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Abstract

We propose a scheme for a switchable coupling between several Cooper-pair
boxes in the charge regime. The switch is embodied in a SQUID element
contained in the center conductor of a transmission-line resonator. Altering
the flux bias through the SQUID allows for changing the effective resonator
length. Thus the position of the nodes and anti-nodes of the relevant eigen-
modes changes and leads to a variable interaction strength between qubit and
cavity vacuum field. For the coupled qubits the interaction is dispersive. An
example for the application of this switch is the generation of multipartite
entangled states for three and four charge qubits. Although used as a discrete
switch in the present proposal, the combined system of SQUID module inte-
grated into the transmission line may be operated continuously as well.
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1. Introduction

Quantum Optics on a chip represents an intriguing and promising pace on the
way to a scalable Quantum Computer. In [1] and [2] the strong coupling of a
single photon to a superconducting qubit using circuit quantum electrodynam-
ics has been demonstrated and their work was followed by other investigations
in this field [3] [4] [5]. Some years ago, the construction of a reconfigurable
quantum optical circuit on a chip and the control of entangled states with up to
four photons were reported [6]. At the heart of this device is a simple heating
element that changes the phase in one arm of an interferometer. In addition,

there exist proposals for the design and fabrication of photonic quantum circuits
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[7] as well as their characterization [8]. In [9] researchers report that on a single
chip, sources of entangled photons are combined with optical elements that can
perform complex manipulations of quantum signals. Other groups have realised
quantum circuits using quantum dots and superconducting devices [10]. In this
context, mesoscopic devices, such as the Cooper-pair box (CPB), appear to be
promising candidates for building blocks in the hardware of a quantum com-
puter. The logic states of the qubit are formed by a large number of Cooper pairs
and are distinguished by the number of excess Cooper pairs on the supercon-
ducting island which is connected to a superconducting reservoir by a Josephson
junction.

Exemplarily, more recent publications [11]-[16] demonstrate that the interest
in superconducting qubits for quantum computation still remains a vivid area of
research.

Probably the most prominent advantage of mesoscopic systems, like the CPB
or quantum dots, compared to atomic systems or photons is the fact that they
can be fabricated and operated with standard present-day technology, and that
their designs are scalable. In the fabrication process their properties can be cus-
tomized, and no extra effort has to be taken to keep their number and location
fixed. On the other hand, due to their size they are more strongly exposed to
noise and decoherence effects than their atomic or photonic counterparts. The
time window available for preparation and coherent manipulation of states in
the so-called circuit-QED setup was reported by Wallraff et al [1] who measured
a coherence time as long as 500 ns for a single CPB inside a cavity. Placing the
CPB in a resonator is believed to screen part of the environmental effects.
Therefore, this design is—apart from its importance due to the analogy with
cavity QED—a prime candidate for the investigation of multi-qubit systems.

In order to work with multi-qubit devices, e.g. for the realization of quan-
tum-information processing tasks, a tunable coupling is desirable. Lately, a
high-fidelity quantum processor was built in the form of a two-dimensional ar-
ray of 54 transmon qubits [17]. In their experiment, each of these qubits is tuna-
bly coupled to four nearest neighbours, in a rectangular lattice. The authors
claim to have demonstrated quantum supremacy experimentally. For CPBs, a
variety of coupling ideas have been proposed (e.g., [18] [19] [20] [21] [22]).
Circuit-QED offers an alternative possibility to couple the CPB via the cavity [1]
[23]. In this article we propose a scheme for dispersive CPB coupling. The most
important feature of our proposal is the fully controllable switch for inter-qubit
coupling where no internal manipulations on the qubits themselves (such as
changing the gate voltages on each of them simultaneously and synchronically)
are needed to start and stop their interaction. This is achieved by controlling
only one external parameter (the magnetic flux through the SQUID loop), in-
creasing the experimental feasibility and reducing possible sources for decohe-
rence. Our proposal is based on the setup of the Yale group [1]. The action of the

