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Abstract 
The main goal of the present work is a unitary approach of the physical origin 
of the corrections to the magnetic moment of free and bound electron. Based 
on this approach, estimations of lowest order corrections were easily ob-
tained. In the non-relativistic limit, the Dirac electron appears as a distribu-
tion of charge and current extended over a region of linear dimension of the 
order of Compton wavelength, which generates its magnetic moment. The 
e.m. mass (self-energy) of electron outside this region does not participate to 
this internal dynamics, and consequently does not contribute to the mass 
term in the formula of the magnetic moment. This is the physical origin of 
the small increase of the magnetic moment of free electron compared to the 
value given by Dirac equation. We give arguments that this physical interpre-
tation is self-consistent with the QED approach. The bound electron being 
localized, it has kinetic energy which means a mass increase from a relativistic 
point of view, which determines a magnetic moment decrease (relativistic 
Breit correction). On the other hand, the e.m. mass of electron decreases at 
the formation of the bound state due to coulomb interaction with the nucleus. 
We estimated this e.m. mass decrease of bound electron only in its internal 
dynamics region, and from it the corresponding increase of the magnetic 
moment (QED correction). The corrections to the mass value are at the origin 
of the lowest order corrections to the magnetic moment of free and bound 
electron. 
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1. Introduction 
In the non-relativistic limit, the Dirac electron appears as a distribution of charge 
and current extended over a region of linear dimension of about reduced Comp-
ton wavelength ( e� ), a subject largely treated in the literature [1]-[7]. This ex-
plains the appearance of the Darwin term and the appearance of an interaction 
term ( Hµ− , spin-orbit interaction) characteristic to the presence of a magnetic 

moment of the electron equal to 
2
e
m
� . 

But in the Schwinger approximation (lowest order QED correction) the mag-
netic moment of free electron is [8] [9]: 

( )1 2
2
e
m

µ α= + π
�                        (1) 

A simple physical insight into the origin of this correction (α/2π) to the mag-
netic moment of free electron was proposed in [10] [11]. Based on [1]-[7], it was 
assumed for the Dirac electron that the dynamics (distribution of charge and cur-
rent) which generates the magnetic moment takes place inside a spherical region 
of diameter equal to Compton wavelength ( eλ ). The electron self-energy (e.m. 
mass) outside this region does not participate to this “internal” dynamics and in 
consequence does not contribute to the magnetic moment of electron. 

The electrostatic self-energy (mass) in the electric field generated by the elec-
tron charge in the exterior of a sphere of diameter 2r, which enclosed the elec-
tron charge, is: 

2
24 d

2e er

eU u r r
r

∞
= π =∫                      (2) 

where: 
2 2

48 8e
E eu

r
= =

π π
 

is the e.m. energy density in the electric field generated by electron. 
This means that the electron mass (self-energy) outside the sphere of diameter 

eλ , which does not participate to the “internal” dynamics, is: 
2 2

e em c eδ λ=                         (3) 

It results a straightforward calculus of the anomalous magnetic moment of the 
electron [10] [11]: 

( ) 2

2

2
2 1e e

e e
m m m cm

mc

µ
δ δ

= =
−  

− 
 

� �
               (4) 

But: 

( )
2 2 2 2

2 2 2 2 22 2
e e

e

m c e e e
mc mc mc mc mc
δ λ α

= = = =
ππ ∗ π ∗��

        (5) 

where e mc= �� .  
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If we introduce relation (5) in relation (4) it results the Schwinger approxima-
tion: 

1
2 22 1

2

e e
mm

αµ
α

 = ≅ + π   − π 

� �                  (6) 

J. Schwinger has written in [8]: “The e.m. self-energy of a free electron can be 
ascribed to an e.m. mass, which must be added to the mechanical mass of the 
electron. The only meaningful statements of the theory involve the sum of these 
two masses, which is the experimental mass of a free electron... However, the 
transformation of the Hamiltonian is based on the assumption of a weak inte-
raction between matter and radiation, which means that the e.m. mass must be a 
small correction 0mα  to the mechanical mass 0m ”.  

This weak interaction supports the idea that the e.m. mass outside the region 
of diameter eλ≈  does not contribute to the “internal” dynamics, which gener-
ates the magnetic moment.  

