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Abstract
Clifford algebra as an approach of geometrization of physics plays a
vital role in unification of micro-physics and macro-physics, which
leads to examine the problem of motion for different objects. Equations of charged and spinning of extended objects are derived. Their
corresponding deviation equations as an extension of geodesics and
geodesic deviation of vectors in Riemannian geometry have been
developed in case of Clifford space.

Keywords
Cifford Space, Poly-Vectors-Geodesics, Geodesic Deviation,
Spinning Objects, Extended Objects

Lorem ipsum dolor sit amet, consectetuer
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Motion of objects is regarded as a mirror to identify the behavior of
dictum gravida mauris. Nam arcu libero,
nonummy eget, consectetuer id, vulputate a, field equations on manifolds. This may give rise to examine the trajecmagna. Donec vehicula augue eu neque. Pel- tories of different particles to ensure the existence of any theory and
lentesque habitant morbi tristique senectus et its viability. From this perspective, we ought to study the problem
netus et malesuada fames ac turpis egestas.
of spinning objects in depth, as it is very close to the reality, rather
Mauris ut leo. Cras viverra metus rhoncus
sem. Nulla et lectus vestibulum urna fringilla than examining its simplicity by means of determining the equation
ultrices. Phasellus eu tellus sit amet tortor of motion of test particles, i.e. the geodesic equation. The spinning
gravida placerat. Integer sapien est, iaculis in, object has been studied by many authors long time ago, Mathisson [1]
pretium quis, viverra ac, nunc. Praesent eget
started the idea; Papapetrou amended its content [2] and then it was
sem vel leo ultrices bibendum. Aenean faucibus. Morbi dolor nulla, malesuada eu, pulv- developed to include charged objects by Dixon [3], which led many
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nibh mi, congue eu, accumsan eleifend, sagittis quis, diam. Duis eget orci sit amet orci path equations but also their deviation equations play a fundamental
role in regulating the stability of objects [10]. This is mandatory in
dignissim rutrum.
Nam dui ligula, fringilla a, euismod sodales, case of examining the perturbation problem of an object orbiting a
sollicitudin vel, wisi. Morbi auctor lorem non gravitational field. Yet, such a description may be in need to be revisjusto. Nam lacus libero, pretium at, lobortis
vitae, ultricies et, tellus. Donec aliquet, tor- ited thoroughly for sake of unification of physics. Since the problem of
tor sed accumsan bibendum, erat ligula aliquet unification of all fields of nature is a far fetched goal, it is wise enough
magna, vitae ornare odio metus a mi. Morbi to search for different methods and concepts that enable us to achieve
ac orci et nisl hendrerit mollis. Suspendisse
this goal one day.
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dis parturient montes, nascetur ridiculus mus.
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1. Clifford Space: Aims and Prospects
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Accordingly, examining the problem of unification may be found
by studying the motion of particles subject to these fields. This may
give rise to search for different types of geometries or philosophies to
achieve this task. One of proposals is to reconsider a specific geometry based strings, 1 loop, 2-loops, 3-loops, etc. In general it can be
described as p-branes rather than points. This shows vectors as candidates of poly-vectors to represent objects in nature as extended ones
rather than point-like. Consequently, it has been found that Clifford
Algebra is a good candidate to describe these quantities, leading to the
concept of Clifford space (C-space) [11]. From this perspective, and
relying to examine the problem of motion for those extended objects,
Pezzaglia (1997) performed an introductory step toward this task by
studying the equations of motion [11,12]. Throughout his work, he focussed on the nature of the bases of C-space that are non-orthogonal,
which widens the scope to reveal some obscure relations that are already untested. Such an approach has been given an additional role
for quantities like the tetrad formalism as a tool for defining skew
symmetric quantities like torsion of space-time, and spin connection
in non-Riemaniann geometries. This tendency would be able to revise the absolute parallelism approach [13–15], as well as the Poincare
gauge theories of gravity [16, 17]. Moreover, it gives a clear vision
to detect the effect of spin of space-time as appeared in skew part
of gµν [12]. Accordingly, the principle geometrization of physics has
been applied in an extensive way rather than before in the conventional
point-like manifold theories [18] .
Consequently, the concept of a manifold composing points to identify space-time is amended to include, lines, ares, volumes, ... etc.
According to this descriptive vision particles may be defined as extended objects, rather than point-like ones [19]. This is performed
by means of applying the Clifford algebra, which is regarded as pandimensional continuum or Clifford space (C-space). Due to this type
of classification it is worth mentioning that, Castro and Pavsic (2005)
revisited Clifford space to perform its extended relativity [18]. This
theory has two fundamental parameters: the speed of light c and a
length scale which can be set to the Planck length. The poly vector
coordinates xµ , xµν , xµνρ ... are now connected with basis poly-vector,
bi-vector, tri-vector, ... r-vector, the generators γµ1 ∧ .... ∧ ... ∧ γµr of
the Clifford algebra, including the Clifford algebra unit element [20].
From this perspective, it can be found that strings and p-branes are
expressed in the following way:
For a closed string (1-loop) which is embedded in a target flat
background of D-dimensions whose projection is appeared within
coordinate-planes in terms of variables xµν . Similarly, a closed membrane (a 2-loop) may be described by anti-symmetric variables xµνρ
representing the corresponding 3-volume enclosed by the the 2-loop
[21].
The aim of the present work is to extend the Castro-Pavsic approach
of poly-vectors in C-space to derive modified equations of motion for
extended objects and spinning ones. The significance of the derivation
of these equations is in examining the existence of the notion of mass,
charge and spin of an extended object associated with poly-vectors
and compare them with the conventional ones as described within the
context of vectors.
The paper is organized as follows: Section (2) displays briefly the
geometry of C-space and its implications in physics. Section (3) perDOI: 10.4236/jmp.2020.1111116
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forms the trajectories of poly-vectors in C-space. Section (4) discusses
the relationship between geodesics and geodesic deviations of polyvectors and their link with charged and spinning poly-vectors. Section (5) displays a modified Lagrangian which enables us to determine
both charged and spinning poly-vector equations as well as their deviation equations. Section (6) discusses the impact of determining
these equations in revisiting the old notations of problem of motion
using the conventional methods of a point-like manifold of describing
space-time.