switch makes use of vacuum modes only.
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With the tunable coupling at hand, one may look for applications based on
the manipulation of the interaction between the CPBs inside the cavity. A par-
ticularly interesting application is the preparation of multipartite entangled
states. For example, one may seek to prepare multipartite states representing lo-
cally inequivalent classes of entanglement such as the GHZ and the W state [24].
In cavity QED with atoms there are several theoretical proposals for the genera-
tion of such states [25] [26], as well as for trapped ions [27]. In Ref. [28], GHZ
states with up to six ions could be generated, while in Ref. [29], W states with up
to eight ions have been created. There are other proposals for the generation of
such states [30] [31] [32] [33] [34] as well as experimental realisations [35]-[42].
One aim of this work is to present a method of preparing similar states in circuit
QED with Cooper pair boxes [43].

A similar proposal was made by Wallquist et al [44], yet in our approach the
bus is used indirectly to obtain effective qubit-qubit coupling, rather than di-
rectly with the bus.

In order to support the experimental feasibility of our proposal, we exempla-
rily mention the work of Palacios et al [45] and Sandberg et al. [46].

The outline of this paper is as follows. In Section 2 we explain the operation of
the switch for turning on and off the interaction between the qubits. We then
present a way to use this switch for the controlled generation of multipartite en-
tangled states of the qubits (Section 3). We conclude with a discussion of our

results and possibilities to extend them in Section 4.

2. Switchable Resonator
2.1. Concept

In our proposal, the resonator acts as the coupling device between the qubits. It
can be used to control the coupling between an on position and an off position
(discrete coupling switch). To this end the center conductor of the resonator
contains a SQUID loop. The switch is realized by changing the effective length of
the center conductor of the transmission line resonator (Figure 1) via changing
the flux through the SQUID loop between integer and half integer number of
flux quanta.

The on position of the switch corresponds to the full length 1) of the center
conductor (cf. Figure 1). The CPBs are located where the electric field strength
has a node (vanishing coupling between CPB and cavity mode, see Figure 1(a)).
Note that we refer to the second eigenmode of the cavity

o) = 2(vn/L(0)) (1)

with the phase velocity v = 1/ Jic , in close analogy with Ref. [1], with capacit-

ance per length ¢ and inductance per length / As the total current through a

SQUID depends on the external flux @ applied to the ring, J, oc cos [%(Dj ,

for the on position of the switch the flux in the loop needs to be equal to an in-
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teger number of the flux quantum @, :ﬁ. It has been shown that in super-
e
conducting rings the magnetic flux is quantised in the following manner
b =n 2£ The Josephson energy of the junctions in the SQUID device should
e

be chosen large enough in order not to interrupt the resonator.

If the switch is “off” (Le., if the flux through the SQUID loop equals a half in-
teger number of flux quanta) the resonator is cut into left and right parts of
length 1V and @ respectively: charge cannot flow from the left to the right
resonator (see Figure 1(b)). Note however that the electromagnetic field in the
left resonator is still coupled capacitively to the rest of the transmission line
(through the junction capacitances of the SQUID loop). The CPBs now couple
to the second eigenmode of the left resonator as their position is chosen such
that the electric field strength is large. In contrast to the setup in Ref. [1] the level
splitting of the CPBs is not in resonance with the new eigenfrequency of the left
resonator, rather we choose it to be slightly detuned. This causes the qubits to
interact with the left cavity mode dispersively without exchanging excitations.

Assuming dimensions in the cm range for the resonator length and ~2 um for
each CPB, an inter-CPB distance of ~100 um should be sufficient to exclude di-
rect coupling between the CPBs and, on the other hand, facilitate equal coupling
constants of the CPBs with the cavity mode [47].