Section 2 gives more arguments that this physical interpretation of the origin 
of the anomalous magnetic moment of free electron is self-consistent with the 
QED approach. An alternative QED approach based on self-energy diagram is 
presented.  

In Section 3, the same line of reasoning is applied to bound electron. Estima-
tions of the lowest order corrections to the magnetic moment (gyromagnetic 
factor) of bound electron in H-like ions are presented. 

2. An Alternative QED Approach 

There is only the vertex graph (Figure 1) one has to consider in QED, in the 
lowest order (second order) of approximation, to calculate the anomalous mag-
netic moment of electron [12] [13] [14] [15]. A virtual photon is emitted by the 
electron before the interaction and is reabsorbed after the interaction. 

In [13] it is written: “The ‘dressed’ electron wave function already contains its 
quantum corrections (interactions with virtual photons). These virtual photons 
carry off some of the mass of the electron while leaving its charge unaltered and 
this can affect the magnetic moment generated by the electron during interac-
tions”. In other words in the moment of interaction some of the mass of the 
electron is carried off by virtual photons. This points to an explanation of the 
origin of the correction to the magnetic moment of free electron, similar to that 
given in Section 1. 

But the mass of the electron carried off by the virtual photons can be esti-
mated in QED taking into account the self-energy diagram (Figure 2).  

In [14], it was derived the following expression for the electron self-energy: 

( )
( ) ( )2 2 22 2 1

4 2 20

12 d 1 ln
2

e

m x xm em x x
m x
µ

δ
+ −π

= +
π

∫              (7) 

where μ is the energy cut off. 
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Figure 1. Vertex diagram. 

 

 
Figure 2. Self-energy diagram. 

 

For a wave number cut off equal to that used in relation (5), 
2

erµ
λ

= , this 

means 1
2

e

em
µ

λ
= =

π
�

, it results from relation (7), by numerical calculation, that: 

0.87
2

em
m
δ α

=
π

                        (8) 

This value is relatively close to that obtained in relation (5): 
2

em
m
δ α

=
π

, which 

explain the correction to the magnetic moment. We note here that in [14] it is 
proved that Equation (7), for a cut off at small energy ( 0µ → ), gives the same 
result for the self-energy like formula (2). 

If we take into consideration the formula (7.28) of self-energy from [15] and 
assuming that the photon mass is equal to zero, it results: 

0
10

0

3 1log
2 4e
m

m
m

α
δ

 Λ
= + π  

                    (9) 

where 0m  is the mechanical mass, which at low energy cut off is lower with 

only about 0mα  than the electron mass [8]. For 
0

1
m
Λ

=  this means the wave 

number cut off is at the reduced Compton wavelength e� , it results: 

0

3
4 2

em
m
δ α

=
π

                         (10) 

again a value relatively close to that obtained in relation (5). In relation (9) the 
exact value of correction (α/2π) is obtained for a wave number cut off at 0.8 e� . 
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Because the self-energy cannot be separated by the mechanical mass, in [14] it 
is written that “the calculation of the electron self-energy by itself does not have 
any direct experimental implications”. And in [12] it is written that “it is not 
clear what exactly one would measure to test whatever result we find by evaluat-
ing the self-energy”. 

The direct connexion established here between the correction to the magnetic 
moment of electron and the e.m mass (self-energy) which does not participate to 
the “internal” dynamics of electron (weak coupling with the mechanical mass) 
could represent a test for the self-energy formula derived in QED, at low energy 
cut off.  

A possible limitation of this approach: it is probable that there is not a sharp 
frontier (a cut off) but a transition region between the “internal” dynamics re-
gion and the e.m. mass “outside” this dynamics region.  

3. On the Physical Origin of the Corrections to the Magnetic  
Moment of Bound Electron 

The expression of the magnetic moment of free electron 
2
e
m

 
 
 

�  is presented 

usually as follows: 
2s
eg S
m

µ = , where the spin 2S = �  and the gyromagnetic 

factor 2sg = .  
The magnetic moment anomaly (α/2π) of free electron, analysed in Sections 1 

and 2, is included in the expression of the gyromagnetic factor: 2 1
2sg α = + π 

. 