2. C-Space: A Brief Introduction
Following the geometrization scheme of physics, a new elegant formalism has been performed, which may explore new hidden physics to
show an insightful vision for revisiting the old notations of physics.
Such a trend is a crystal clear using Clifford Algebra which leads to
express many physical quantities in a compact form [22]. Due to the
richness of Clifford algebra, scalars, vectors, bi-vectors and r-vectors
are expressed in one form called Clifford aggregate or poly-vector. The
coordinates of poly-vectors contain, vectors, areas, volumes ... etc expressed as follows The poly-vector X M is defined as follows [23]
X M ≡ X µ1 µ2 µ3 .... .

(2.1)

Accordingly, it can be shown that poly-vector coordinates of Cspace are parameterized not only by 1-vector coordinates xµ but also
by the 2-vector coordinates xµν , 3-vector coordinates xµνρ ... etc called
holographic coordinates, such that
X M =s1 + xµ γµ
=xµν γµ ∧ γν + xµνρ γµ ∧ γν ∧ γρ
+ xµνρσ γµ ∧ γν ∧ γρ ∧ γσ ,

(2.2)

where the component s is the Clifford scalar components of a polyvector valued coordinates.
Thus, in C-space proper time interval may be described as in
Minkowski space [18]
(dS)2 = (ds)2 + dxµ dxµ + dxµν dxµν + .....

(2.3)

2.1. C-Space: Underlying Geometry
A point in C-Space is defined as a set of holographic coordinates
(s, xµ , xµν , ...) forming the coordinates of a poly-vector. Each one
is expressed within bases {γA } = {1, γa1 , γa1 a2 , γa1 a2 a3 ....} , a1 < a2 <
a3 < a4 < a5 < ..., r = 1, 2, 3...., where γa1 a2 a3 ... = a1 ∧ a2 ∧ a3 .... [23].
It is well known that the local basis γµ , is related to the tetrad field
eaµ such that
γµ = eaµ γa .
An element of a Clifford algebra is a superposition, called Clifford
aggregate or poly-vector:
A = a+

1
1
1 µ
a γµ + aµν γµ ∧γν +.......... aµ1 .....µn γµ1 ∧......γµn . (2.4)
1!
2!
n!

The differential of C-space is defined as follows [21]
dA =
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i.e

∂A
∂A
∂A µ
dx +
dxµν + ......
+
∂s
∂xµ
∂xµν
If one takes A = γµ , then
dA =

dγµ =

(2.6)

∂γ
∂γµ
∂γµ µ
dx +
dxµν + ......,
+
∂s
∂xµ
∂xµν

(2.7)

∂γ
ν
α
νρ
+ Γα
+ ......,
µν dx + Γµ[ν,ρ] dx
∂s

(2.8)

which becomes
dγµ =

and can be reduced to
dγµ =

∂γ
1 α
ν
νρ
+ Γα
+ ......,
µν dx + Rβνρ dx
∂s
2

(2.9)

α
where Rβνρ
is the curvature of space-time.
Also, it can be found that for an arbitrary poly-vector AM

DAM
= [Dµ , Dν ]AM .
Dxµν

(2.10)

where DxDµν is the covariant derivative with respect to a plane xµν ,
such that

ρ
such that Kµν

Ds
ρ
= [Dµ , Dν ]s = Kµν
∂ρ s,
Dxµν
is the torsion tensor.