-

(b) L, S =
Figure 1. Schematic layout showing three cooper pair boxes (black squares) in the trans-
mission line resonator and the corresponding field modes. (a) Switch in the on position,
with SQUID loop closed. The effective resonator length equals the total length LY of
the center conductor. The CPB are located at a node position of the @” mode; (b)
Switch in the off position. The Josephson coupling between left and right part of the cen-
ter conductor is zero. The new effective resonator length is close to sl / 2 (see text) and

the resonance frequency is detuned from the CPBs’ level splitting.
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Let us now consider the effect of the SQUID loop on the transmission line. In
general, an infinitesimally short transmission line of length dx can be approx-
imated using the lumped component model depicted in Figure 2.

In this model, the current 7 and the voltage U are generally functions of the
time ¢ and of the position x. The values / ¢ r and g represent respectively the
inductance, the capacitance, the resistance and the conductance per unit of
length for the transmission line. Using Kirchoff’s voltage and current laws on the

lumped model and assuming dx — 0 the following equations can be derived:

g—gU+ca—U

ox 0 @)
a—U:rI+la—I

ox ot

By calculating the derivative with respect to x of the first equation and the
time derivative of the second equation, the current flowing in the transmission
line can be expressed by the following expression:

0’1 ol , &'l
—=grl+(gl+rc)—+Ilc— (3)
g g (gl re) e

In the specific case of a SQUID, the system will only work at very low temper-
ature. Under this condition, it is not false to consider the transmission line as
lossless (=0 and g =0). Equation (3) can be hence approximated as:

c 4
ox? or’ “)

Let us consider the effect of the SQUID loop for the resonance frequencies of
the transmission line more quantitatively. In an infinitesimal lumped-element
circuit model for a transmission line (without SQUID element) the current /
obeys the wave equation

lg -1 82—2] =0 (5)
cox ot
with boundary conditions I(x=0)=1/ (x = L(O)) =0. We assume that this wave
equation is satisfied also with the switch in the on position.

For the off position of the switch this equation is modified. While in the left

and the right part of the transmission line Equation (5) remains unchanged, at

dUu
I(x,t) Y I(z + dz, t)
| I -

l-dx r-dr AdJ

U(z,t) Uz + dz,t)

c-dx g-dzx

< dx >

Figure 2. Transmission line lumped model for an infinitesimally
short line.
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x=Xx, the total capacitance C of the junctions in the loop (which can be as-
sumed to be point-like at the position x,) contributes another term that couples

left and right resonator part:
2 2
%%—l%—é)[&'(x—xo)zo. (6)
The resulting problem for the eigenmodes of this resonator is analogous to a
quantum-mechanical particle of mass ¢/2 in a double-well potential (of lengths
[V and 1) separated by a &-barrier of strength 1/C, at x =x,. We choose
1V, 19 to differ by a few per cent in order to avoid the symmetry point
1" =1 for which the solutions have peculiar properties. Moreover, this al-
lows us to arrange for the proper detunings of the various modes. We are inter-
ested in the case of weak coupling between the “potential wells”, that is, weak
capacitive coupling C, < L") between the parts of the center conductor. In
this case the new eigenmodes differ only little from the modes of the unper-
turbed problem (that is, no coupling at all, C, = 0). To first order we obtain,
e.g., for the second mode of the left resonator (cf. also Ref. [1])

02 S
o ~2L(') (1 cL“J' (7)

The first term in this expression represents the resonant solution (cf. Equation
(1)), the second one accounts for the effect of detuning. Given the typical capa-
citance of a transmission line, the capacitance ; may be on the order of several

107" F to satisfy the weak-coupling condition.

2.2. Quantitative Considerations

In this section we briefly discuss the relevant modes for the two regimes of the
switch and estimate possible errors. When the cavity mode is in resonance with
the qubit frequency there is coupling between cavity and CPBs with coupling
strength g which is proportional to the strength of the local electric field, i.e. the
coupling with resonant modes vanishes at their nodes and is maximal at their
antinodes. This coupling strength is modified in the case of detuning and results
in an effective coupling strength A* = g / Ask) as will be shown in the follow-
ing paragraph.

