increased by the ratio x t  multiplied by another constant term de-
pend solely on v c . 

The next step concerns solution of the equation for x∆ . We obtain from 
(13a)  

( ) ( ) ( ) [ ]2 2 22 2 2 2 0.x x x t t t x x x t t t ∆ + ∆ − ∆ + ∆ = ∆ + ∆ −∆ + ∆ =     (22) 

This gives  

1,2 2
bx

a
− ± ∆

∆ =                       (23) 

where  

2 ,b x=                          (24) 
2 4 ,b ad∆ = −                        (25) 

1,a =                           (26) 

[ ]2 .d t t t− = ∆ + ∆                      (27) 

The solution of (22) gives:  

( )
( )

( )

22
22

1,2

2

2 2

2 4 8 4
2

2

1 2 .

x x t t t
x x x t t t

tt tx x
x x

− ± + ∆ + ∆
∆ = = − ± + ∆ + ∆

∆∆
= − ± + +

 (28) 

Assuming x∆  to be a small number the square root in (28) is taken next only 
with a positive sign. We obtain ( ) ( )2 22 2x x x t t t∆ + = + ∆ + ∆  or  

( ) ( )2 22 2 .x x x t t t∆ + ∆ = ∆ + ∆                  (29) 

On the basis of the result in (21) we obtain for the right-hand side of (29) the 
expression dependent solely on t and x:  

( ) [ ] [ ]{ } ( )
1 2

1 2
22 22

2

12 2 1 2 2 .

1

t t t t tx t
v
c

 
 
 

∆ + ∆ = − + + + ∆ 
   −   

     

    (30) 

The term ( )2t∆  can be readily obtained from (21) as a function of t and x. 

5. The Calculation of ′x x x∆ = −   

We do it by taking into account the relation (9):  

( )( ) ( )
( )( ) ( )

2 2

2 2

2

2 .

t t t t t t t t t

x x x x x x x x x

′ ′ ′− = − + = ∆ + ∆

′ ′ ′= − = − + = ∆ + ∆
          (31) 
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We obtain:  

( ) ( ) ( )2 22

2 2 2

2 2
1 1

x x x x x x t t tx
x x x x

∆ + + ∆ + ∆ ∆ + ∆∆
+ = = = +      (32) 

where expression ( )2t t t∆ + ∆  is represented by (30). 
It seems interesting to compare both terms entering the product entering the 

last square root in (32). We have [see (19)]  

[ ] [ ]{ }2
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1

2

2

1 1 2

1

t t x
v
c

 
 
 ∆ = − + + 
  −    

                (33) 

whereas  

[ ] [ ]{ }
2

1 22

2 1 2

12 1 2 .

1

t t t x
v
c

 
 
 + ∆ = + + + 
  −    

              (34) 

In effect:  

( ) [ ] [ ]{ } [ ] [ ]{ }
2

2 22 2
2 2

1 2

1 2

2 2

2 2 2 2 .
1 1

t xt t t t t x
v v
c c

∆ + ∆ = − + + + +
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  (35) 

Therefore  

[ ] [ ]{ } [ ] [ ]
2

2 2
2 2 2

2

1 2

1 2

1 2

2

1 2 11 1 1 2 2 .
1 1

x t t
x xx v v

c c

    ∆  + = + − + + + +  
    − −        

(36) 

The expressions entering the empty brackets in (17a)-(21) as well as in (30) 
and (33)-(36) are fully represented in Equation (17). 

6. Example of Distance x Representing the Quanta of the  
Electric Capacitance and Their Change  

An example of x and Δx can be presented by considering the electric capacitance 
C of the condenser. A reference to C and the charge q of the condenser is given 
by the formula [3]:  

qV
C

=                            (37) 

where V is the potential difference. On the other side, when the potential differ-
ence (37) is applied to the resistance R, the current intensity i produced by V and 
R becomes  

.Vi
R

=                           (38) 
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Let us assume that i is representing the electric current done along the n-th 
electron orbit about the nucleus of the hydrogen atom. Then  

.n
n

e qRi R
T C

= =                        (39) 

Here [4]  
3 3

4

2
n

nT
e m
π

=
                         (40) 

is the time period of the electron motion along the n th orbit, m is the electron 
mass;  

q e=                            (41) 

is the absolute value of the electron charge. Then it can be shown that R is the 
quantum parameter [5]  

2

hR
e

=                           (42) 

valid for all orbits n in the atom. It is worth to note that the R size in (42) is 
equal to the resistance characteristic for the integer quantum Hall effect; see e.g. 
[6]. 

By taking into account (39), (41) and (42) we obtain for C:  
3 3 2 2 3

4 2

2 .n
n

T n e nC
R he m e m

= = =
π                   (43) 

Evidently the lowest quantum of the capacitance nC  corresponds to the orbit 
1n = :  

2
8

1 2 0.53 10 cm.C
e m

−= = ×
                   (44) 

The size of 1C  is equal to the radius of the shortest orbit in the hydrogen 
atom. Further ( )1nC n >  increase proportionally to 3n  [see (43)], whereas the 
orbit length remains proportional to 2n . 

The dimension of nC  is  
2 2 2

2

erg sec cm.
erg cm gnC

e m
⋅
⋅ ⋅



                   (45) 

In this way we find that  

cm .nC x                        (46) 

A relativistic change of x modifies the x entering (46) into x + Δx. 

7. Euler-Lagrange Equation Applied in Examining the  
Particle Mass  

In [2] an attempt is done to apply the Euler-Lagrange equation in examining the 
behaviour of the particle mass m. A special application may concern the force F 
acting on a moving particle when it is reduced to a single term [3]:  
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( )d d d d .
d d d d
mx x m mF m x x
t t t t

= = + =




                  (47) 

This holds on condition  

d 0, or const.
d
x x
t
= =


                     (48) 

The Lagrangian function let be [2]:  

( ) 2, 1L m t x xϕ= − + −                      (49) 

where ϕ  is a time component of the vector potential denoted—for historical 

reasons—by ( ),t xϕ− . The derivative d
dt
ϕ  can be joined with the mass deriva-

tive d
d
m
t

, so the Euler-Lagrange equation becomes  

2

2

d d d 1 .
d d d 1

L m x L x
t x t t x xx

ϕ ϕ∂ ∂ ∂ = + = = − − ∂ ∂ ∂  −









         (50) 

Equation (50) gives:  

( )2 2d d d1 .
d d d
mF x x x x x
t t x t x x

ϕ ϕ ϕ ϕ ϕ∂ ∂ ∂
= = − − − = − − +

∂ ∂ ∂
            (51) 

Evidently for 0
x
ϕ∂
>

∂
 beginning from 0x =  the formula (51) can provide 

us with F tending to an expression representing a positive 0F > . 

8. Summary  

In the paper, the problem of a change of the interval Δt of a single mechanical 
variable—namely the time t—due to the existence of a non-vanishing velocity 
v of a moving one-dimensional system has been examined. First a simple de-
pendence on v for the change Δt of the variable t is obtained, next a similar 
dependence is calculated for Δx equal to the change of the position coordinate 
x. 
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