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Abstract 
[1] is an important literature in the field of the fiscal theory of price level. 
However, I prove that the equations of (39) in [1] are wrong and provide the 
correct results. I also find that the mistake of equations of (39) affects the rest 
of [1], which is based on the establishment of equations of (39). I list all the 
results in [1] that cannot be established due to the mistake of equations of 
(39). Considering the importance of [1] in the field of fiscal theory of price 
level, all knowledge developed by far based on the results that cannot be es-
tablished in [1] should be re-examined. 
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1. Introduction 

In the Quarterly Journal of Economics article “Sophisticated Monetary Policies”, 
[1] use two models, a sticky-price model with one-period price setting and a 
sticky-price model with staggered-price setting, the latter of which is also called 
the New Keynesian model. I have discovered that there is an error in their math, 
an error that might be damaging to some of the main ideas of their article. 

According to ([2], p. 29), in the field of fiscal theory of price level, there have 
been two prominent papers by far that study the off-equilibrium behaviour with 
game theoretic foundations and [1] is one of the two. As of 4 February 2024, [1] 
had 108 Google Scholar citations and 40 Web of Science citations. 

The complete abstract to [1] 2010 reads as follows: 

In standard monetary policy approaches, interest-rate rules often produce 
indeterminacy. A sophisticated policy approach does not. Sophisticated 
policies depend on the history of private actions, government policies, and 
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exogenous events and can differ on and off the equilibrium path. They can 
uniquely implement any desired competitive equilibrium. When interest 
rates are used along the equilibrium path, implementation requires re-
gime-switching. These results are robust to imperfect information. Our re-
sults imply that the Taylor principle is neither necessary nor sufficient for 
unique implementation. They also provide a direction for empirical work 
on monetary policy rules and determinacy. ([1] 2010, abstract) 

In the article [1] use the expression “pure interest-rate rule” to mean [the King 
rule, which is a rule using interest rates for all histories (p. 51 in [1])]. For the 
staggered-pricing model with pure interest-rate rules, the economy has a conti-
nuum of competitive equilibria, which is obtained by solving the equation group 
composed by [1]’s Equations (37) and (38). [1]’s equations of (39) are the solu-
tions of the continuum of solutions. However, I find that the solutions expressed 
by equations of (39) are not correct. In the next section, I exhibit the correct so-
lutions of the equation group composed by Equations (37) and (38). Also, I show 
that the incorrect solutions of (39) in [1] affect the establishment of all following 
results that are based on the staggered-pricing model with pure interest-rate 
rules in the rest of the paper. That means, due to the mistake of equations of (39) 
in [1], all results based on the staggered-pricing model with pure interest rules in 
[1] are not assured. In the final section I briefly treat the issue of how damaging 
the error is, confessing that I am not sure myself, because I have not fully 
worked through the implications of the error. Even though the math error in [1] 
is non-trivial and has comprehensive and fundamental impacts in particular in 
the field of game theory approach to fiscal theory of price level, it does not deny 
the entire contribution of the three authors, Andrew Atkeson, Varadarajan V. 
Chari and Patrick J. Kehoe, in economics and my respect to them. 

2. The Correction of Equations of (39) 

Equations (37) and (38) in [1] are as follows: 

1 1

1

t t t t

t t t

y y
ky
ψπ ψφπ

π βπ
+ +

+

+ = +
 = +

   

  

 

Equations (37) and (38) can be recaset in the following form: 

1

1

1 1
0 1

t t

t t

y y
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=      −      

 

 

 

And the above matrix form of Equations (37) and (38) results in the following 
discrete dynamic system: 

 1

1

t t

t t

y y
A
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where 1
a b

A k
β β

 
 =  − 
 

 and 1 ka ψ
β

= +  and 
1b ψ φ
β

 
= − 

 
. 

Denote the determinant of matrix A by Δ. In the following, I solve the dy-
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namic system (1) to obtain the continuum of equilibria. First, I obtain the ei-
genvalues of matrix A. Denote λ  as the notation for eigenvalues. By solving the 
following quadratic equation, I obtain the eigenvalues 1λ  and 2λ : 

2 1 1 11 1 0k k kA I ψ ψλ λ λ ψ φ
β β β β β

     +
− = − + + + + − =     

     
 

Solving the above equation, I obtain that 

( )
2

1

1 11 1 4 1

2

k k kψ ψ ψφ
β β β

λ

 + +
+ − − − − 

 =  

and 

( )
2

2

1 11 1 4 1

2

k k kψ ψ ψφ
β β β

λ

 + +
+ + − − − 

 =  

A large enough φ  can obviously make 1λ  and 2λ  imaginary numbers. 
However, in [1], they only discuss the case where 1λ  and 2λ  are real numbers. 
[1] never mention that there should be a restriction on the value of φ  to ensure 

1λ  and 2λ  real. Apparently, they have implicitly assumed that the value of φ  
will not make 1λ  and 2λ  imaginary. In this paper, I also implicitly assume that 
the value of φ  ensures 1λ  and 2λ  real and hence focus on the case where 1λ  
and 2λ  are real numbers. 