Daα
α
ρ
= [Dµ , Dν ]aα = Rρµν
aρ + Kµν
Dρ aα ,
Dxµν

(2.11)

(2.12)

Yet, this type of torsion (2.12) can related to the notion of torsion as
mentioned by Hammond as commutator the potential associated by a
prescribed scalar field φ [25]
α
Kµν
=

1 α
(δ φ,ν − δνα φ,µ ).
2 µ

(2.13)

Thus, we can figure out that the torsion as defined in C-space
(Riemannian-type) by means of the parameter(s) s may act like an
independent scalar field defined in the usual context of the RiemannCartan geometry.
From examining Equation (2.11) and Equation (2.12), one can find
the existence of torsion tensor even in the presence of symmetric affine
connection apart from its conventional notation definition of being the
antisymmetric part of an affine connection as in the context of nonRiemannian geometries [13–15]. Accordingly, owing to C-space one
may realize the dispute between the reliability of torsion propagating
or non-propagating this can be resolved by means of of we describe torsion as a result of covariant differentiation of areas of holographic coordinates and non-propagating as being defined as anti-symmetric parts
of an affine connection of poly-vectors or vectors, if one utilizes in the
internal or external coordinate and its corresponding non-symmetric
affine connection.
Consequently, we can regard that the geometry described within
the coordinates of poly-vector described not only Riemannian but also a non-Riemannian, i.e. the composition of a Riemannian affine
DOI: 10.4236/jmp.2020.1111116
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connection for the poly-vector is not necessarily Riemannian as well.
This may shed some light to find out that a Riemannian Poly-vector
affine connection and curvature (external coordinate capital Latin letters) may be described by non Riemannian quantities as describing its
holographic coordinates (internal coordinate (Greek letters).
Accordingly, in C-space it is convenient to distinguish two frame
fields [21]:
(i) Coordinate frame field, whose bases elements γM , M =
1, 2, 3....2n depend on the position of X in C-space such that their
expressions as the wedge products of vectors can not be preserved
globally. Thus, one writes
γM ≡ γµ1 ....µr .

(2.14)

The scalar product of two such basis elements gives the metric tensor
of the C-space
‡
γM .γN = GM N ,
(2.15)
(ii) Orthonormal frame field, whose bases elements γ(A) , (A) =
1, 2, 3, ...2 can at every point be expressed as a wedge product,
γ(A) ≡ γa1 ....ar = γa1 ∧ γa2 ∧ γa3 ...... ∧ γar ,

(2.16)

The scalar product of the latter basis elements gives
‡

γ(A) .γ(B) = ηAB

(2.17)

where η is the metric tensor in flat space.
The derivative of a poly-vector is classified as follows [24]:
(i) Scalar field: Acting on a scalar field, it behaves as an ordinary
partial derivative, i.e.
∂φ
∂M φ =
.
(2.18)
∂X M
(ii) Coordinate bases: Acting on coordinate basis elements, it gives
∂M γN = ΓQ
M N γQ

(2.19)

where ΓQ
M N is an affine connection. The commutator of the derivatives
acting on γJ gives the Riemann tensor in C-space:
[∂M , ∂N ]γJ = R.KJM N γK

(2.20)

(iii) Orthonormal bases (local frame field): These types of bases
turn to be as follows
∂M γ(A) = −ΩN
A

. M γ(B)

(2.21)

such that ΩN
A . M acts as its appropriate spin connection.
Thus, the commutator of the derivatives acting on γA gives
[∂M , ∂N ]γA = R.BAM N γB .

(2.22)

Thus, for an aggregate poly-vector A one finds that:
∂M (AN γN ) =∂M AN γN + AN ∂M γN
K
N
=(∂M AN + ΓN
M K A )γN ≡ (DM A )γN ,

(2.23)

where DM AN is the covariant derivative acting on the plyvector components AN .
DOI: 10.4236/jmp.2020.1111116
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2.2. C-space and the Tetrad Field
The relationship between the two bases are related by the tetrad field
E A associated with poly-vectors [24]
(A)

γM = EM γ(A) ,

(2.24)

A
where EM
is the C-space vielbein, such that
(A)

(B)

GM N = EM EN ηAB .

(2.25)

Such a description does not preclude the non-Riemannian version of
poly-vectors, which is a step to revisit the definition of the fundamental quantities that play an active role of describing such a type of
geometry.
Accordingly, it is vital to note that the covariant derivative of Cspace associated with Vielbein of poly-vector takes the following condition [20]
C
C
A C
∂N EM
− ΓP
(2.26)
M N EP − EM ΩA . N = 0,
Consequently, the covariant derivative acting on the tetrad field is invariant under general coordinate transformation by means of ΓM
N Q and
local Lorentz invariance as expressed in terms of ΩC
representing
A . N
the spin connection in C-space.
The curvature of C-space is defined, as usually, by the commutator
of derivatives acting on basis poly-vectors [23]:
K
[DM , DN ]γJ = RM
N J γK ,

(2.27)

or
(B)

[DM , DN ]γ(A) = RM N J γ(B) ,

(2.28)

where DM is its associate covariant derive.
Meanwhile, introducing the reciprocal basis poly-vectors γ M and
A
γ satisfying
M
(γ M )‡ ∗ γN = δN
,
(2.29)
(A)

(γ (A) )‡ ∗ γ(B) = δ(B) .