Let’s analyses the physical origin of the corrections to the magnetic moment of 
electron bound into the atom. On one hand, being localized in the atom, the elec-
tron has kinetic energy, this means its mass, in particular its mechanical mass, in-
creases from a relativistic point of view. We note this increase 2

kinm cδ . 
On the other hand, due to electron-nucleus Coulomb interaction the e.m. mass 

(self-energy) of bound electron decreases as compared to unbound electron. We 
note this decrease 2in

em cδ . 
Following the same line of reasoning as in Section 1 (see relation 4), the ex-

pression of the magnetic moment of the bound electron is: 

( ) 2 2 2

2 2 2

2 2 2 2 2

2 2 2 2 2

2 2 1

1 1
2 2 2

inin
e kin ee kin e

in in
e kin e kin e

eћ eћ
m c m c m cm m m m m
mc mc mc

m c m c m c m c m ceћ eћ
m mmc mc mc mc mc

µ
δ δ δδ δ δ

δ δ δ δ δα

= =
 − + −
− + − 

 
   

≅ + − + = + − +   
π   

(11) 

where we have used relation (5) for 
2

2
em c

mc
δ

. 

From (11) it results that the gyromagnetic factor *g  of the bound electron is: 
2 2

*
2 22 1

2

in
kin em c m c

g
mc mc

δ δα 
= + − + 

π 
               (12) 
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The gyromagnetic factor in our calculations is with asterisk. 
From the literature [16] [17] [18] [19] [20] it is well known that the gyromag-

netic factor of the bound electron is: 

D QEDg g g= + ∆                        (13) 

where Dg  is the point-nucleus Dirac value (relativistic Breit correction) and 

QEDg∆  is the QED correction. The corrections due to nuclear recoil, nuclear size, 
and nuclear polarization are not taken into account. 

For ns states of H-like ions the point-nucleus Dirac value is [19]: 

( )2

2

2 12 1 2 1
3 3D

ZE mg
m n

α −   = + = − +      
�            (14) 

where E is the Dirac energy: 

( )2
2

21
2

Z
E mc

n
α 

= − + 
  

�  

The QED correction of the gyromagnetic factor of electron in ns states of 
H-like ions is [19]: 

( ) ( )2 2

2 22 2
2 2 2 66 2QED

Z Z
g

n n
α αα α α α   

   ∆ = + + ≡ + +
   π π π π   

� �      (15) 

The first term, 
2
α
π

, is the correction to the magnetic moment of free electron. 

In the present work, from Equation (12) it results that the corrections are: 
2

*
22 1 kin

D
m c

g
mc

δ 
= − 

 
                    (16) 

and 
2

*
22

2

in
e

QED
m c

g
mc

δα 
∆ = + 

π 
                  (17) 

3.1. The Estimation of Relativistic Breit Correction to the  
Gyromagnetic Factor of Bound Electron 

To estimate *
Dg  (Equation (16)) we take into account the Virial Theorem. We 

can write for any level of an atom that the mean kinetic energy kinE  of the 
electron bound into the atom is equal, in absolute value, with half the mean po-
tential energy V  and consequently with the binding energy bindE : 

( )2
2 2

2

1
2 2kin kin bind

Z
m c E V E mc

n
α

δ = = = =           (18) 

Replacing this expression in Equation (16), one obtains: 

( )
( )

2
2 22 2

*
2 2 2

122 1 2 1 2 1
2

kin
D

Z
mc Zm c ng

mc mc n

α
αδ

 
        = − = − = −        
 

     (19) 
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This result is similar with the Breit correction, Equation (14), less the factor 
1/2 which appears in the second term in brackets instead of factor 1/3 which ap-
pears in Equation (14). 

Let’s take into account the interaction of the bound electron with an exter-
nal magnetic field. In the Larmor theorem it is shown that the application of 
an external magnetic field to an atom has like effect an additional rotation 
movement of the bound electron on his atomic orbit around the nucleus, this 
means without the change of the radius of the orbit [21]. This Larmor rota-
tion motion is added or is subtracted to the orbital motion of the bound elec-
tron, resulting in the change of rotation frequency and in consequence of 
energy of that atomic level, as presented in the classical treatment of Zeeman 
effect [21]. 

