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Abstract

We describe a duality transformation in a cosmological model of four time
and four space dimensions ((4 + 4)-dimensions). In particular, we show that
via the Fourier transform, at the level of the zero-point energy of quantum
mechanics and the de Sitter space, a Gaussian distribution in four dimensions
leads to a dual Gaussian distribution also in four dimensions, with duality
transformation o —>é, in the standard deviation o . Moreover, we show
that as a consequence of such a duality in ¢ a duality of the cosmological
constant A can be obtained. Finally, we comment on the possibility that
both the oriented matroid theory as well as the surreal number theory are re-
lated to the formalism presented in this work.

Keywords
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1. Introduction

It is known that the (5 + 5)-dimensional space-time (five time and five space
dimensions) is a common signature to both type IIA strings and type IIB strings
[1]. In fact, versions of M-theory [2] lead to type IIA and to type IIB string in
space-time of signatures (5 + 5). It turns out that by duality transformations
string theories of signatures (5 + 5) can be related to other string signatures such
as (1 +9) [3].

Just as the (1 + 3)-dimensional signature can be considered as a reduced world
of the de Sitter (1 + 4)-dimensional or anti-de Sitter (2 + 3)-dimensional signa-

tures via the cosmological constant A>0 and A <O (see Refs [4] [5] and
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references therein), respectively, here, we shall assume that up to two cosmolog-
ical constants, the (4 + 4)-world emerges from (5 + 5)-dimensional world. Spe-
cifically, we show that via a Fourier transform a complete duality symmetry of

the standard deviation

of a Gaussian of distribution of 4-space coordinates associated with the de Sitter
space (anti-de Sitter) and the vacuum zero-point energy yields to a Gaussian of
4-time coordinates of the same vacuum scenario. This is in fact one of our main
contribution and its importance emerges when we notice that only in 4-dimensions
such a totally duality symmetry is achieved. In the process, we discover that in
4-dimensions the cosmological constant A >0 associated with the de Sitter

space (A <0, anti de Sitter space) is dual to the cosmological constant

2
Ap :%, where |, :(C—sjl/ is the Planck length, with G the gravitational
Newton constant, % the Planck constant and cthe light velocity.

There are at least two frameworks where a (4 + 4)-world has emerged as in-
teresting physical scenario. First, it has been proved [6] that the Dirac equation
in (4 + 4)-dimensions admit a Majorana-Weyl physical spinor state with only 8
real components which can be identified with the 4-complex components of the
usual electron components. Second, in Ref. [7] it has been shown that a general
Kruskal-Szekeres transform, in black-hole physics, implies 8 hidden regions in-
stead of just 4-regions as it is usually believed. It turns out that this 8-regions
admit better interpretation in a world of (4 + 4)-dimensions.

Technically, this work is organized as follows. In Section 2, we consider the
geodesic of a point particle in the de Sitter (anti-de Sitter) space and show that
the classical harmonic oscillator equation in 4-dimensions emerges. In Section
3, we quantize the system obtained in the previous section and focus in the
case of zero-point energy showing that this case admits a Gaussian distribution
solution. While in Section 4, by the use of the Fourier transform we investigate
a duality scenario. Thus combining the zero-point energy and de Sitter va-
cuum space we discover a duality of the cosmological constant. Finally in Sec-
tion 5, we express a number of final remarks. In particular, from our analysis
of the Gaussian distribution from 4-space dimensions to 4-time dimensions we
conclude that the space-time involved may be considered corresponds to a (4
+ 4)-dimensional spacetime. Moreover, we briefly comment about the possi-
bility that, for further work, the mathematical structures of matroid theory and
surreal number theory may be interesting routes for a connection with our

approach.

2. Geodesic Equation of the de Sitter (Anti-de Sitter) Space

Let us start recalling some geometrical aspects of the de Sitter space (or anti de

Sitter space). In particular, it is well known that the Christoffel symbols in the de
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Sitter space satisfy the equation

u x*
Fap =77 9o 1)

0

Here, the metric g, is given by
S Xax,b‘ @)
= -|——7
Jap = Oup I -x%x°5,,
and I} is determined by
2

12 =xXx°5,, +(x5) , 3)

where o, is the Kronecker delta (see Ref. [8] and references therein). The in-

dices «,f3,--- etcrun from 1 to 4. Thus, using (1) the geodesic equation
X4+ T %P =0, (4)
yields
x*
' +|—2gaﬂxaxﬂ =0. (5)
0
. . . dA . d’A
In general, for arbitrary variable A(z) one defines AEd— and A= i
T T

Further, the line element is given by c’dz® = gaﬁdx“dxﬂ . Thus, one sees that

g,,X" %" =c? and therefore (5) becomes

CZX,u

2
IO

X+ =0. (6)

One recognizes in (6) the classical harmonic oscillator equation in 4-dimensions,
2

. c .
with & =—-as the spring constant.