(2.30)

The components of curvature in the corresponding bases are defined
as follows
K
K
K
L
K
L
K
RM
N J = ∂M ΓN J − ∂N ΓM J + ΓN J ΓM L − ΓM J ΓN L

(2.31)

or
K
K
RM
N (A) =∂M Ω(A)

+

N

K
− ∂N Ω(A)

(C)
K
Ω(A) N Ω(C)
M

M
(C)
K
M Ω(C) N .

− Ω(A)

(2.32)

The latter expression is a generalization to C-space of the analogous
expression in Riemannian geometry for manifolds of point-like objects
[26].
Moreover, there is a counterpart version of non-vanishing curvature
and torsion as defined in non-Riemannian geometry, in C-space leading
to define torsion of poly-vectors to become
ΛJM N = Γ̄JM N − Γ̄JN M .
DOI: 10.4236/jmp.2020.1111116
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Also, the contortion of poly-vectors ΩBCM is given by
ΩBCM =

1 (A)
E (∆[(A)(B)](C) − ∆[(B)(C)](A) + ∆[(C)(A)](B) )
2 M

(2.34)

where ∆[(A)(B)](C) is defined as the Ricci coefficient of rotation [23]
M
N
∆[(A)(B)](C) = E(A)
E(B)
(∂M EN (C) − ∂M EN (C) ).

Moreover, another covariant derivative associated with nonsymmetric affine connection Γ̄M
N K is defined as follows
M
S
= ∂N X M + Γ̄M
X|N
NSX ,

(2.35)

S
M
S
M
Γ̄M
N S X = ΓN S X + ∆N S

(2.36)

Q
M
M
M
Q
M
X|N
S − X|SN = R̄QN S X + ΛN S X|Q .

(2.37)

such that

such that
K
K
K
L
K
L
K
RM
N J = ∂M Γ̄N J − ∂N Γ̄M J + Γ̄N J Γ̄M L − Γ̄M J Γ̄N L .

(2.38)

Due to richness of these quantities this type work will be going to
examine the behavior of extended objects subjects having sensitivity
to these quantities in our future work ; while in our present work we
focus on deriving the equations of motion and their deviation paths
for different extended objects spinning and charged for poly-vectors
defined within the context of Riemannian-like C-Space as explained
in the following sections .

2.3. C-Space: An Arena of Unifying Physics
It is worth mentioning that, physical objects considered as matter
in space-time, can be in the form of membranes (brane) of various
dimensions (p-branes) [18]
From this perspective, the notation of Clifford aggregate as described in (2.1) , it may be important to revisit the conventional notations of mass and charge in the presence of C-space to be
M = m1 + pµ γµ + S µν γµν ,

(2.39)

 = e1 + Aµ γµ + F µν γµν ,

(2.40)

and
where M and  are mass and charge of extended objects respectively.
Nevertheless, it is vital to be noted that in Clifford Space, there
is a striking virtue, unlike the conventional string theory which expressed within 26 dimensions in which gauge fields are described as
compact dimensions; while in C-space there is only 16 non-compact
dimensions. Consequently, Pavsic (2005) generalized the conventional
4-dimensional space-time into 16 dimensional à la Klauza-Klein theory [23].
(i) There is no need for extra-dimensions of its corresponding spacetime.
(ii) There is no need to have compact extra-dimensions. The extradimensions of C-space, namely xµ , xµν , xµνρ , and xµνρσ describe the
extended objects, therefore they are regarded as physical dimensions.
DOI: 10.4236/jmp.2020.1111116
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(iii) The number of components GµM̃ , µ = 0, 1, 2, 3 and M̃ 6= µ is
12, which is the same as the number of gauge fields in the standard
models.
Thus, the line element of poly-vectors in C-space become
|dX|2 = dS 2 = GM N dX M dX N ,

(2.41)

i.e.
dS 2 = ds2 + L−2 dxµ dxµ + L−4 dxµν xµν + L−6 dxµνρ xµνρ + ....,
†
where GM N = EM
EN is C-space metric, L is the Planck length [12].
Consequently, Equation (2.43) can be expressed as