(1)

In the off regime for modes a)l.(]) in the left resonator A}’ is large (on the
order of the cavity eigenfrequency) only except for the slightly detuned a)gl).
The mode wgz) (eigenmode of the right resonator) might leak into the left part
if the disconnection is not perfect. However, not only is it also detuned (given
L, #L,) but also decays its amplitude rapidly at the left side rendering the
coupling to this mode a negligible quantity at the site of the CPBs.

In the onregime the CPBs are sited at a node of the (also detuned) mode a)go) R
so that the coupling vanishes. The mode with the smallest detuning with respect
to the CPB eigenfrequency in this regime is a)ﬁo). Its impact on the CPB may

still be ignored as discussed in further detail below.
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In order to realize a dispersive interaction of the CPBs with cavity mode a)gl) ,
we require a detuning of, say 5a)£1) / a)gl) ~107. The other resonator modes need
to have much stronger detuning in order to reduce their coupling to the qubit, in
particular for the on position of the switch. For example, we may choose
[V =0.541"" and G, / el =0.05 which yields ~10% red shift of the reson-
ance frequency a)éo) from the closest mode of the off switch and ~12% detun-
ing from the 4th mode of the full-length resonator. For coupling strengths in the
MHz regime and frequencies on the order of 10" Hz this detuning leads to an
effective coupling strength 1 =10"g with respect to the coupling strength gin
the resonant case.

A CPB spacing of Ax=100um corresponds to one per cent of the cm di-
mensions of the resonator. Consequently, the amplitude of the mode a)gl) dif-
fers from its maximal value at position x,, by a factor of around 10 at posi-
tions x=x,, +100pum and by a factor of 10~ for Ax=300pum for a resona-
tor length of 3 cm.

In the following section we will show how to use this digital switch in order to
generate multipartite entanglement between the qubits via the dispersive inte-

raction with the cavity mode.

3. Generation of Multipartite Entangled States

The starting configuration of the system cavity plus CPBs is the following: the
flux through the ring configuration is @ = 0. The state of the cavity field is as-
sumed to be the vacuum state |0f >0 where the first subscript stands for “field”
and the second denotes the cavity eigenmode of the resonator with length .

In the interaction picture the system is described by the Tavis-Cummings

Hamiltonian [48], the N-atom generalized Jaynes-Cummings Hamiltonian [49]:
Hy=hg, > (e‘"”a%’jf +e"5’a0';) (8)
jo12.3
containing the bosonic creation (annihilation) operators a' (a) fora photon
in the cavity mode, the creation (annihilation) operators 0'; (o-_ /.) for an exci-
tation of the jth Cooper pair box, the detuning & and the coupling strength
g, between the dipole moment of each CPB and the electric field. In the inter-
est of legibility we use g, instead of ggo). The three CPBs are assembled at a
position where the electric field strength of the relevant cavity eigenmode va-
nishes. Consequently, there is (approximately) no interaction beyond the free
evolution ( g, = 0). Due to this condition a well-defined initial state can be pre-
pared that does not exchange excitations with the cavity field.

Suppose now the flux through the SQUID is suddenly changed by half a flux
quantum. The effective resonator length changes to the smaller 1" with the
new eigenmode in its vacuum state |0f>L . The new resonator frequency a)y)
is detuned from the CPB resonance and the coupling strength g, (again in-
stead of gél) ) still being near its maximal value. Denoting the detuning between

cavity mode and each CPB by A and the creation (annihilation) operators for
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the cavity mode b by b' (), the new Tavis-Cummings Hamiltonian can be

written in the interaction picture as

H=hg, Y, (e_[A’bTO'; +eiA’b0'; ) (9)

j=1,2,3
The corresponding time-evolution operator U (¢)=U(t,f, =0) is given up
to second order by

(t)~1——f de' H (') ——f de' H (1 j de"H (¢"). (10)

We use this expansion to derive the effective Hamiltonian for large detuning,
Le, A> g,, where no energy exchange between the CPB system and the cavity
is possible. The first-order term gives

U (1)= —ijédt'H(t')

53 (e i (e )

,123

and the second-order term

U (1)= jdtH )| dr" H (1)
At A 3 A - At
_ 8 Sy > l( ”A’bTO'jT+e’A’b0';)kZ:1:((e”A’ ~1)b'o; (e ~1)bor ).

