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Abstract

Nonlinear differential equations are often extremely difficult to solve. Even
three hundred years after its formulation, an analytical solution to the nonlin-
ear Riccati differential equation in its general form remains elusive. Renowned
mathematicians such as d’Alembert, Daniel Bernoulli, and Leonhard Euler at-
tempted to solve it without success. In this work, a sui generis technique is
introduced to analytically solve the Riccati differential equation in its canoni-
cal form, ultimately yielding its general solution.
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1. Introduction

By the late 17th century, following the contributions of Isaac Newton and Gott-
fried Wilhelm Leibniz, the field of Differential and Integral Calculus was well es-
tablished [1]. The emergence of differential equations dates back to around 1675
[1]. From their inception, these equations captivated mathematicians of the time,
sparking a century-long enthusiasm characterized by an intense search for their
solutions across various parts of the world.

The number of differential equations that remain unsolved in a general and
satisfactory manner is remarkably large. In fact, many fundamental equations in
Mathematical Physics—such as Bessel’s equation, Laguerre’s equation, Legendre’s
equation, and Newton’s general equation—are typically solved only numerically,
approximately, or for particular cases [2]-[9]. However, these well-known equa-
tions involve relatively simple cases of second-order linear differential equations

with variable coefficients. If this type of differential equation could be solved in a
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general way, analytical solutions would be available for many problems in Math-
ematical Physics, including those in Classical Mechanics, Quantum Mechanics,
and Electromagnetic Theory [3]-[9].

In this context, transforming a second-order linear equation with variable co-
efficients into a first-order equation often results in a nonlinear equation. This
highlights the significance of studying nonlinear differential equations, particu-
larly the general Riccati differential equation, which is a first-order nonlinear or-
dinary differential equation involving arbitrary functions of time [1] [10]-[14].
Proposed by Jacopo Francesco Riccati in the 18th century to address problems in
fluid dynamics, this equation was formally named after him by d’Alembert in 1769
(1] [5].

To this day, an analytical solution for the Riccati equation in its general form
remains elusive, despite attempts by renowned mathematicians, including d’Alem-
bert himself. Other notable figures who worked on this equation include Gottfried
Wilhelm Leibniz, Christian Goldbach, Johann Nicolas Bernoulli, Daniel Ber-
noulli, and Leonhard Euler. As the year 2024 marks 300 years of unsuccessful at-
tempts to find a general solution to the Riccati equation, only numerical, approx-
imate, or particular-case solutions are available [1]-[7]. In fact, it has been demon-
strated that no elementary solution exists for the Riccati equation [7].

In this paper, we introduce a novel method—rooted in imagination and unex-
pected inventiveness—to obtain the general solution of the canonical Riccati

equation, which represents a special case of the general Riccati equation.

2. The Riccati Equation

The Riccati equation can be expressed in different forms. It is striking how simple
the equation appears, particularly in its canonical form, where F (t) is any func-
tion of time # This simplicity contrasts sharply with the significant difficulties en-
countered over the years in solving it analytically, both in this form and in its
general expression [1] [2].

Without a doubt, the most challenging formulation of the Riccati problem is its

general nonlinear differential equation, given by:
y="1,(t)y + f(t)y+ fo(t) (1)

Through a suitable coordinate transformation, the general Riccati equation can
be rewritten as a second-order homogeneous linear differential equation with var-

iable coefficients:
y=—(InM) ()
which simplifies to:
M+F ()M +F,(t)M =0 3)

where F (t) and F, (t) are arbitrary functions of time [1] [14].
This is the formulation of the Riccati equation commonly found in formal

courses on Mathematical Methods in Physics. In its reduced second-order form,
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it is typically expressed as:
M+F(t)M =0 (4)

where F (t) is an arbitrary function of time [15].

In all these cases, the fundamental difficulty of finding a solution remains largely
equivalent. Solving any of these forms with an appropriate mathematical approach
would bring us significantly closer—practically within reach—of fully solving the
general Riccati differential equation.

The canonical form of Equation (1), which is the most commonly studied, is

written as:
y=y’+F(t) (5)

where F (t) is an arbitrary function of time [1] [13].

Many previous attempts to solve this equation have focused on obtaining a suf-
ficient number of particular solutions, from which a general solution could be
constructed. However, this strategy merely shifts the challenge to finding such
particular solutions, which is itself a difficult task [1] [15]. This approach does not
fundamentally resolve the problem. Moreover, it has been established that, in gen-
eral, this equation does not integrate into quadratures, nor can its solution be ob-
tained through a finite number of steps or successive integrations [1] [15]. These
conclusions, however, reflect the historical difficulty in finding an analytical gen-
eral solution rather than an absolute mathematical truth.

In this work, we introduce an extraordinary procedure that allows us to obtain
the general analytical solution to the nonlinear Riccati differential equation, spe-

cifically in its canonical form, in a direct and expeditious manner.