Next, I will solve the equation group ( ) 0A I xλ− =  to obtain the eigenvec-
tors associated with each eigenvalue: 

( ) 1

2

11
0

1

k
xA I x xk

ψ λ ψ φ
β βλ

λ
β β

  
+ − −      − = =   − − 

 

 

where { }1 2,λ λ λ∈ . Putting 1λ  into ( ) 0A I xλ− =  and solving the corres-
ponding ( ) 0A I xλ− = , I obtain the eigenvector associated with 1λ , which is 

1
1 1 1 1

1
11

1

k
v k k a

b

ψ λ
β λ

ψ φ
β

 
    + −  = =  −−  −     −    

 

where 1k  is an arbitrary constant associated with the eigenvector. 
Likewise, putting 2λ  into ( ) 0A I xλ− =  and solving the corresponding 

( ) 0A I xλ− = , I obtain the eigenvector associated with 2λ , which is 

2
2 2 2 2

1
11

1

k
v k k a

b

ψ λ
β λ

ψ φ
β

 
 

 + −   = = − −  −    −     

 

where 2k  is an arbitrary constant associated with the eigenvector. 
Denote the following matrices: 
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1

2

0
0

D
λ

λ
 

=  
 

 

and 

( )
1 2

1 2 1 2
1 2

,
k k

C v v a ak k
b b
λ λ

 
 = = − − − −
 

 

The initial values of the dynamic system are denoted by 0y  and 0π . Solving 
the dynamic system of (1), I obtain that 

 01

0

t t

t

y y
CD C

π π
−   

=   
   

 

 

 (2) 

Equation (2) is a standard result in linear algebra and it can be found in many 
textbooks such as ([3], pp. 333 to 344). It can be obtained that 
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0
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1
a k k
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Therefore, according to (2), I obtain the solution of the dynamic system (1) in 
the following steps: 
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 (3) 
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where 

( )

2
0 0

1 2
1 1 4 1

1

a y
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λ π
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β β

ψ φ
β

−
−

=
 +
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and 
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1
0 0
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1 1 4 1
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ψ φ
β

−
+

=
 +

− − − 
 

 
− 

 

 

 

The vector (3) is the solution of the equation group composed by Equations 
(37) and (38) and hence the continuum of equilibria. 

However, in [1], in their equations of (39), 
2

0 0

1

a y
b

λ π
ω

−
−

=
∆

 

 and  

1
0 0

2

a y
b
λ π

ω

−
+

=
∆

 

. It can be shown that 

( )
2

1 1 4 1

1

k kψ ψφ
β β

ψ φ
β

 +
− − − 

 ∆ ≠
 

− 
 

 

unless 

 

2
2

2

12 4

1

b a

b
β

φ
β

   − − + +   ∆ =

 <


 (4) 

or 

 

2
2

2

12 4

1

b a

b
β

φ
β

   − + + +   ∆ =

 >


 (5) 

The procedures to derive the above results are presented in Appendix. How-
ever, it can be shown that neither Equation (4) nor Equation (5) can be satisfied 
in [1]’s context. 

https://doi.org/10.4236/jmf.2024.142012


R. Y. Wang 
 

 

DOI: 10.4236/jmf.2024.142012 219 Journal of Mathematical Finance 
 

First, let us examine Equation (4). Because 1φ
β

< , therefore 0b < . The de-

terminant of A a kb
β
+

∆ = . The equation 

2
2

2

12 4 b a

b
β

 
− − + + 

 ∆ =  can be 

equivalently reformulated to 

2
2 12 4 b a

a kb
b

β
β

 
− − + + +  =  

Because 1 1a kb kψφ+ = + > , therefore the LHS of above equation is positive 
and the RHS of the above equation is negative. Therefore, the Equation (4) can-
not be established in [1]’s context. 