0

3. Quantization; Zero-Point “Energy”

Let us now quantize the system described by the expression (6) from which one
finds the constant of motion
or PPS,, . X' X0

2 28 @

vad

. X s
with P7 =— . Therefore, at the quantum level one promotes the quantities &
c

~ . 0 A .0
and P’ by the operators ¢ =—il,—— and P, =-il, —, respectively. Here,
Y p P cor y P o P Y

Y2
h

we assume that |, is the Planck length, namely I, =(—3j . Note that the
C

reason to write the quantum operators & and 73/1 in terms of |, rather than
i can be traced back to the geodesic Equation (4) which is independent of the

test particle mass and therefore the quantities ¢ and P° that play the analo-
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gue role of energy and momentum, are dimensionless. Thus, the formula (7)
leads to the Schrédinger equation
. PP5” X*X70,,

T (8)

.CeT
1

One may assume the usual proposal for the physical state y = eﬁgo(x”).
This leads to

ﬁr Agé‘fa + XTXUé‘TG
2 7Tk

ep = )

Of course, in analogy to the usual harmonic oscillator equation, (9) must
imply that ¢ is quantized. Since one is mainly interested in the lowest ener-
gy state, here we shall be concerned only with the zero-point “energy”. For

this purpose for each coordinate in X* =(X, y,z,f) one must have the for-

mula
Lo
fxyad) = (10)
with co:l and
IO
=0 (X))o, (¥)e.(2)0: (&) (11)

Thus, in the zero-point “energy”, for each coordinate in (X,y,z,&) one must

have the equation

b LA N < S (12)

where ¢, denotes the function ¢ evaluated for each coordinate in (x,y,z,&).

Solving (12) for ¢, one discovers that

o2x?

p.~e %, (13)

12 Y2
) 1
“:(ﬂ :[—IPJ "

is the inverse of the standard deviation. Following similar steps, for the other

where

coordinates y,z,& one finally discovers that

2(y2., 2,52, £2

q _D' (x +YS+z°+& )

= "
I
or

az(x"x"gs ‘,)

ot TV )

T

Here, g is a positive integer number to be determined below. Of course, (15)

(or (16)) corresponds to Gaussian distribution in 4-dimensions.
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4. Duality and the Fourier Transform

It turns out that the Fourier transform of (15) or (16) is given by

o q/2 7t’t“¢>‘m
(p:—( ) (17)
Uq

%

In fact, let us show in some detail that (15) (or (16)) implies (17). For this
purpose let “F (t) be the Fourier transform that sends us from the one dimen-

sional x-space to the #-space

F(t)=[" e™F(x)dx. (18)

—o0

o2x?

Here the function F(x) is givenby F(x)= 2, where typically the

% e
Jon

factor is introduced for normalizing the function F(x). The Fourier

o
Jan

transform " (t) is obtained as follows; by definition one has

0'2)(2
O % iy
F(ty=——=| e™e 2 dx, (19)
0=l
then, completing the squares one finds
o Aot} L
Ft)=——["e 2 e 2o’y (20)
=T

it
Now, introducing the variable U=oX—— so that the differential remains as
o

du = odx one finds that the Fourier transform (20) becomes

t? w2

1 50 —&
F(t)=—=e 22| e ?du. (21)
Jom o T
Making the integral, one ends up with
[2
F(t)=e 2. (22)

Thus, the Fourier transform of a Gaussian distribution in the x-space, with

1
standard deviation — is another Gaussian distribution, but now in the #space
o
and with standard deviation o . This is of course well known fact which is ex-
pressed in simply words as; the Fourier transform of Gaussian is another Gaus-

sian. However, in the general case of higher dimensions we shall put spacial

1
attention to the duality relation o <> — of the deviation standard.
o)

So, let us generalize the above procedure to any dimension d. One has

RPN P
*f(y,---,td):(2:;q/zJ_Z---j';ez[ ?) ---ez[ = .
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Since the term e 2°° 2¢° js independent of the variables X',---,x" one
can write (23) as

Ftty)

4\2 2 2
] ') ,l[axl,ﬁ] ,i[c,xd ,ﬂ] (24)
o R B IO w 2 2
_ g 202 202 ,[7 I e 7) ..e 7 dxt - dx?.

