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Abstract
The problem of void growth and interaction is of importance to understanding the mechanics of failure in metals exhibiting ductility. In this work, the
growth and interaction of voids in 6061-T6 aluminum were studied experimentally. Specifically, holes of varying numbers and relative placement were
investigated for their normalized area growth with applied displacement. Flat
dog-bone specimens were carefully drilled in their gauge area with no (zero)
holes, one hole, and two holes (arranged vertically or horizontally) for experimentation after polishing. The growth of holes, captured by video recordings, exhibited exponential behavior and was influenced greatly by the number and arrangement of holes with the horizontal voids growing the fastest
and the vertical ones growing the slowest. Also, the ensuring deformation of
the sample was studied using load-displacement curves, pictography and videography, SEM imaging and Atomic Force Microscopy (AFM). The methods revealed that although the major part failure is due to large crack formation, it was preceded by intense dislocation slip activity and the formation
of micro cavities. Also, the AFM quantified the three-dimensional nature of
crystal or grain deformation and how it is greatly influenced by distance and
location from the hole. Lastly, theoretical understanding of hole growth was
offered.
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1. Introduction
The problem of void growth and interaction, or deformation mechanics in general/elasto-plastic nature of voids, has captured the interest of many researchers
over time. The main reason is that void growth eventually results in component
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failure either during manufacturing (e.g. forming operations) or during operation. The failure is the result of the growth coalescing into larger voids that
eventually accelerates the breakage of components or when a void bursts onto a
component’s surface. Most of these works focused on theory and or modeling
(see, for example, [1]-[33]). The works by [4] and [34] represent good reviews
covering the different aspects and proposed treatments for the problem of void
growth.
There is less number of experimental investigations. The works of [35] [36],
focused on evaluation of deformation-induced microstructural cavitation. Tait
and Taplin [37] considered two neighboring drilled holes in a sheet of commercial Al-Mg alloy. The holes’ centers were in a plane whose normal coincided
with the tension axis. Forero and Koss [38] also considered a similar hole configuration but used spherical voids instead. Some studies focused on sheet specimens with a single void for investigating the growth behavior of such a hole. For
studies with one hole, [39] focused on a superplastic copper alloy and [40] focused on a fine-grained Pb-Sn alloy that presents superplastic properties at room
temperature.
Other studies considered a sheet with either a random array of holes ([16]
[41]) or an ordered array [41]. The first reference used Pb-Sn eutectic alloy (as a
superplastic material) and the second used four different materials (none of
them were strain-rate sensitive). The main result of the first reference is that an
increased void size caused faster specimen failure. The second reference showed
that specimens with random arrays were less ductile than those with regular arrays.
Finally, the studies by [15] and [42] considered arrays of cylindrical and
pre-machined holes that were aligned along the tensile axis. Kannan and Hamilton [42] used a eutectic Pb-Sn alloy and [15] used a modified AA5083 alloy.
One of the main observations of these works is that ductility increases with an
increase in the number of holes. The experimental study by [43], also on a eutectic tin-lead alloy, revealed an increase in ductility with the number of holes up to
10 holes and a decrease thereafter. This last reference also showed that for
strain-rate sensitive materials, such as superplastic materials, it is possible to
control the ductility of the holed specimen by appropriately choosing the applied
strain rate. In the combined modeling-experimental study by [19], on eutectic
Sn-Pb alloy under uniaxial tensile loading, it was found that strain localization in
the form of shear bands is significant in all holed specimens. It was also found
that fracture tends to change from a ductile tearing mode to the shear banding
mode as the number of holes increases. Yoshimasa et al. [44] did fatigue testing
on precipitation-hardened Al-Mg-Si alloy (6061-T6) with a smooth surface and
with a small artificial hole on the surface. The smooth specimens showed no distinct fatigue limit. Conversely, the holed specimens showed a clear fatigue limit,
which had been generally deemed to be absent in non-ferrous alloys.
The current paper focuses on void growth and interaction, plus overall mechanical behavior, of a holed structural metal, namely 6061-T6 aluminum alloy.
DOI: 10.4236/jmmce.2021.91002