Note that after carrying out the above product of sums the subsequent inte-
gration will yield additional prefactors of order 1/A for all terms except for
those which involve the product of complex conjugate exponentials. With this in

mind it is easy to see that

.2 3
y®? (t) = —%Z(—Nba}oj +bbT6;0';)t

j=1
)
—lg—L(—bTb+bbT)(0'1’O'2+ +0,0;, +0,0,
A
bt
-+ + - + - 1
+0,0; +0/0; +0,0; )t+(9[?).

Here and in the following o, o) , e.g., is shorthand for o ®1, ® o} . Keep-

ing only terms linear in time we arrive at

3
U(t,0)~1-— [th ]{Z(bbTajaj ~b'boo7} )

Jj=1

- __+ - _+ + - + - + - + -
+(o-20'3 +0,0, +0,0, +0, 0, +0,0;, +0,0, )}t

i
~exp| ——H .t |.
pl: h effjl

with the effective Hamiltonian in the interaction picture
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=1

+ - + __- + - + -
+0,0, +0,0;, +0,0; +0,0, )}

Consider now the case when the cavity is in its vacuum state. Then the above

Hamiltonian reduces to
_ -+ -+ + - + - + - + -
H —hﬂ[ > |ej><ej|+(0'203 +0,0; +0,0, +0/0, +0,0, +0,0, )}
j=1,2,3

since bbT|0_[>L =|0f>L,bTb|O/->L =0.

This shows that there is an effective interaction between the qubits even
though no excitation is transferred from the qubits to the cavity mode. Next we
want to show how to use such interactions in order to generate three-qubit and
four-qubit entangled states. To this end, one has to solve the Schrédinger equa-
tion for this Hamiltonian. In the following, applying the conventional nomen-
clature for qubits let |1_1.> denote the excited state of the jth CPB |ej> since no
field Fock states are needed anymore and confusion is thus avoided. States which
initially are computational basis states can be divided into three classes with the
corresponding time evolution:

1) only one CPB is in state |1}, e.g.,

v (0)) =100):

-3iAt 2 =3idt
v (1) =S 3+ [100)+ 5

1(|010)+|001)).
2) only one CPB is in state |0), e.g. |1//(0)> =|110):

v, (1)) L [(e7 +2)[110)+(e* ~1)(|011)+[101)) ]

3

3) all CPBs are in the same state, Ze. |y, (¢)) =[000) or |y (¢))=|111).
With the coupling switched off, the state of the CPB system only acquires a
phase factor (we assume that, in principle, such states can be prepared). Now the

dispersive coupling is switched on suddenly. By starting from the state of the
first type and adjusting the interaction time such that = =§—z the state of the

CPB system evolves into a W state of the form

—i2n/. -i2n/3 _
i, (2) =S 2100} + < fo10) + o))
=l[e*"“/"’ 100)+¢ 77 (]010) +[001)) ]

B

_ . -i5n/6 i2n/3
L

100)+(]010)+001)) .

For a detuning A ~ 100 MHz and a coupling strength g, ~ 15 MHz, the time
required to generate this W state is 7~ 300 ns.

This is an example of the general N-qubit W state with arbitrary phases:
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[Wy) =%(ef€ﬁ [1000---0)+¢™ [0100---0)+¢™ [0010---0) +---
+¢™[0000---1)).

The concurrences between any two qubits of the above state are all equal to
2/Nand do not depend on the phases [50].