Second, let us examine Equation (5). In this case, because 1φ
β

> , therefore 

0b > . The equation 

2
2

2

12 4 b a

b
β

 
− + + + 

 ∆ =  can be equivalently reformu-

lated to 

( )

2
2 14 2

1

b a
a kb

a

β
β

β

 
+ + + 

 = +
+

 

It is known that discount factor ( )0,1β ∈  and 1a kb+ > . Therefore, to en-

sure Equation (5) can be held, it requires that 

2
2 14 2

11

b a

a

β

β

 
+ + + 

  <
+

, which 

can be equivalently reformulated to 

 
2

2 1 14 2b a a
β β

 
+ + < + − 

 
 (6) 

1) If 1 2 0a
β

+ − < , then inequality (6) cannot be held; 

2) If 1 2 0a
β

+ − > , then inequality (6) can be equivalently reformulated to 

 24 11 b
a

β

< −
+

 (7) 

2-1) If 21 b< , because 4 01a
β

>
+

, then inequality (7) cannot be held; 

2-2) Suppose 21 b> . The prerequisite to ensure inequality (7) held is 
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4 11a
β

<
+

, which can be equivalently reformulated to 

 ( )13 1 αγψ β
α
−

> −  (8) 

In the context of [1], ψ  is the intertemporal elasticity in the Euler Equation 
(Equation (1) of [1]) and γ  is the elasticity of equilibrium real wage with re-
spect to output, i.e. Taylor’s γ . However, by far, there is no empirical evidence 
to support inequality (8) can be established. Therefore, inequality (6) and hence 
Equation (5) cannot be established in [1]’s context. 

Therefore, the correct result to express the continuum of competitive equili-
bria under the staggered price-setting of the model with pure interest-rate rules 
of [1] is my vector (3). 

The mistake of equations of (39) has comprehensive implications to the rest of 
[1]. First, the equations of (42) in Proposition 5 cannot be obtained. Conditions 
(41) are obtained according to (42) and therefore conditions (41) cannot be es-
tablished as well. Second, the core result of Proposition 6 is that the stag-
gered-pricing model with King-money hybrid rules implements a unique equili-
brium, but the proof of the result relies on equations of (39) and (40). Therefore, 
Proposition 6 cannot be established. Third, the establishment of Proposition 7 is 
partly based on Proposition 6. Because Proposition 6 cannot be held, therefore 
Proposition 7 cannot apply to the staggered-pricing model with King-money 
hybrid rules. Fourth, the explanation that adherence to Taylor principle is nei-
ther necessary nor sufficient to implement a unique equilibrium in Section V.B. 
depends on the establishment of conditions (41) and Proposition 6. Therefore, 
due to the failure of the establishment of conditions (41) and Proposition 6, the 
explanation and hence its related result cannot be established. Fifth, discussing 
section V.C., implications for estimation, depends on the establishment of 
Proposition 6. Due to the failure of the establishment of Proposition 6, the re-
sults presented in this section cannot be established as well. 

In the following, I list the results in [1] that cannot be established due to the 
mistake of equations of (39). Specifically, [1] cannot support the following re-
sults under staggered-price setting. These results are said by [1] but they cannot 
be established due to the wrong equations of (39) in [1]: 

1) Proposition 5: the pure interest-rate rules cannot uniquely implement 
bounded competitive equilibrium (Section III.B.); 

2) Proposition 6: a King-money hybrid rule can uniquely implement any 
bounded competitive equilibrium (Section III.B.); 

3) Proposition 7 does not apply, i.e. under trembles and imperfect informa-
tion, the King-money hybrid rule implements a unique equilibrium and the 
equilibrium converges to the desired outcome as the variance of measurement 
errors (i.e. trembles and imperfect information) goes to zero (Section IV); 

4) Adherence to Taylor principle is neither necessary nor sufficient to imple-
ment a unique equilibrium (Section V.B.); 
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5) Estimating economies with perfect information cannot identify which re-
gions (determinate or indeterminate regions) monetary policies incentivize the 
economy going to (Section V.C.); 

6) With imperfect information, there exist some estimation procedures that 
can uncover some critical parameters for determinacy, even if researchers are 
willing to accept some strong assumptions to do the estimation (Section V.C.). 

3. The Consequence Due to the Mistake of Equations (39) in  
[1] 

As I have presented, all results related to the staggered-pricing model or the New 
Keynesian model with pure interest-rate rules in [1] cannot be maintained. 
Therefore, all knowledge developed based on the results related to the New 
Keynesian model with pure interest-rate rules in [1] needs to be re-examined. 