15

J. Minerals and Materials Characterization and Engineering

S. Gampert et al.

In addition, the paper focuses on multiple hole numbers and configurations. The
paper also utilizes standard tension testing combined with videography, SEM
and AFM techniques. Lastly, the paper provides, for the first time, theoretical
understanding of the change in the stress concentration factor due to void interaction. All of the above makes this work rather unique in its approach. To
summarize, the authors were interested in how does void growth and interaction
differ or is similar to superplastic materials in the literature. Specifically, it aims to
document experimentally the void areal growth versus applied stretching and give
physical and theoretical explanation for it based on void interaction. Such experiments can serve as a basis to validate numerical models for void growth and interaction with embedded theoretical constitutive equations in them.

2. Methods
First off, two 6 ft flat bars of ¼ inch thickness of certified 6061-T6 aluminum alloy were purchased. The bars were cut using an industrial-grade CNC mill (see
Figure 1) into dog-bone specimens per the dimensions in Figure 2 and Figure
3. The 24 machined samples looked like the top-left part of Figure 4.

Figure 1. The CNC machine used in cutting the dog-bone specimens used in the tensile
experiments.

Figure 2. CAD drawings for specimens with no hole and one hole. All dimensions in
inches.
DOI: 10.4236/jmmce.2021.91002
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Figure 3. CAD drawings for specimens with 2 holes. All dimensions in inches.

Figure 4. Unfinished dog-bone specimens. Specimens 1 - 6 of the “No Hole” configuration are on the top left corner. Specimens 1 - 6 of the “One Hole” configuration are on the
top right corner. Specimens 1 - 6 of the “Two Horizontal Holes” configuration are on the
bottom left. Specimens 1 - 6 of the “Two Vertical Holes” are on the bottom right corner.

Holes were introduced in 18 of the specimens. Each 1/8 inch-diameter hole
was created by drilling and reaming. Reaming produces smoother cut surfaces
after drilling. Six specimens had a central hole, six specimens had two vertical
holes and six specimens had horizontal holes (see Figure 4).
After the holes were created, all samples were then ready for fine grinding and
polishing. In order to be able to handle such big specimens and apply even pressure on them during grinding and polishing, a special holder for the specimens
had to be engineered. Figures 5-7 show side, bottom and locally zoomed-in images of the holder.
Using the holder, the specimens where grinded using 1000 grit sandpaper on a
rotating disk for 3 minutes each and then rinsed off with water. The specimens
were then polished on the rotating disk using nylon polishing cloth and 9-micron
diamond paste plus diamond extender. The polished samples were then rinsed off
and placed into a beaker of deionized water which was then placed in an ultrasonic cleaner for 3 minutes. This process was repeated for 3-micron diamond
DOI: 10.4236/jmmce.2021.91002
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Figure 5. A picture of the specimen holder created to hold the specimens in place during
grinding and polishing. There are two spread-out handles for the holder to assist in applying even pressure during grinding and polishing (to attain flat surfaces).

Figure 6. This is a bottom view of the holder showing where the specimen is held. The
depth of the slot where the specimen is placed was slightly less than the specimen thickness.

Figure 7. Shown here is a set screw on one end of the holder that is used to prevent any
movement of the specimens during grinding and polishing.

paste and 1-micron diamond paste until the surface was mirror-like, as shown in
Figure 8. The mirror-like surface was needed in order for the videography and
pictography discerns the evolution of plastic deformation, through pictures and
AFM, with loading in the specimen.
DOI: 10.4236/jmmce.2021.91002
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Figure 8. Polished specimens. Specimens 1 - 6 of the “No Hole” configuration are on the
top left corner. Specimens 1 - 6 of the “One Hole” configuration are on the top right corner. Specimens 1 - 6 of the “Two Horizontal Holes” configuration are on the bottom left.
Specimens 1 - 6 of the “Two Vertical Holes” are on the bottom right corner.