By extending this method to four qubits it is also possible to generate a
three-CPB W state with equal phases: Starting from one CPB in the excited state
and the remaining three CPBs in the ground state |y, (¢ =0))=|1000) the dis-

persive interaction leads to a state
|lw. (£)) = ¢, (£)[1000) + c, (¢)[]0100) +]0010) +|0001) | (11)
with the probability amplitudes

(1) = Bl i NB—1 i

BV 23

0= 115018,

Detection of the first qubit in the state |O> then gives the desired W state for

the remaining three CPBs:
|W(t)>:%|0>®[|100>+|010>+|001>] (12)

where the common phase factor has been discarded.

We emphasize that there is no need for a specific interaction time in order to
create this superposition state. The trade-off, however, is in the necessity to per-
form a read-out on the first qubit and the probabilistic nature of the preparation
procedure.

As a final example we mention the generation of GHZ-like states for four qu-
bits. By choosing the initial state |1//5 (1= 0)> =[1100) the time evolution with
the interaction switched on results in

|ws (¢)) = C, (£)[1100)+C, (£)|0011)+ C, (£)[|1010)+1001) +|0110) +|0101) |

with probability amplitudes

i 1 o
Cz(t):ge 4i2 "1‘562}L —5

C, (t) _ éefmt _%ezm

Noting that C,(z)=0 for the choice 7=m/34 one can prepare a state be-
longing to the GHZ-class [24] [26] [51] of the form

2 (r)):H(z\/?+1)|1100)+(iﬁ—3)|0011)] (13)

as desired.
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4. Conclusions

We have presented a theoretical proposal to implement a switch for controlled
dispersive coupling of several Cooper pair boxes in a transmission line resonator.
The coupling can be turned on and off by changing the flux through a SQUID
loop integrated into the center conductor of the resonator. Here a few additional
remarks are due regarding the practical realization of this idea.

First, we have discussed the switch as a digital device between an “on” and an
“off” position. The latter position is, strictly speaking, only an “almost off” posi-
tion with a much smaller coupling g, < g, compared to the “on” case. This is
due to the structure of the effective coupling constant g / A : due to the pres-
ence of the other modes (far off resonance) there is always a residual coupling.
As we have mentioned in Section 2, a difference of at least one order of magni-
tude is realistic. This sets a limit for the idle periods of the setup: if this limit is
exceeded, the time evolution of the (almost) uncoupled CPB system is not pro-
portional to the identity (apart from a phase factor), but a more general uncon-
trolled many-qubit gate.

Secondly, the switching operation is not limited to the digital mode. In prin-
ciple, the resonator modes constitute continuous functions of the flux ® through
the SQUID loop. As the discussion in Section 2 shows, one may view the action
of the loop also as a control of the boundary conditions for the electromagnetic
field in the transmission line (see also a related proposal [52]). A detailed analy-
sis needs to take into account Josephson inductance Z, of the SQUID loop that
depends on the (flux-dependent) Josephson energy E,(®) as L, o 1/EJ (D)
in parallel to the capacitance (, and will be carried out elsewhere.

Apart from the advantages of the switch (e.g., no simultaneous switching of
CPB controls) that contribute to reducing noise, the presence of the SQUID loop
introduces also new decoherence sources: the Josephson junctions of the loop
(which are subject to dielectric losses [53]) and flux noise.

Finally, we have discussed the application of this coupling scheme for the
generation of multi-qubit entanglement between the CPBs. We have emphasized
the principle of the idea, and we have not considered a detailed setup which
should include also the methods for state preparation and measurements. In
particular, we have shown how W states for three qubits and GHZ states for four
qubits can be obtained. The protocols are surprisingly simple and, apart from
state preparation and measurements, do not require complicated sequences of
operations and can be realized in a single shot. Thus one may conclude that the
setup provides an interesting starting point for various multi-qubit applications
based on circuit-QED.
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