Pt
One can again make the change of variable U, = (O‘XI ——) , so that
o

du, = odx' and hence (24) becomes
Jq _Q ([d) 12 15

*f(tl""'td):We 207 _?Ii"'_[ieGM ~--e7uddu1~-dud. (25)
n)" o

Performing the integrals in (25) yield

*]_—(ti’...,td) (Zn)q/z - e 20 20 (26)
Thus, if d =2q then one finds
4P (9
17 ]
Ftty)= PR - (27)

In particular, by setting q =2 one obtains d =4 and thus (16) leads to the
Gaussian distribution

2

o7 =S| ol ol

g =—0=8 2 28
o (28)
and therefore according to (27) the Fourier transform of G is given by
(V2P (@Yt
g -2 ol | (9)
c
in agreement with (17).
Note the surprising duality relation between G and G*, namely
02 <> 5 (30)
o

which only is fully achieved in d =4. In this sense one can say that the
4-dimensions associated with G and and 4-dimensions associated with G
are dual to each other. Observe that G ~ G which is the usual requirement

1
for a duality symmetry. From (14) one knows that 0% =—— so that (30) can be
plo

written as

ll, <> ——. (31)
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Thinking about the magnetic monopole g and the electric charge e duality,

namely

fi
e (—)% (32)

with ge=n#, one is tempted to assume that (31) implies a duality of the form
L1, =na, (33)

where « is a constant to be determined. Considering that at the present, the
Planck length is of the order I, ~10*cm and assuming the de Sitter length is
of the order of the radius of the Universe |, ~ 10"%cm , for n=1, one obtains
that « is of the order of 10~ cm? which is too large to be identified with any
fundamental atomic radius. However, an interesting and attractive possibility is
to assume the condition a ~1cm?, which implies that 1, ~10"*cm .

It is remarkable that there exist a relation between the de Sitter length |, and

the cosmological constant A, namely (see [8] and references therein)

2A 1

- - 34
(@-1)d-2) (4
In d=4 one gets
A1
A_L 35
377 (35)
Thus, the duality relation (31) can be written as
Y2
ApA
( e j o— (36)
9 ApAY
9
where one has defined
Ay 1
—=—. 37
3 (37)
Since one is assuming the formula (33) one sees that A A = °, with
2= —— and hence one has discovered a cosmological constant duality
nN“a
A i (38)

p

So, considering the case N=1 and « =1, since |, is of the order of 107*
cm, one finds that A, is of the order of 10° cm™ which is, of course, very
large, but according to (38) the cosmological constant A will be very small of
the order 107% cm™. It is worth mentioning that the type of duality (38) has been

previously described in the context of S-duality for linearized gravity [9].

5. Final Remarks

In the above discussion, we have focused in the de Sitter space with A >0,

however similar conclusions must be achieved in the case of anti de Sitter space
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with A <0 (see Refs [4] [5] and references therein). Further, in the usual
quantum mechanics, the Fourier transform relate in one to one correspondence
the configuration space of g-coordinate with the conjugate momentum p-coor-
dinates. If there are n such g-coordinates there must n p-coordinates and this
mean that the total phase space must be (2 + n)-dimensional. Following this
route of though one can say that the Fourier transform between the 4 X“
-coordinates and the 4 t”-coordinates in our approach must lead inevitably to a
(4 + 4)-dimensional space-time. In fact, combining (23), (28) and (29) one may
write

fr=fle 2 20 | (39)

with u,v=1,2,3,4. Here,

2 v
NGy Sy,

f e 2 202
(40)
"8, o?xHX' S,
5 # ——lx’t& - 2 Wd 1d zd 3d 4
— o2
= LILLLe? X' che
21