Once the specimens were finished and ready for further experimentation, they
were subjected to tensile loading at a pull-rate of 0.01 inch per minute in an Instron machine (with 20 kips load cell). This produced a load-displacement curve
for each specimen. (In the RESULTS: The curves were very consistent, especially
in their proportional limit and max load-bearing force, but not in their failure
displacement which is common for tensile testing). The load-displacement curves
were not converted into stress-strain curves (engineering or true) since, with the
existence of the holes, there will be stress concentrations and a three-dimensional
state of stress instead of a uniform uni-dimensional one like in standardized tensile testing.
Once the tension test is underway, a live video of the straining holes is recorded with a video camera to capture the changing area of the void(s). At the
start of the test, the initial area (a circular area with a known initial radius) is
captured and analyzed for its number of pixels in the software Image J. That
provides the area per pixel. Then at different points in the test, the number of
pixels was re-calculated to determine the current area of the void. This way, the
normalized area (current area over initial area) growth with applied deformation
can be determined and plotted.
Scanning Electron Microscopy (SEM) was also employed in this study instead
of an optical microscope. When the specimen deformation occurs, rough surfaces are predicted to take place, especially near the holes, instead of the mirror-like polished ones due to dislocation slip activity. An optical microscope
needs to be focused on a specific focal length in order to capture clear images/pictures. This is because an optical microscope does not have great “depth
of field”, also interchangeably called “depth of focus” compared to SEM. Hence,
SEM should not have any problem capturing images of the deformed specimen
surfaces. An SEM also has higher magnification and resolution compared to an
optical microscope. The SEM machine utilized is the FEI Quanta 3D which is a
dual-beam (SEM/FIB) system with both e-beam mode and ion-beam mode and
available at the University of New Mexico (see Figure 9).
DOI: 10.4236/jmmce.2021.91002
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Figure 9. SEM used in the study.

Lastly, Atomic Force Microscopy (AFM) was used in this study to perform
nano-scale analysis. The AFM is one kind of SPM (scanning probe microscope)
that is designed to measure local properties. These local properties consist of
things like height, friction, and magnetism as the probe scratches across the surface of the part. The AFM images where collected using a VEECO DI-3100
atomic force microscope with a MikroMasch atomic tip. The MikroMasch tips
are made of an n-type silicon material that has an average tip radius of 8 nm.
With having the tip at these atomic sizes, it is possible to pick up the smallest of
imperfections on the surface during the AFM analysis. Due to the small dimples
in the material, it was decided to use the AFM tapping mode to probe the surface. The tapping mode was set to use a frequency of 270 kHz during the scanning process on a 50 micron by 50 micron grid. The resolution that was used for
the different samples ranged from 128 × 128 pixel for the smooth sections of the
sample to 256 × 256 pixels for the rougher section in order to capture all of the
roughness.
The images where then processed through a program called WSxM in order to
make sure that the images are showing the same color scale. This program also
ran a roughness analysis that provided RMS (root mean square) roughness (Rq)
and average roughness (Ra) so that we can quantify surface changes due to deformation. In Equations (1) and (2), Zj is the Z displacement at point j and N is
the number of points within the scan area. In this program, the images were also
converted into 3-D plots of the surface in order to visualize the surface roughness.

Ra =

1
N

∑ j =1 Z j
N

∑ j =1 Z 2j

(1)

N

Rq =
DOI: 10.4236/jmmce.2021.91002
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3. Results and Conclusions
Tension testing was initially performed on pristine specimens with no holes. The
result for such testing on six samples or specimens is presented in Figure 10. In
the figure, the load-displacement curve follows typical shape for structural aluminum. One can clearly see the proportional limit, or point of yielding, and the
max tensile force (or max load-bearing force) as well as the displacement-to-failure.
It is clear from the figure the specimens give consistent results. Even more specimens that were not polished were tested and gave the same results. Note in the
graph the three bottom legends. These were specimens at which the testing
stopped at the yield point, max force point and right before total failure. This
was done in order to follow the progress of deformation with applied displacement.
One of the first checks performed on these results were in regard to the max
tensile force. According to [45], the UTS (max tensile strength) for 6061-T6
aluminum alloy is 45,000 psi. Multiplying this number by the area of the rectangular cross-section of the pristine sample (0.5 in × 0.25 in), the max tensile
force/load should be 5625 lb. According to the load-displacement graphs, the
max tensile force is 5400 lb, which is very close to the predicted value and is
probably off because of the extra surface shaving, i.e. reduced cross-sectional
area that resulted from grinding and polishing.
After performing tension tests on the pristine specimens, the specimens with
one hole were tested. The load-displacement curves for such specimens are given
in Figure 11. Note in the graph the three bottom legends. These were specimens

Figure 10. Load vs Displacement curves for specimens with no holes.