3. The Procedure

The fundamental idea behind this new procedure is to solve a closely related prob-
lem—one that is extremely similar to the classical Riccati problem yet distinct.
This alternative problem can be considered a particular case of the Riccati equa-
tion.

The first step involves applying a new transformation to Equation (5):
y=F(t)x (6)
With this transformation, Equation (5) becomes
X=F(t)x*=(InF(t)) x+1 (7)

which represents an alternative formulation of the canonical Riccati equation.
Solving Equation (7) is just as difficult as solving Equation (5). However, by
introducing a small modification to Equation (7), we obtain the following equa-

tion:
% =F ()¢ -2 (InF (1)) %, +1 (8)

Notably, the only change introduced is the addition of a factor of one-half in
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the term containing the natural logarithm. This seemingly minor adjustment likely
alters the nature of the problem significantly, possibly reducing it to a particular
case of the original equation.

Despite this, Equation (8) can be solved relatively easily. By working with this
modified equation, an unexpected discovery was made—two solutions emerged
by chance.

1) First Solution

Through serendipity—or a combination of intuition and fortunate discovery—
it was observed that the term one in the second term of Equation (8) can be elim-

inated by the first term on the right-hand side if we assume a solution of the form:

X = £i/\F (1) ©)

Furthermore, it can be shown that differentiating Equation (9) reproduces the
term containing the one-half factor on the right-hand side of Equation (8). There-
fore, Equation (9) represents a particular solution to Equation (8).

In this case, serendipity manifests itself through imagination, leading to a solu-
tion for the modified Riccati differential equation. That is, a particular solution
has been found for Equation (8), which differs from Equation (7) only by the fac-
tor of one-half in the logarithmic term.

Since the structure of Equation (7) is almost identical to that of Equation (8), it
is reasonable to expect that their solutions will also share some relationship.

2) Second Solution

Once again, serendipity played a role in discovering another solution. It was

noted that the derivative of the tangent function
(tan [ JF (t)dt) =[F (1) (secjﬁdt)z
- M(H(tan j\/mdt)zj

partially reproduces the squared term on the right-hand side of the equation, as

(10)

well as the term equal to one. This observation led to the hypothesis that a tangent

function could also serve as a solution. Indeed, it can be shown that the second

X =tan [ ([F (t)dt/\[F (1) (11)

This result can be verified analytically with relative ease, confirming that Equa-

particular solution is:

tion (11) satisfies Equation (8).
Using the transformation given in Equation (6), the expressions corresponding

to Equations (9) and (11) for the function y are:

You =J_ri,/F(t) (12)

and

Yoo :Mtanjmm (13)

Similarly, the corresponding expressions for Equation (3) are:
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Mo, =exp(—ijj?t)dt) (14)
and
MOZ:exp(—J'\/Wtanf\/Wdt) (15)

From standard mathematical tables, we know that the integral of the tangent

function is a logarithm. Therefore, from Equation (14), we obtain:

Mo, =cos [ [F (t) dt—isen[[F () dt (16)

However, Equation (15) can be rewritten as:

My, = cos [ [F (t) dt (17)

Thus, the particular solution in Equation (14) is more general than the expres-
sion in (15). Additionally, Equation (14) provides a complex solution to Equation
(8), which includes the one-half factor in the logarithmic term. This is precisely
the Riccati equation with particular coefficients. Consequently, we retain Equa-
tion (16) as the more general solution and discard Equations (13) and (15).

Finally, it is observed that when the one-half factor is introduced, both the ca-
nonical Riccati equation and the corresponding linear equation appear with dif-

ferent expressions:
. ) _
y0=y§+E(InF(t)) Yo +F (1) (18)
N =~ (InF (1)) M+ F (£) My =0 (19)

This concludes this section of the procedure. The next step is to propose solu-
tions for the canonical Riccati equation that bear some relationship to those found
in the modified case. In other words, Equation (7) will be solved using the solu-

tions of Equation (8).

4. The Solution

Solutions (9) and (11) represent particular solutions. When a particular solution
to the Riccati equation is known, a standard procedure can be applied to obtain
the general solution. From classical differential equations textbooks, it follows that
if X, isa particular solution to the Riccati equation, then the general solution is

given by:
% =% +¢/(C~ [ F(t)pdt) (20)
where Cis an arbitrary constant, and in this case:
1 .
t)=E 2Fx; —=(InF(t)) |dt 21
o(t) xpj[ X =5 (In ())} 1)
Thus,

p(t)= Exp2j(ii)\/Edt/\/E

Consequently, the general solution of Equation (8) is
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% =i/ {JF (1) + Exp2f (1) VF dt /{(C ~ Exp2[ (+i)VF dt(+2)WF | 22)

This expression generalizes the particular solution.