L−2 dxµ dxµ
c2 dt dt
L−4 dxµν dxµν
L−6 dxµνρ dxµνρ
+ 2
+ 2
+ ....)
c
dt dt
c
dt
dt

dS 2 =c2 dt2 (1 +

(2.42)

with taking into account that the parameter s is described only in the
ordinary space-time i.e. (ds)2 = gµν dxµ dxν [22].
Meanwhile, in C-space, Castro and Pavsic (2005), showed that,
there are some principles must be revisited especially the speed of
light which is no longer the upper limit to be reached, but another combination of constants made of Planck’s length in the following
way [18]:
µ
8
−1
(i) Maximum 1-vector speed dx
,
ds µν= 3 × 10 ms
dx
−35 2 −1
(ii) Maximum 2-vector speed ds = 1.6 × 10 m s ,
µνρ
(iii) Maximum 3-vector speed dxds = 7.7 × 10−62 m3 s−1 ,
µνρ
(iv) Maximum 4-vector speed dxds = 7.7 × 10−96 m4 s−1 ... etc.
Also, it is worth mentioning that by means of C-space a particle
as observed from 4-dimensional space, that can be speed of particles
may be more than the conventional speed of light due to involvement
of holographic coordinates xµν , xµνρ ... etc ; but does not exceeds the
modified speed of light due to C-space. This can lead us to consider
there will be specific upper limit to objects due to p-brans as p =
0, 1, 2, 3, ...
The Line element of poly-vectors in C-space is defined as follows [23]:
dS 2 = GM N dX M × dX N ,
provided that the matrix GM N is defined as


gµν
GµN̄
GM N =
.
GM̄ ν GM̄ N̄

(2.43)

(2.44)

These degrees of freedom are in principle not hidden by which we
describe the extended objects, therefore we do not need to compact
dimensions of its internal space.
The metric of C-space GM N is subdivided into Gµν = gµν which
relates to gravity, while gauge fields GµM̄ , where µ 6= M̄ assumes 12
possible values, excluding the four values of ν = 0, 1, 2, 3, and other 12
gauge fields ,to be defined as follows: 1 photon, 3 weak gauge bosons
and 8 gluons described Aµ , Aaµ , a = 1, 2, 3 and by Acµ c = 1, 1, 3, ...8.
respectively.
It can be found that the number of mixed components in GµM̄ =
(Gµ1 , Gµ[αβ] , Gµ[αβγ] , Gµ[αβγδ] ) of Clifford metric coincides with the
DOI: 10.4236/jmp.2020.1111116
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number of gauge fields in the standard model. For a fixed µ, there
are 12 mixed components of GµM̄ and 12 gauge fields Aaµ , Wµc , Acµ .
This coincidence is fascinating and it may indicate that the known
interactions are incorporated in curved Clifford space. The number of
mixed metric GµM̄ is 12 the same numbers as the number of gauge
fields in the standard model.
In addition, there are also interaction due to components GM̄ N̄ but
do not have the properties of Yang-Mills fields. Thus, Pavsic (2006)
has considered it as a metric of an internal space [24], which may be
a glimpse to express bi-metric theory of gravity within the context of
C-space . Such a study will be examined in our future work.

3. Trajectories of Poly-Vectors in C-Space
3.1. Equations of Motion in C-Space
Pavsic [24] considered the classical action for a point particle in Cspace:
Z
Z
q
κ
d[x]R.
(3.45)
I[X µ , GM N ] = dτ [GM N Ẋ M Ẋ N )] +
16π
The above classical action is a combined action for path equations
and gravitational field equations respectively. One obtains its path
equation by taking the variation with respect to X C to der ve corresponding geodesic equation i.e.
1 d Ẋ M
Ẋ M Ẋ N
p
p
+ ΓM
= 0.
NK
Ẋ 2
Ẋ 2 dτ Ẋ 2

(3.46)

Also, from the same function (3.47) by taking the variation with
respect to GM N one obtains its corresponding field equation
Z
1
RM N − GM N R = 8πκ δ(C) (x − X)Ẋ M Ẋ N ,
(3.47)
2
where δ(C) is the delta function in C-space. The latter equation can
be expressed as
1
RM N − GM N R = 8πTM N ,
2

(3.48)

where TM N is the energy-momentum tensor as defined in C-space.

3.2. C-Space and Problem of Motion: Pezzaglia’s
Approach
As an introductory step to the C-space formalism obtained by CastroPavsic [18], it is worth to mention that Pezzaglia had presented a
speculative vision about the need to utilize Clifford space, the problem
of unification can be passed by stages of composing scalar, vectors
and bi-vectors in one form with taking into consideration that the
corresponding bases vectors are described in non-orthonormal curved
space in the following way [11].
γµ .γν ≡

1
1
{γµ γν } = {γµ γν + γν γµ } = gµν ,
2
2

(3.49)

where gµν is the metric tensor which may be a function of position.
The outer product of two different bases vectors yields a new object
DOI: 10.4236/jmp.2020.1111116
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called a bi-vector, which is the basis of a plane spanned by two basis
vectors
γµν = −γνµ =≡ γµ ∧ γν ≡