Figure 11. Load vs Displacement for single-hole samples.
DOI: 10.4236/jmmce.2021.91002
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at which the testing stopped at the yield point, max force point and right before
total failure. This was done in order to follow the progress of deformation with
applied displacement. Here again, the curves seems to follow a similar shape to
those in Figure 10 but with clearly reduced max tensile force and displacement-to-failure. This was not surprising given that the hole was predicted to
cause stress concentration in the material and hence bring down the load-carrying
capacity of the specimen. The weakest section in the specimen is where the hole
resides. Hence, using the previous UTS value, and a reduced cross-sectional area
equal to ((0.5 in − 0.125 in) * 0.25 in), the max tensile load is expected to be
4218.75 lb. Examining Figure 11, the max tensile force is about that number.
Figure 12 shows on oblique picture of a deforming one-hole specimen with
what appears to be shear banding deformation from it in an X pattern. This is
the advantage of the specimen polishing preparation as it allows for clear reveal
of the ensuing plastic deformation.
Considering the specimens with two vertical holes, the load-displacement
curves are plotted in Figure 13. In it, and comparing to the last two figures, it
can be seen that the displacement-to-failure is higher for the two vertical holes
than the one-hole specimens! It can also be seen that max tensile load or force is
equivalent to the one-hole specimen, i.e. there was no reduction in max load

Figure 12. Angled picture of one-hole sample showing shear bands forming in a X pattern.

Figure 13. Load vs Displacement curves for samples with two vertically-spaced voids.
DOI: 10.4236/jmmce.2021.91002

22

J. Minerals and Materials Characterization and Engineering

S. Gampert et al.

when the number of holes went up by a factor of 2. In other words, the overall
ductility of the specimen increased while not observing a drop in the load-carrying
capacity. So despite a doubling of the volume fractions of the voids in the material, the load-carrying capacity was not diminished any and the ductility was
actually enhanced! Such concept is not intuitive, as most people would ascertain
that increase void volume fraction would lead to a drop in ductility and capacity
to carry load. This is thus a welcome outcome for material scientists or mechanical designers although it is not a new concept or findings on its own. Mulholland et al. [43] also reported an increase in ductility with increased number of
voids aligned vertically along the tensile axis. However, this prior work dealt
with a superplastic metallic material whereas this one deals with a structural
metallic material. Hence, it appears that this outcome is present in such vertically-aligned voids along the tensile axis across metallic materials of different ductilities.
This increase in ductility can be explained by the deformation localization being spread over/around two voided areas versus one area in the case of one-hole
specimens. Hence instead of one-hole having to compensate plastically for the
applied stretch or displacements, two voids/void areas now share in this task and
hence deformation is not as severely localized as in the case of one-void.
As for the observed steadiness in the load-carrying capacity, it can be explained in two different ways. First, each void deforms in shear in an X pattern
similar to the one hole (Figure 12). See Figure 14. However, these two X patterns interfere with one another, i.e. they cross paths. That means dislocation
forest interactions, or at least a significant amount of inelastic dislocation interactions, occurring. Such interactions are known to cause material hardening,
similar to the hardening stages in creep, and thus the load-carrying capacity does
not suffer in this situation.