and f* =—. So, from (39) one may conclude that the space-time involved
o

may be considered to correspond to a (4 + 4)-dimensional. Therefore, a surpris-
ing scenario emerges from our formalism: The point is that our result refers to
both vacuum de Sitter space associated with the “macroscopic” x*-world of
4-dimensional space and the zero-point “energy” linked to the lowest possible
energy at that quantum “microscopic” t”-world of 4-dimensions, and vice ver-

sa. The key result is that these two worlds are related by duality symmetry; a

1
standard deviation o of a Xx*-world is dual to the — in the t*-world. This
o

means that a X“-world with thin and tall (small o) Gaussian distribution is
dual to wide and low (large o) Gaussian distribution in the other t“-world
and vice versa. Moreover, this is verified by observing that the large cosmologi-
cal constant A, in the quantum world is dual to the small cosmological con-
stant A in the classical cosmological world. This seems to explain, in a cosmo-
logical context, the smallness of the cosmological constant.

Thinking in the possible geometrization of the duality symmetry in (4 +

4)-dimensions space, one is tempted to propose the modified line element

) c’dt“dt’s,, ,
ds? =————— #" 4 +odx“dx"s,,, . (41)

a’l3
Here, we have introduced proper units in order to have ds® dimensionless,
the #-coordinates in seconds and x-coordinates in centimeters. So, (41) considers
explicitly the standard deviation o in a dual form. It remains to explore the

full consequences of (41).
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The idea that duality emerges as a key concept in vacuum cosmology in
4-dimensions has been explored before in [10]. Here, we have shown that duality
also seems to play a fundamental role in vacuum cosmology in (4 + 4)-dimen-
sions, at both macroscopic and microscopic level. So, one wonders whether
duality can be the central mathematical notion in quantum gravity. This route of
though shall bring us sooner or later to look for a mathematical structure as a
frame for the duality concept. In turns out that such a formalism already exist,
namely oriented matroid theory (see Refs. [11]-[17] and references therein).
This mathematical framework is a generalization of both graphs and matrices
and establishes that every oriented matroid has a dual. This means that although
every graph corresponds to a matroid, there are matroids which are not graphic.
So, this clarify why the complete graphs K; and K;; do not have a dual; they
have an associated matroid M (K;) and M ( K313) but the corresponding dual
matroids M"(K;) and M*(K,,) are not graphic. Thus, oriented matroid
theory has entered its key concept: duality. So, one may be interesting for further
work to establish the relation between the duality described in this work and
oriented matroid theory.

Finally, let us just mention another source of interest for further work. We re-
fer to the surreal number theory. This is a mathematical structure that was dis-
covered by Conway [18] (see also Ref. [19]) and Gonshor [20]. Among its inter-
esting properties of such numbers is that natural, integers and real numbers are
contained in the surreal number framework. In Refs. [21] and [22] it was estab-
lished the main reasons why we believe that such a numbers may be physically
interesting. In particular one may be interested in considering surreal number
theory in the context of quantum gravity in (4 + 4)-dimensions. Let us clarify
this comment. Classical general relativity in (4 + 4)-dimensions can be formu-
lated in R®, that is in a continuum 8-dimensional space-time background. So
quantizing gravity may be though as the framework, which must imply at me-
chanism for starting with a continuum differential geometry in 8-dimensions
and then discretize such a geometry. But what if we go backwards? That is, we
start with a discrete mathematical structure of surreal numbers S and we end
up with a continuum 8-dimensional manifold based on R. Consider the set [18]

s=1{S, |Sg} (42)

and call S| and S; the left and right sets of s, respectively. Surreal numbers
are defined in terms of two axioms:

Axiom 1. Every surreal number corresponds to two sets S, and S; of pre-
viously created numbers, such that no member of the left set S, €S, is greater
or equal to any member S; of the right set S;.

Let us denote by the symbol # the notion of no greater or equal to. So the
axiom establishes that if sis a surreal number then for each s €S, and
Sy €Sz onehas s #s;.Thisis denoted by S, #S;.

Axiom 2. One number s={S_|S.} is less than or equal to another number
s'={S, |Sg} if and only if the two conditions S, #s' and s# Sy are satis-
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fied.

This can be simplified by saying that s<s' if and only if S #s' and
S#S;.