1
1
[γµ γν ] = (γµ γν − γν γµ ) = sµν , (3.50)
2
2

where sµν acts as the skew symmetric part of the metric gµν i.e.
g[µν] = sµν .
This illustration can be clarified by describing the momentum polyvector and spin bi-vector angular momentum
M ≡

1
1 µ
p γµ + 2 S µν γµν ,
λ
λ

(3.51)

such that λ is a universal length constant
pµ = m

dxµ
,
ds

and

daµν
,
ds
where S µν , in which is defined to be a bi-vector coordinate. In flat
space one finds its corresponding equation of motion
S µν = m

Ṁ µ =

dM µ
= 0,
ds

(3.52)

ṗµ =

dpµ
= 0,
ds

(3.53)

i.e.

and

dS µν
= 0.
(3.54)
ds
It is worth mentioning that the modified momentum which include
both linear and spin angular momentum may give rise to describe the
momentum of the extended object not consider it as a test particle
but a dipole one has an impact on its spinning case. Thus, studying
momentum with taking its spinning motion may give rise to regard the
spinning of the particle increases its mass as shown in Equation (3.51)
and Equation (3.54) [12]. Now, the arising question is the situation
of these equations in the presence of gravitational field, which may be
expressed as follows
Ṡ µν =

d2 xµ
dxν daρδ
dxν dxρ
+ Γµν[ρ,δ]
=0
+ Γµνρ
2
ds
ds ds
ds ds

(3.55)

to become in the following way

and

and
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ρ
ν
d2 xµ
1 µ dxν ρδ
µ dx dx
+
Γ
+
R
S =0
νρ
ds2
ds ds
2m νρδ ds

(3.56)

dS µν
dxρ
dxρ
+ Γµσρ S σν
+ Γνσρ S µσ
= 0,
ds
ds
ds

(3.57)

ν
D 2 xµ
1 µ
ρσ dx
=
R
S
,
νρσ
Ds2
2m
ds

(3.58)

DS µν
daαβ µ
=
(Γα[β,σ] S σν + Γνα[β,σ] S µσ ) = 0,
Ds
ds

(3.59)

1865

Journal of Modern Physics

M. E. Kahil

i.e.

DS µν
1 αβ µ
ν
=
S (Rαβσ S σν + Rαβσ
S µσ ),
(3.60)
Ds
2m
D
is the conventional covariant derivative as defined in
such that Ds
Riemannian Space. It can be figured out that the Equation (3.60)
acts exactly as the Papapetrou equation for short; while extra terms
in terms of curvature and spin tensor are added in Equation (3.61).
Following this stream of thinking in case of electro-magnetic field in
the presence of flat space, one my find out that
e
dxν
d2 xµ
= Fνµ
,
2
ds
m
ds

(3.61)

and

dS µν
e
= Fρ[µ S ν]ρ ,
(3.62)
ds
m
where Fµν is the elecro mangnetic tensor, which turns to be in case of
gravitational field as
Ṡ µν =

1 µ ρδ dxν
e
dxν
D2 xµ
=
Rνρδ S
+ F µν
,
2
Ds
2m
ds
m
ds

(3.63)

and
e
1 daαβ µ
DS µν
ν
= Fρ[µ S ν]ρ +
(Rαβσ S σν + Rαβσ
S µσ ),
Ds
m
2 ds

(3.64)

such that
e
1 αβ µ
DS µν
ν
= Fρ[µ S ν]ρ +
S (Rαβσ S σν + Rαβσ
S µσ ).
Ds
m
2m

(3.65)

Thus, it can be shown that Equation (3.66) acts as the Dixon equation, extra terms in terms of curvature and spin tensor are added in
Equation (3.67). From studying these equations, we can see the involvement of bi-vector to be affected by additional factors of curvature
of the space-time and spin tensor. This may give rise to make sure
that in case of tri-vectors and other multi-vectors these effects will be
added. Such an argument may impose the necessity to find a general
formula capable to embody all these effects. It was found that using
poly-vector coordinates may represent all these forms in a compact
way. So it is essential to display the underlying geometry of polyvectors prior to examining the corresponding equations of motion and
the deviation ones.

3.3. The Bazanski Approach for Poly-Vectors
Equations of geodesic and geodesic deviation equations in Riemannian geometry are required to examine many problems of motion for
different test particles in gravitational fields. This led many authors
to derive them by various methods, one of the most applicable ones is
the Bazanski approach [27] in which from one single Lagrangian one
can obtain simultaneously equation of geodesic and geodesic deviations which has been applied in different theories of gravity [4–9],and
[28–30]. Thus, by analogy this technique in case of Poly-vectors to
become [31],
DΨN
L = GM N U M
,
(3.66)
DS
M

where, GM N is the metric tensor, U M = dX
dS , is a unit tangent polyvector of the path whose parameter is S, and Ψν is the deviation
DOI: 10.4236/jmp.2020.1111116
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D
poly-vector associated to the path (S), DS
is the covariant derivative
with respect to parameter S.
Applying the Euler Lagrange equation , by taking the variation with
respect to the deviation poly-vector ΨC ,

d ∂L
∂L
= 0,
−
dS ∂ Ψ̇C
∂ΨC

(3.67)

to obtain the geodesic equation
DU C
= 0,
DS

(3.68)

and taking the variation with respect the the unit poly-vector U C ,
d ∂L
∂L
−
= 0,
C
dS ∂U
∂xC

(3.69)

to obtain the geodesic deviation equation,
D 2 ΨE
E
= RABC
U A U B ΨC ,
DS 2

(3.70)

A
where RBCD
is Riemann-Christoffel tensor described by poly-vectors.