Figure 14. Double Shear-banding picture for each of two vertical voids.
DOI: 10.4236/jmmce.2021.91002
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Another or second explanation here is that the vertical arrangement of the
holes actually decreases the stress concentration factor, Kt, from the typical factor of 3 for a single hole (Figure 15) to a factor less than 3 for two vertical holes
(Figure 16). The derivation of the stress concentration factor along the mid
cross-section of a void is detailed in the Appendix. It is clear from Figure 16 that
the presence of a second hole on top of the first (bottom) one brings down the Kt
value to the left and right of the hole.
Now, let’s consider the case of two horizontal holes. The stress-strain diagrams for such hole configuration is given in Figure 17. From this figure, it can
be seen that the displacement-to-failure is less than all previous cases, i.e. it has
the lowest ductility. Also, max tensile load or force is also the lowest of all cases.
To interpret the drop in the load-carrying capacity we calculate the max load by
multiplying the UTS by the reduced cross-sectional area of ((0.5 in − 2 * 0.125
in) * 0.25 in) which gives a value of 2812.5 lb. This value is the least max load
value of all cases and it matches the max load values in Figure 17. Another reason for the drop in the max load value for this hole configuration besides the
reduction in the cross-sectional area is due to an elevated value of Kt as the two
neighboring holes actually help elevates one another’s stress concentration factor
Kt. Based on the Appendix, the Kt for such configuration is shown in Figure 18

Figure 15. Stress concentration factor for σ11 for the line directly to the right and left of
the hole.

Figure 16. Stress concentration factor for σ11 for the line directly to the right and left of
the bottom hole.
DOI: 10.4236/jmmce.2021.91002
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Figure 17. Load vs displacement for two horizontally-spaced voids.

Figure 18. Stress concentration factor for σ11 direction. The x axis is starting at the left
edge of the sample. The orange line is the factor to the left of the holes, yellow being the
stress concentration factor between the holes, and the blue is the factor to the right of
both holes.

where Kt is slightly greater than for the on-hole situation. Moreover, based on
the Appendix work, Kt actually increases with decreased spacing between the
two equally-sized voids.
Hence again, it is clear that the void volume fraction is not by itself a major
determinant of the internal stresses or the mechanical behavior of voided materials. Specimens with two equally-sized voids had significantly differing ductility
and load-carrying-capacity if the voids were axial or lateral (perpendicular) to
the tensile axis. Again, this is not in-line with conventional continuum mechanics theory heavily relying on the void volume fraction in its formulations.
If during applied displacement the deformed void(s) area is normalized by the
initial area then one can plot that against displacement as shown in Figure 19.
The figure shows the experimental data and the curve fitted data which shows an
exponential growth model for the voids. The exponent for the curves shows the
rate of growth of the area. Taking the one-hold model as the comparison basis,
one can see that the vertical holes are growing slower. This is due to their interaction that was commented on above. One can also see that the horizontal voids
grow the fastest and that is also due to the above commented on reasons. Such
exponential growth curve shape has been reported for hole growth in a superplastic material [15] and by [26] but not in structural metals which is the focus
DOI: 10.4236/jmmce.2021.91002
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of this work. Hence in monitoring void growth in structural metals, the failure
that comes with horizontal holes (situated perpendicular to the loading axis)
would happen sooner than a single hole or two vertical holes.
With respect to SEM imaging, pictures were taken at different spots around a
deforming void. For example, if one looks at the bottom of the hole, there is no
clear dislocation activity impinging on the surface. Figure 20 shows just that.
This corroborates figures like 12 and 14.
However, if SEM images are taken of the bottom right, we expect to see evidence of plastic deformation by dislocation activity. Figure 21 shows just that.
The wavy lines are slip bands by dislocations.

Figure 19. Normalized area vs Displacement for all three hole configurations along with
an exponential curve fit for each of the configurations. The fit equation for one hole is
A
2.745e −3 × exp ( 42.47 x ) + 1 . The fit equation for two vertical holes is
=
Ao

A
=
0.01076 × exp ( 23.91x ) + 1 . The fit equation for two horizontal holes is
Ao
A
=
7.242e −5 × exp (108.1x ) + 1 .
Ao

(a)

(b)

Figure 20. (a) SEM picture of the bottom of the sample after being pulled to just before
failure. This is for a specimen pulled till point C in Figure 11; (b) Zoomed area of the red
box in (a) at 1000× magnification.
DOI: 10.4236/jmmce.2021.91002
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(a)

(b)

(c)

Figure 21. (a) Bottom right corner at 200×; (b) Zoomed in SEM image of the red box in
(a) at 500× magnification; (c) Zoomed in SEM image of the yellow box in (a) at 500×
magnification.