This splitting of energy levels in an external magnetic field is used to de-
termine the gyromagnetic factor of bound electron. The expectation value 

r  of the electron-nucleus distance is the relevant quantity for the bound elec-
tron magnetic moment [18] [20]. For ns states of H-like ions: 

2

0
3
2n

nr a
Z

=                          (20) 

The potential energy *V  at this relevant distance gets: 

( )22 2 2
* 2

2 2
0

2 2
3 3n

Ze Z e ZV mc
r a n n

α
= − = − = −  

and relation (18) gets: 

( )2
* 2 * * 2

2

1
2 3kin kin

Z
m c E V mc

n
α

δ = = =              (21) 

Replacing this expression in Equation (16) it results a correction which is 
identical with the Dirac value (relativistic Breit correction) of the gyromag-
netic factor of bound electron in ns states of H-like ions, Equation (14): 

( )
( )

2
2 2* 2 2

*
2 2 2

132 1 2 1 2 1
3

kin
D

Z
mc Zm c ng

mc mc n

α
αδ

 
        = − = − = −        
 

      (22) 

3.2. The Estimation of QED Correction to the Gyromagnetic Factor  
of Bound Electron 

We analyze *
QEDg∆ , Equation (17). The first term in brackets, as in formula (15), 

is the correction (α/2π), for the free electron already discussed in Sections 1 and 
2. 

The second term is due to the e.m. mass lost (released) by the electron at the 
formation of the bound state due to coulomb interaction with the nucleus. But 
the e.m. mass of the electron outside the region of diameter e≈ � , does not par-
ticipate in the “internal” dynamics, which is at the origin of the magnetic mo-
ment of free electron (see Sections 1 and 2). Therefore we must estimate the e.m. 
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mass lost by the bound electron only in its close vicinity (inside the region of 
dimension e≈ � ), which influences its “internal” dynamics and by consequence 
its magnetic moment. 

Let’s start our analysis on a simplified model of a hydrogen atom: the electron 
cloud is concentrated on a spherical surface of radius r. The electric field gener-
ated by the proton in the region of the electron cloud cancels the electric field, of 
opposite sign, generated by electron cloud. More exactly the electric field in the 
exterior of the electron cloud is zero, because the total electric charge (proton 
plus electron charge) enclosed in the sphere of radius r is zero. Consequently the 
self-energy of electron gets zero in the exterior of spherical surface of radius r. 
We must estimate the self-energy (mass) which is lost by the electron only in its 
close vicinity ( e≈ � ), this means between the spherical surfaces of radius r and 

er + � . This is the term 2in
em cδ  in relations (11), (12) and (17). 

The same reasoning applies to the self-energy lost by electron in its close vi-
cinity due to the coulomb interaction with the nucleus in H-like ions. 

The e.m. mass of electron cloud in the region between the spherical surface of 
radius r and spherical surface of radius er + � , where e r�� , is given by Equa-
tion (2): 

( ) ( )
2 2

2
24 d

2 2
er e

e e er
e

e eU u r r r
r r r

+
= π = ≅

+∫
� �

�
�

            (23) 

Using the uncertainty principle ( ~p r� ) and the Virial Theorem (equation 
18) one obtains: 

2 2

22 2 bind
p E
m mr

≅ =
�                    (24) 

It results for H-like ions in ns states: 

( )2
2

2 2 2 2

1 2 2
2bind

Zm mE mc
r n

α
= =
� �

                 (25) 

Introducing this expression in Equation (23) it results that the e.m. mass lost 
by the bound electron only in its close vicinity, at the formation of H-like ions, 
due to the interaction with the nucleus is: 

( ) ( ) ( )2 2 22
2 2 2 2 2

2 2 2 2 2

2
2 2 2 2

in
e e e

Z Z Ze m mm c U mc e mc mc
mcn n n

α α α
δ α= = = =

�
� �

�  (26) 

Replacing 2in
em cδ  from Equation (26) in Equation (17), it results the follow-

ing estimation of the QED correction of gyromagnetic factor of bound electron 
in ns states of H-like ions,: 

( )22
*

2 22 2
2 2 2

in
e

QED

Zm c
g

mc n
αδα α α

  
 ∆ = + = +   π π   

            (27) 

This expression is in accord with the lowest order correction calculated in 
QED (Equation (15)), less a factor 1/6π which multiplies the second term in 
brackets in Equation (15). 

https://doi.org/10.4236/jmp.2020.119081


N. B. Mandache 
 

 