The paper [1] is very influential. As presented, by far it has 108 citations. 
However, some papers and book citing [1] have much more citations than 108, 
where readers can see how influential [1] is. For example, [4] has 545 citations. 
Professor John Cochrane’s famous book [2] has 213 citations. [5] has 371 cita-
tions. In the Handbook of Monetary Economics, [6] has 152 citations. Appar-
ently, the reason why those papers cite [1] is that the paper is thought to have a 
significant influence in this field. However, the prerequisite to underpin a pa-
per’s influence is its validity. Therefore, the impact of [1] is very extensive. All 
following researches built on [1] are expected to be shaken due to the math error 
in their paper. 

Based on my knowledge, there has been no empirical literature on game 
theory approach to fiscal theory of price level. Therefore, the existing literature 
in this field focuses on theoretical discussion. Considering that only two promi-
nent papers so far, i.e. [1] and [7], characterizing the off-equilibrium behaviour 
with game theoretic foundations, which emphasizes the importance of [1] in the 
development of the field of fiscal theory of price level, especially ([2], p. 521) 
stating that `This approach (game theoretic approach to fiscal theory of price 
level) is surely right in a deep sense’, therefore the re-examination of all results 
related to the New Keynesian model with pure interest rules in [1] are expected 
to have a fundamental and comprehensive impact on the existing knowledge of 
the field. 
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Appendix: Derivation of Equation (4) and Equation (5) 

The fraction 
( )

2
1 1 4 1

1

k kψ ψφ
β β

ψ φ
β

 +
− − − 

 
 

− 
 

 can be equivalently expressed by 

2
1 4

.
a

b
β

 
+ − ∆ 

   

The proof is as following: 

( )
2

2

2 2 2

1 1 4 1

1

1 1 11 4 1

1

1 1 1 1 11 4 1 4 1 4 1

1

k k

k k

k k

ψ ψφ
β β

ψ φ
β

ψ ψφ
β β β β

ψ φ
β

ψ ψφ
β β β β β β

ψ φ
β

 +
− − − 

 
 

− 
 

   +
− + − − +   

   =
 

− 
 

       +
− + − − + − − + −       

       =
 

− 
 

 

2 2 2

2 2

2

1 1 1 1 11 4 1 4 1 4 1 4

1

1 1 1 1 11 4 1 1 4 1 4
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1 1 11 4 1 1

k k k

k k k

k k

ψ ψ ψ φ
β β β β β β β

ψ φ
β

ψ ψ ψ φ
β β β β β β β

ψ φ
β

ψ ψ
β β β

         +
− + − − − + − − −         

         =
 

− 
 

         +
− + − + − + − − −        

         =
 

− 
 

     + +
− + − −   

    =

2
1 14 1 4

1

kψ φ
β β β

ψ φ
β

   
+ − − −    

    
 

− 
 

 

2

2
2

2

1 1 12 1 1 4

1

1 14 2 4 4

k k

kb a a kba a

b b

ψ ψ φ
β β β β

ψ φ
β

β β β β ββ

    +
− + − − −    

    =
 

− 
 

 
− − + + − − 
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2 2
1 14 4a kba a

b b
β β β

   +
+ − + − ∆   

   = =  

The equation 
( )

2
1 1 4 1

=
1

k kψ ψφ
β β

ψ φ
β

 +
− − − 

 ∆
 

− 
 

 therefore can be equivalently 

expressed by 
2

1 4
.

a

b
β

 
+ − ∆ 

 ∆ =  

Suppose the signs of both sides of 

2
1 4a

b
β

 
+ − ∆ 

 ∆ =  are same. Under this 

prerequisite, the equation 

2
1 4a

b
β

 
+ − ∆ 

 ∆ =  can be equivalently reformu-

lated to a quadratic function 
2

2 2 14 0b a
β

 
∆ + ∆ − + = 

 
 

which results the following solutions: 

2
2

2

12 4 b a

b
β

 
− ± + + 

 ∆ =  

It can be observed that one solution of Δ is negative and one solution of Δ is 
positive. 

Therefore, only when 1φ
β

< , the negative solution of Δ that supports the eq-

uation 

2
1 4a

b
β

 
+ − ∆ 

 ∆ =  can exist; only when 1φ
β

> , the positive solution 

of Δ that supports the equation 

2
1 4a

b
β

 
+ − ∆ 

 ∆ =  can exist, which indicates 

that 

2
2

2

12 4

1<

b a

b
β

φ
β

   − − + +   ∆ =
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or 

2
2

2

12 4

1

b a

b
β

φ
β

   − + + +   ∆ =

 >


 

The above equations are Equation (4) and Equation (5) respectively. 
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