Getting another view of this area that is slightly above the previous one, see
Figure 22, one can see that there is tearing happening on the surface of the void
and even cavitation spots in different locations.
If one examines, the top right of the hole, one can see similar results to the
bottom right in the sense of tearing of the edge of the hole, i.e. cracking in a ductile material, and micro cavitation in the material in different spots. See Figure
23. The top, bottom left and top left of the void show similar figures to Figures
20-23 and hence are not shown here for brevity.
Finally for the SEM imaging, the specimen was tilted in order to snap pictures
inside the hole. This was done in Figure 24. In the figure, it is observed that a
large macro crack has formed prior to total failure. The crack tip was zoomed in
on and that shows a lot of micro voids in the material. Also, although the hole
surface was not polished like the flat surface, it still shows similar dislocation slip
activity or slip bands.
DOI: 10.4236/jmmce.2021.91002
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(a)

(b)

(c)

(d)

Figure 22. (a) Bottom right corner at 150× magnification; (b) Zoomed in SEM picture of
the red box in (a); (c) Zoomed in SEM picture of the red box in (b); (d) Zoomed in SEM
picture of the yellow box in (b).

(a)

(b)

(c)

Figure 23. (a) SEM picture of the upper right side of the sample; (b) Zoomed in SEM
picture of the red box in (a) at 1000× magnification; (c) Zoomed in SEM picture of the
red box in (b) at 2000× magnification.
DOI: 10.4236/jmmce.2021.91002
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(a)

(b)

(c)

(d)

(e)

Figure 24. (a) SEM picture of the inside surface on the inside of the hole at 55× magnificaiton. The black corners of the picture are just how the images show up at low magnification; (b) Zoomed in picture of the red box shown in (a) at 200× magnification; (c)
Zoomed in SEM picture of the red box in (b) at 800× magnification; (d) Zoomed in SEM
picture of the yellow box in (b) at 800× magnification. (e) Zoomed in SEM picture of the
red box in (c) at 2500× magnification.
DOI: 10.4236/jmmce.2021.91002
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As with respect to the AFM measurements, first a polished specimen was
scanned for surface roughness. This formed a basis for comparison with the deformed surface roughness. Figure 25 and Figure 26 show the polished surface.
Its surface roughness is also given in Table 1. Figure 27 and Figure 28 shows
the deformed specimen at one location near the hole. It is clear from the roughness values (Table 2) that the dislocation slip has increased the roughness of the
surface by more than a factor of 2 at this spot. Although AFM can quantify the
surface roughness, it is very hard to correlate AFM scans with a particular spot
observed in the SEM imaging. An in-situ testing of a sample followed by immediate surface roughness measurements might be doable to do such correlation.
That is why although more AFM scans were performed, it was hard to pin point
a specific location of the scan with respect to the hole.

Figure 25. AFM picture of the smooth polished section under the hole for the sample
pulled till just before breaking.

Figure 26. 3D image of the surface shown in Figure 25.

Figure 27. AFM picture of the area about 200 microns below and to the right of hole for
the sample pulled till just before breaking.
Table 1. RMS and average roughness for the AFM scanning in Figure 25 and Figure 26.

DOI: 10.4236/jmmce.2021.91002
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RMS roughness

Roughness average

Figure 25 and Figure 26

21.5122

14.1755
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Figure 28. 3D image of the surface shown in Figure 27.
Table 2. RMS and average roughness for the AFM scanning in Figure 27 and Figure 28.
Table 2