3.4. Geodesic and Geodesic Deviation of C-Space:
An Alternative Approach
Equations geodesic deviation of poly-vector are derived in a way of
modifying the conventional Bazanski method, using the commutation relations and a condition between deviation poly-vector and polyvector as well. This method has been worked successfully to derive deviation equation for extended objects with wobbling as shown in [6–9].
Applying the usual commutation relation [32] on Equation (3.70)
we obtain:
D DAD
D DAD
D
−
= R̄BCE
AB U C Ψ E ,
DΩ DS
DS DΩ

(3.71)

provided that
DU A
DΨA
=
.
(3.72)
DS
DΩ
Thus, we obtain its corresponding geodesic deviation equations
D 2 ΨC
C
= RBDE
U B U D ΨE .
DS 2

(3.73)

4. Transformation of Geodesic Poly-Vectors
to Charged and Spinning Poly-Vectors
4.1. From Geodesic Poly-Vector to Charged Object
Poly-Vector
In this approach we are going to utilize the famous application for
transforming geodesics to spinning object differently [32] to become
reliable for charged object. In this case, one can assume that charged
object travels on a deviated trajectory belongs to family of deviation
parameters such that
WC = UC +
DOI: 10.4236/jmp.2020.1111116

1867

 DΨC
,
M DS

(4.74)
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C

where W C = dX
.
dΞ̄
Thus, differentiating both sides by
obtains,

D
D S̄

and taking that

dS
dΞ̄

DW C
D
 DΨC dS
=
[U C +
] .
DS
M DS dΞ̄
DΞ̄
Now, if we consider electro-magnetic tensor as follows
A
F AB U B = (RBDE
U D ΨE )U B ,

= 1, one

(4.75)

(4.76)

then Equation (4.75) becomes
DW C
 C B dS
=
F U
Dσ
M .B
dΞ̄

(4.77)

which becomes the equivalent Lorentz force (Charged object) in
Curved Clifford Space
DW C
 AB B
=
F W
DΞ
M

(4.78)

4.2. From Geodesic Poly-Vector to Spinning
Poly-Vectors
If we consider spinning poly-vectors are regarded as geodesics transferred from one path defined by a parameter S into another one S̄,
such a translation may cause the object behave as a spinning particle
rather moving as a test particle. We suggest the following poly-vector
V C defined in the following way
V C = UC + β

DΨC
.
DS

(4.79)

By taking the covariant derivative on both sides we obtain, with taking
into account ddSS̄ = 1,
DV C
D
DΨC dS
=
[U C + β
] .
DS
DS dS̄
DS̄
Assuming that β =
defined by

S̄
M

(4.80)

, and S̃ is the magnitude of the spin tensor as

S AB = S̃[U A ΨB − U B ΨA ].

(4.81)

Accordingly, substituting Equations (3.70), (3.72) and (4.83) into
(4.82), provided that dS
= 1 , we get after some manipulations:
dS̄
DU C
1 C
=
R
U B S DE ,
DS
2m BDE

(4.82)

which is the corresponding Papapetrou equation, for short, in C-space.

5. The Bazanki Approach for Extended
Objects of C-Space
5.1. Equations of Charged and Charged Deviation
Equations in C-Space
The Bazanski approach to obtain an equation of a charged object may
be found as follows:
L = GAB W A
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M
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Taking the variation with respect to ΦC and W C we obtain after some
manipulations one finds
DW C
= F CB W B ,
DS

(5.84)

and

D 2 ΦC
C
= RBDE
W E W D ΦE +
(F CB W B );D ΦD .
2
M
DS̄

(5.85)

5.2. Spinning and Spinning Deviation Equations of
C-Space
We suggest the equivalent Bazanski Lagrangian for deriving the equations for spinning and spinning poly-vectors to be
L = GAB P A

DΨB
DΨAB
+ SAB
+ FA ΨA + MAB ΨAB ,
DS̄
DS̄

(5.86)

such that

DS AB
,
DS
µ
α
is
where P µ is the momentum poly-vector F µ = 12 Rνρδ
S ρδ U ν , Rβρσ
D
the Riemann curvature, DS̄ is the covariant derivative with respect to
a parameter S̄,S αβ is the spin poly-tensor, and M µν = P µ U ν − P ν U µ
α
such that U α = dx
ds is the unit tangent poly-vector to the geodesic
one. In a similar way as performed in (5.83), by taking the variation
with respect to Ψµ andΨµν simultaneously in (5.86) one obtains
P A = mU A + Uβ

and

DP M
= FM,
DS̄

(5.87)