DOI: 10.4236/jmp.2020.119081 1309 Journal of Modern Physics 
 

Let’s compare the ratio of self-energy to electron mass in our calculus (Section 
1) to that calculated in QED, for a cut-off at e� . From relation (5), one obtains 
that this ratio is equal to: 

2 2

2 2
e em e e mc

m mc mc
δ

α= = =
�

�
                   (28) 

But in QED calculus (Equation (10)), for the same cut-off at e� , the same ra-

tio is 3
4 2
α
π

. This means that the value of self-energy of electron in its close vi-

cinity in our calculus (Equation (26) and second term in brackets in Equation 

(27)) should be multiplied by a factor 3 1 3
4 2 8

=
π π

. This is only about 2 times 

larger than the factor 1/6π which appears in the second term in brackets in QED 
calculus (Equation (15)). 

4. Conclusions 

The corrections to the gyromagnetic factor, and implicitly to the magnetic mo-
ment, of free and bound electron are calculated in QED with very high precision. 
The main goal of the present work was a unitary approach of the physical origin 
of these corrections. Based on this approach, estimations of lowest order correc-
tions were relatively easily obtained. 

In the non-relativistic limit, the Dirac electron appears as a distribution of 
charge and current extended over a region of linear dimension e≈ �  and this 

explains the appearance of the magnetic moment of electron equal to 
2
e
m
� . The  

e.m. mass (self-energy) of electron outside this region is weak coupled to the “in-
ternal” dynamics and therefore does not contribute to the mass term which ap-
pears in the expression of the magnetic moment. It results a small increase of the 
magnetic moment (gyromagnetic factor), which represents the lowest order cor-
rection to the magnetic moment of free electron. 

This physical origin of the correction is self-consistent with the significance of 
the vertex diagram, which in the lowest order is the only graph to consider in 
QED to calculate the anomalous magnetic moment of free electron. In the vertex 
diagram the virtual photons carry off some of the mass of the electron in the 
moment of interaction with the magnetic field, while leaving its charge unaltered. 
But this mass carried off by virtual photons can be calculated in QED taking into 
account the self-energy diagram. For a wave number cut-off at 2eλ  in the 
self-energy formula from [14] and at e�  in self-energy formula from [15] one 
obtains values of e.m mass relatively close to that obtained in our estimation of 
the e.m. mass which does not contribute to the magnetic moment, resulting in 
the lowest order correction to the magnetic moment. By this alternative QCD 
approach a direct relation was established between electron self-energy calcu-
lated in QED for low energy cut off and the correction to the magnetic moment 
of free electron, which could represent a test for the self-energy formula. 
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The changes of the same parameter mass due to electron binding in atom 
were analyzed to determine the physical origin of the corrections to the magnetic 
moment of bound electron in ns states of H-like ions. On one hand due to its 
localization into the atom, electron has kinetic energy, this means its mass in-
creases from a relativistic point of view and consequently its magnetic moment 
decreases (relativistic Breit correction). It is interesting to note that a similar ef-
fect, due to mass increase, was observed for free electrons. In an experiment 
made with polarized electrons, of Larmor rotation of spins in a magnetic field, 
by Louisell, Pidd and Crane in 1954 [21]. It was proved that the correct value of 
the gyromagnetic ratio in the laboratory frame of reference is obtained for rela-
tivistic electron mass value. 

On the other hand, due to electron-nucleus Coulomb interaction, the e.m. mass 
(self-energy) of bound electron decreases at the formation of the atom, with a 
value of the order of binding energy. Only a small fraction of this decrease must 
be taken into account: the e.m. mass decrease of electron which takes place “in-
side” its dynamics region, this means in its close vicinity ( e≤ � ) Only this e.m. 
mass decrease influences the “internal” dynamics and determines a small in-
crease of the magnetic moment of electron. An estimation of this mass decrease 
of electron, of the order of bindEα , was obtained on a simplified model of H-like 
ions. The correction to the magnetic moment of bound electron due to this e.m. 
mass decrease is in agreement with lowest order correction calculated in QED, 
up to a numerical multiplicative factor. This increase of magnetic moment is in 
addition to the increase calculated for free electron. 

The corrections to the mass value are at the origin of the lowest order correc-
tions to the magnetic moment (gyromagnetic factor) of free and bound electron. 
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