RMS roughness

Roughness average

Figure 27 and Figure 28

48.0123

37.4478

4. Conclusions
There were several things learned from this study. First, specimen polishing is a
good method to observe ensuing plastic deformation of the specimen. Void
growth and interaction in structural aluminum alloys is similar to that in superplastic materials, e.g. following an exponential curve or model for growth. Specifically, two vertical voids would slow the growth down (resulting into more
specimen ductility) while two horizontal ones to the tensile axis would speed the
growth (resulting into less specimen ductility) compared to a one hole model
pulled along a line passing through its center. In addition, volume fraction is not
a whole encompassing parameter to use to predict void growth under applied
loading. Also learned was that the slowed growth for the vertical voids was due
to work or strain hardening from the two voids acting against one another.
Aided by this was also a reduction in Kt, the stress concentration factor, for this
hole configuration. In the case of the horizontal holes, Kt was actually pumped
up due to the hole configuration compared to the one-hole model. SEM imaging
can be done at different displacement or applied strain points to view the evolution of plasticity with loading. The SEM showed that the main failure occurs due
to the formation of macro cracks, mode I cracks, although micro cavitation and
significant slip activity precedes that. Finally, AFM scans can provide a quantitative measure of the deformation in the grains captured by SEM imaging. However, it is better if the imaging and scanning can be done in-situ and in the same
spots.
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Appendix A
1) Stress distributions around a single hole
When looking into how a void grows, it is important to understand how the
stress is being concentrated around the void. The equations below represent how
the stresses around the hole, affected by its presence, behave. The last equation is
for the stress concentration factor. The variables in these equations are shown in
Figure A1. These equations are based on having two assumptions, one of these
assumptions is that the deformation is small, i.e. elastic, while the other is that
the hole is in a plate with an infinite width. Because we cannot have a plate with
an infinite width these equations will not give an exact value, but it can give a
good approximation. These equations are taken from [46].

σ rr =

S  R 2  S  3R 4 4 R 2 
1 −
 + 1 + 4 − 2  cos ( 2θ )
2  r2  2 
r
r 

(i)

S  R 2  S  3R 4 
1 + 2  − 1 + 4  cos ( 2θ )
2
r  2
r 

(ii)

σ θθ =

S  3R 4 2 R 2 
− 1 − 4 + 2  sin ( 2θ )
σ rθ =
2
r
r 
Kt =

σ 11
S

(iii)
(iv)

These equations are needed when investigating how the stress concentration
factor changes in the presence of multiple holes in the specimen/sample.
2) Stresses from two vertical holes
To calculate Kt, the σ 11 normal stress will be focused on along the dashed
line in Figure A2. First, equations relating r, R, θ, a and d are needed.

=
tan θ

a
d
a
=
, cos θ =
,sin θ
d
r
r

=
r

a2 + d 2

The stress tensor σ ′ at any material point along the dashed line with coordinates (r, θ) due to the remotely applied stress and the top hole (without considering the bottom hole), and the stress tensor σ ′′ due to the remotely applied
stress and the bottom hole (without considering the top hole) can separately be

Figure A1. Loading configuration for a one hole specimen/sample.
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Figure A2. Loading configuration for a sample/specimen with two vertical holes.

found using equations, (i - iii). Now that stress tensors σ ′ and σ ′′ need to be
rotated in the correct directions, i.e. transformed, before summing to calculate
the total stress tensor in the 12-coordinate system at point (r, θ) along the
dashed line. Finally we subtract from the sum the remotely applied stress S since
it would be counted twice with the calculations of σ ′ and σ ′′ .

In order to rotate the r-direction in the 1-direction and the θ-direction in the
2-direction, the following rotational transformation matrix β is needed:
 cos θ
 − sin θ

 0

sin θ
cos θ
0

0
cos θ − sin θ

β ,  sin θ cos θ
0 =
0
1 
 0

0
1 0 0 

T
T
0  = β , ββ = 0 1 0 
0 0 1 
1 

This β will then be multiplied by the stress matrix expressed in the polar
coordinate system in order to obtain the stress tensor in 12-coordinate system:

=
σ β1Tσ ′β1 + β 2Tσ ′′β 2
For the transformation matrix β1 , the angle is θ = 0 . For the transformation
π
matrix β 2 , the transformation angle is θ =
(since the field points of interest
2
are all along the dashed line on either side of the bottom hole). Instead of using
the matrix form for the stress tensor transformation, i.e. β Tσβ , one can alternatively use the indicial notation form:

σ ij = β pi β qjσ ′pq
Using the above equations, one can write:
=
σ 11

2
2
( cos θ ) σ rr′ + ( sin θ ) σ θθ′ − 2 cos θ sin θσ r′θ + σ θθ′′ − S

The following parameters are used for plotting graphs:

in, R 0.0632 in
=
d 0.2088
=
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