5. Rewriting the Equations

Once again, serendipity plays a role in the process. We now rewrite Equation (8)

as:
F'(t):Zon(t)2+[2/x0—2(Inx0)}F(t) (23)
Similarly, Equation (7) can be rewritten as:
E (t)=xF (t)z+[1/x—(ln x)}F(t) (24)
From this, we obtain the following key relationships:
X =2X, (25)
and
[J/x—(lnx)']:[Z/xo—Z(ln xo)'] (26)

It can be shown—through a specific mathematical technique—that Equation

(25) satisfies Equation (7). Additionally, from Equation (26), we derive:
le—[z/xo—z(lnxo)}x (27)
where
x=Exp —j[z/xo ~2(In xo)}dt[Q +_[(Exp.[[2/xO ~2(In xo)}dt)dt) (28)
with Q being another arbitrary constant.

x=xgExp—IZ/xodt(Q+j(Expj[2/xo]dt)/x§dt) (29)

6. Deriving the General Solution

By substituting expression (22) into Equation (29), we obtain the general solution
to the canonical Riccati equation:
y =Fx=F2x, (30)

y = (£20)VF + 2y/FExp2[ () VF dt /{C - Bxp2[ (+i)VF dt (+20)}  (31)

7. Verification of the Solution

This assertion can be verified as follows: From Equation (7), we also have
[]/x—(ln x)}:(lnF(t))'—F(t)x (32)

By substituting Equation (32) into Equations (26) and (27), the original Riccati
equation is fully reproduced, confirming that Equation (30) is indeed the general

solution to the canonical Riccati equation.

DOI: 10.4236/jhepgc.2025.113055 874 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2025.113055

L. Melendez-Lugo

The mathematical technique mentioned earlier involves using identity (32) in
Equation (24) to ultimately arrive at identity (25).

Furthermore, using Equation (32), we can rewrite the solution (29) as:
x = Exp2[ F,dt (Q+ [ FExp -2 Fxodt)dt)/F (33)

Applying Equation (25) along with transformation (6), Equation (33) trans-

forms into:
yExp—jydt=(Q+I(FExp—jydt)dt) (34)

whose derivative fully reconstructs the canonical Riccati equation.

8. Conclusion

Thus, the general analytical solution to the canonical Riccati equation has been
successfully derived.

9. In Other Words, Simplification

It was concluded that the solution to the canonical Riccati equation is given by
Equation (29).
Taking the derivative of Equation (29) yields:

y = 2%F (t)+2%F (t) (35)
By substituting the derivative of F(t) from Equation (24), we obtain:
y=2XOF(t)+2XO{XFZ+[]/X—(|H x)']F} (36)
Substituting Equation (29) into Equation (36), we confirm that:
y? = 2%, XF?
and therefore
y=y +F(t)

Thus, the general solution to the canonical Riccati equation has been success-

fully verified.

10. Application to Any Defined F(t)

For any given problem where the function F(t) is explicitly defined, the func-

tion Y, the general solution can be expressed as in Equation (30):
y= 2ﬁ{(ii)+ EpoI(J_ri)\/Edt/(C - Expzj(ii)ﬁdt/(iZi))}

Final Conclusion

This result shows that for any problem defined by the function F(t), its solution
can be obtained by substituting F(t) into Equation (30). Consequently, the gen-
eral solution to the canonical Riccati equation is immediately determined for any

specific case.
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11. Comments and Conclusions

By applying the transformation (6) to the canonical Riccati equation, the solution
process is initiated, leading to two Equations: (7) and (8). The first corresponds to
the original Riccati equation, while the second represents its transformed version.
In Equation (8), both the function Fand its solution are explicitly known. In con-
trast, in Equation (7), only the function F(t) is given, which remains the same
in both cases.

For each of these Equations (7) and (8), the derivative of the function F (t) is
determined, leading to Equations (23) and (24). By equating both expressions for
the derivative of F (t) , Equations (25) and (26) are obtained, ensuring con-
sistency in the variable x.

The critical step in the solution process is to express the Riccati equation as an
equality between two terms, as shown in Equation (32). This formulation ensures
that Equations (25) and (26) are correctly satisfied.

From this point, it becomes an algebraic exercise to demonstrate that Equation
(22) represents the general solution to the transformed canonical Riccati Equation
(Equation (8)).

A key aspect of serendipity in this work was the fortunate discovery of Equa-
tions (9) and (10), which satisfy Equation (8). These expressions serve as particu-
lar solutions, later generalized in Equation (20). One of these particular solutions
is selected to ultimately derive the solution to the canonical equation, which forms
a special case of the general Riccati equation, as presented in Equations (1) and
(7).

After extensive time, dedication, and effort, the canonical Riccati differential
equation has been successfully solved analytically. Contrary to past claims that

this problem was insoluble, it is now evident that it is complex but solvable.

Future Perspectives

With this breakthrough, future research on the Riccati equation will be signifi-
cantly more manageable. This work opens new avenues for exploring broader ap-

plications and potential extensions of the method.
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