DS M N
= M MN .
DS̄

(5.88)

Using the following identity
D
D
B
AD
;N H − A;HN = RBN H A ,

(5.89)

on both Equation (5.87) and Equation (5.88), such that AD is an arbitrary poly-vector. Also, multiplying both sides with arbitrary polyvectors, U H and ΨB as well as using the following condition [33]
A
H
U;H
ΨH = ΨA
;H U ,

(5.90)

and ΨA is its deviation poly-vector associated to the unit poly-vector
tangent U A . And in a similar we can find out that:
AB H
H
S;H
Ψ = ΨAB
;H U .

(5.91)

Consequently, one obtains the corresponding deviation equations
which are inspired from the workings of Mohseni [34]

and
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D2 ΨA
A
A H
= R̄BHC
P B U H ΦC + F;H
Ψ ,
DS 2

(5.92)

D2 ΨAB
A]
AB H
= S [BD RDHC U H ΨC + M;H
Ψ .
DS̄ 2

(5.93)
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5.3. The Generalized Dixon Equation in C-Space
In this part, we suggest the following Lagrangian which enables us to
obtain the spinning charged poly-vector in Clifford space.
L = GAB P A

DΨB
DΨAB
+ SAB
+ F̃AB ΨA U B + M̃AB ΨAB , (5.94)
DS
DS

such that
F̃AB =

1
1
(eFAB + RABCD S CD )
m
2

and
. C
M̃AB = (PA U B − PB U U + FAC S.CB − FAC SA
. ).

Taking the variation with respect to Ψµ and Ψµν simultaneously in
(5.94) we obtain
 M B
1 M
DP M
=
FB U +
R
S EQ U N ,
DS
M
2M N EQ

(5.95)

DS M N
. N
= P M U N − P N U M + F M C SC
− F CN S.MC .
(5.96)
DS
Thus, applying the same laws of commutation as illustrated in (5.92)
and (5.93) we obtain their corresponding deviation equations
D2 ΨA
A
=RBHC
P B U H ΦC
DS 2
1 M

R
S EQ U N );H ΨH ,
+ ( FBM U B +
M
2m N EQ

(5.97)

and
D2 ΨAB
A]
=S [BD RDHC U H ΨC + (P M U N − P N U M
DS 2
. N
+ F M C SC
− F CN S.MC );H ΨH .

(5.98)

6. Concluding Remarks
In our approach, we have obtained the relevant equations of spinning
and spinning of charged poly-vectors, as well as their deviation equations in C-space i.e. (4.84), (5.97) and (5.98). This type of work
is regarded an extension to a previous work, obtaining equations of
spinning and spinning objects in Riemannian and non-Riemannian
geometries, using the Bazanski approach [4–9].
Throughout, this study, it has been found the necessity to regard
extended objects, the most reliable ones to express the actual nature
of objects, rather than relying to a point-like system. Due to this transition, the associate building block of space-time has to be revisited in
the context of C-space. This approach has served to redefine different
notations and quantities like mass and charge of any object as shown in
(2.41) and (2.42). Not only the definitions of mass and charge for any
object are needed to be revised, but also the notation of the torsion of
space-time as defined in the internal coordinates (2.13) is obtained due
to imposing the rules of differentiation of Clifford space as shown in
equations (2.10), (2.11) and (2.12); while their corresponding external
coordinates (poly-vector) are purely Riemannaian. This is due to taking the covariant derivative affected oriented areas xµν of holographic
coordinates as shown in (2.10), and (2.11) from (2.12). Consequently,
DOI: 10.4236/jmp.2020.1111116
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the meaning of torsion is becoming as similar as being obtained in
terms of commutation relation of differential operator on a potential
scalar field as expressed by Hammond [25] on dealing with internal coordinates. While, the conventional definition of torsion (2.35) in the
context of non-symmetric affine connection is also preserved, if one
applies the associate geometry describing the external coordinates as
a non-Riemaniann geometry [13–17].
Moreover, we have extended our study to derive the equivalent
charged spinning equations and their deviation ones for poly-vectors
in C-space, to be considered its corresponding generalized Dixon equation (5.97) and (5.98) in which their corresponding deviations (5.99)
and (5.100) are obtained. This approach may help to examine the
stability of extended objects in C-space.
To sum up, the problem of motion in C-space becomes a paradigm
shift towards identifying the behavior of objects in a deterministic way
which can be detected in terms of both internal coordinates and their
external ones. Such a tendency may inspire many scientists to find out
such a unified theory describing both micro-physics and macro-physics
in one form.
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