Observe that Conway definition relies in an inductive method; before a surreal
number x is introduced one needs to know the two sets S, and S; of surreal
numbers. Following Conway algorithm one finds numbers, of the type

S= 2—n, (43)
where m is an integer and n is a natural number, n> 0. Of course, the numbers
(43) are dyadic rationals which are dense in the real R.

A different but equivalent definition of surreal numbers is due to Gonshor
[20]:

Definition 1. A surreal number is a function ffrom initial segment of the or-
dinals into the set {+,—}.

For instance, if f is the function so that f(1)=+, f(2)=+, f(3)=—,

f(4)=+ then f isthe surreal number (++-+).

It can be shown that the positive sectors of surreal numbers are given by [23]

(1, if I, -1, =0,
1 .
Il -=, fl,-I =1
j(+)(|1a|z): ( )1 2 i, - (44)
1 Iy—(h+1) 1 ]
(L -2+ 2, o (Th-b>1

Here, the numbers |, and |, take values in the set {1, 2,3,...}. The nega-
tive sector is obtained as Vs (IL,1,)= =T (1,,1,). This implies that from (I)

and (II) one gets ‘7(+) (1,1):1, ‘7(+) (1,2):% and from (III) one obtains

T, (L3)= {%%} » Ty (L4)= {%gg%} and so on. Since

1
j(f)(ll,lz):—‘jm(ll,lz) one also has ‘7(7)(1,1):—1, J(:)(l,Z):—E and

T (1.3)= {—%,—%} s Ty (1,4)= {—%,—g,—g, —g} and so on.

How can be related the present formalism to surreal numbers? The first thing
that we would like to highlight is that just as in (4 + 4)-world the duality sym-
metry is a key concept, the starting point in both the Conway and the Gonshor
formulation is duality scenario. In the case of Conway formulation we see from
(42) that a surreal numbers is defined in terms of dual sets S, and S, left
and right sets of s, respectively. While in the Gonshor definition of surreal
number is a function ffrom initial segment of the ordinals into the dual set
{+, —} . Since these two formulations are equivalents one conclude the key con-

cept in both is duality. The second observation is that the zero-point “energy” in

Lo 1
(10), namely ¢ = PT remind us the spin structure of 3 -spin in the sense that
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h
S =—. However, theoretically there are many type of fermions, including

2
3h . 5h . .
S= > (gravitino) and s = 5 And these spin structures start looking as dya-
dic rational (43) arising in the surreal number algorithm. In fact, this kind of
. . . . m . .
observation motivate to propose the dyadic rational —--spin as an alternative
2

tool for quantum gravity and dark matter [21] [22] and [24]. Thus, it is tempted
to propose for each coordinate in (x,y,z,&)= (xl, x2, %3, x“) the equation

«7(+)(|1’|2)|P‘0 12 1 d°p '-7(2+)(|1’|2)502X2
=—— X + [l (45)
2 2 g, dx? 2

which generalize the zero-point “energy” for the harmonic oscillator (12). This

equation can be rewritten as

ho_blCp 060X (46)

L J,
with &= T (I,1,)o=
similar to (28), namely

g= Z-_e 2 , (47)
b

2 T oo

B

with 6 = — . This means that the Fourier transform of G must be given by

p

g* = ~—Ze 2¢ (48)
Observe that in this case the zero-point “energy” will be
5('11'2):|P0~):Ipwj(Jr)(llxlz)’ (49)

with V (I,1,) given by (44). One observes that considering the point (II) in
(44) the expression (49) exactly reproduces the usual eigenvalues of the energy of
the harmonic oscillator, with n=1 —1. We think that this rough derivation of
(49) may motivate the subject for further work.

Let us conclude this work by summarizing our main results. First, by taking a
duality transformation as a key symmetry we explore some aspects a cosmologi-
cal model of four time and four space dimensions ((4 + 4)-dimensions). In par-
ticular, we show that, at the level of zero-point energy in a de Sitter space, a
Fourier transform of a Gaussian distribution in four dimensions leads to a dual
Gaussian distribution also in four dimensions, with duality transformation
o é , in the standard deviation o . Moreover, we show that as a consequence
of such a duality in ¢ a duality of the cosmological constant A, associated
with the Sitter space, can be obtained. Finally, since duality symmetry is a fun-

damental concept in both the oriented matroid theory as well as the surreal
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number theory we roughly explain how these mathematical theories can be
connected to the present work.
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