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Abstract 
This work shows that each kind of Chebyshev polynomials may be calculated 
from a symbolic formula similar to the Lucas formula for Bernoulli polynomials. 
It exposes also a new approach for obtaining generating functions of them by 
operator calculus built from the derivative and the positional operators. 
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1. Introduction 

The Chebyshev polynomials of the first kind ( )nT x  and second kind ( )nU x , 
very important in approximation theory among others, were defined by Tche-
bychef in the year 1899 and may be consulted on the net, for example in Wiki-
pedia or in an important work of Markov, Andrey Andreevich, Sonin [1]. Al-
though various properties of their area abundantly studied by classical method, 
we would like to find a formula for calculating each of them not by cumbersome 
recurrence but by a symbolic formula suggested by the symbolic Lucas formula 
for calculating Bernoulli polynomials, say ( ) ( ): n

nB x B x= +  [2]. This is possible 
because Chebyshev polynomials may be put into the form of a special operator 
applying on monomials [3]. 

2. Definitions of Chebyshev Polynomials of the 1st Kind 
2.1. By Trigonometric Functions 

The Chebyshev polynomials of the first kind ( )nT x  [1] [4] may be defined by 
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many approaches, one of these is by the formula 

( )( ) ( )cos cosnT x nx=                       (1) 

or, 

( ) ( )( ) ( ) ( )arccos 2cos arccos Ree Re 1
n

in x
nT x n x x i x= = = + −       (2) 

For familiarization with trigonometric functions we cite the following proper-
ties: 

o 

( ) ( ) ( ) ( )

( )( ) ( )( ) ( )( ) ( )( )( )
( ) ( )( ) ( ) ( )( )
( ) ( )

arccos arccos2 2 Ree Ree

2 cos arccos cos arccos sin arccos sin arccos

cos arccos cos arccos

in x im x
n m

n m n m

T x T x

n x m x n x m x

n m x n m x

T x T x+ −

=

= −

= + + −

= +

 ( 3 ) 

For examples: 

( ) ( ) ( )1 12n n nT x xT x T x+ −= −  

( ) ( )2
2 2 1n nT x T x= −  

( ) ( ) ( )22 2 4 2
4 22 1 2 2 1 1 8 8 1T x T x x x x= − = − − = − +          (4) 

o ( )( ) ( )( ) ( ) ( )cos cos cos cosn m n nmT T T m nm Tθ θ θ θ= = =                (5) 

i.e. 

( )( ) ( )n m nmT T x T x=                        (6) 

o ( ) ( ) ( )( ) ( )arccos arccosRee arccos Re ein x in x
x n xD T x D n x i′= =  

( )
( )( )

( ) ( )( )
( )( )

arccos sin arccos1 Re e
sin arccos sin arccos

in x
n

n x
T x n i n

x x
−′ = =       (7) 

o 
( ) ( ) ( ) ( )( ) ( ) ( )( )

( )( )
( )( ) ( )( )( ) ( )

1 1 sin 1 arccos sin 1 arccos
1 1 sin arccos

2cos arccos 2 cos arccos 2

n n
x

n n

n x n xT x T x
D

n n x

n x T x T x

+ − + − − 
− = 

+ − 

= = =

   (8) 

o ( )( ) ( )e e e ecos cos
2 2

ix ix inx inx

n nT x T nx
− −   + +

= = =   
   

 

1

2 2

n n

n
x x x xT

− −   + +
=   

   
                      (9)

 

2.2. By Hyper-Differential Operators  

Another interesting definition ( )nT x  is that they are related to the Gegenbauer 
polynomials by the relation [4].  

( )
2

0 1
1: ! ; ;

41 2 !

n

n
B xT x n F

n
 
 


= −


−                   (10) 
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where B̂  is the operator defined from the derivative operator xD  and the 
Eckaert operator X̂  which means “multiplied with the argument” and verify-
ing the commutation relation ˆ,xD X I  ≡  . 

( )
1

2 2ˆ ˆ1 xB X D≡ −                        (11) 

( )2 2ˆ ˆ ˆ: 1
k

k k
k xB B X D≡ ≡ −                     (12) 

Concretely we have the symbolic definition, 

( ) ( ) ( ) ( )2 2

0

1 ˆ1 1 : cos
2 !

kk k n n
n x

k
T x x D x B x

k

∞

=

= − − =∑          (13)
 

The formula (13) is very convenient for obtaining the following generating 
functions of ( )nT x  which were proven by Cesarano by another approach [5]. 

Firstly, 

o 
( ) ( ) ( ) ( )

( )

2 2

0 0

2

1ˆ: cos e 1 1 e
! 2 !

cos 1 e , 1

n kktx k tx
n

n k

tx

tT x B x t
n k

t x x

∞ ∞

= =

= = − −

= − <

∑ ∑
                (14) 

Secondly because, 

( )2
2 1

2 !1k
x k

k
D

x x +=  

we may write for 1xt < , 

o 

( ) ( ) ( )

( )
( )

( )
( ) ( )

2 2

0 0

2 2 2

2 2 2 2
0

2

1 1 1: cos 1
1 2 ! 1

1 11 1
1 11 1 1

1
1 2

kn k
n x

n k

k

k

T x t B x D
xt k xt

x t xt
xt xtxt xt x t

xt
xt t

∞ ∞

= =

∞

=

= = −
− −

  − −  = =
  − −− − − −   

−
=

− +

∑ ∑

∑      (15) 

Examples: 
For 1, cost x θ= =  we have: 

1cos cos 2 cos
2

nθ θ θ+ + + + =                  (16) 

which gives the formula unwillingly stated without proof by Euler [6].  
11 1 1 1
2

− + − + =                        (17) 

Thirdly because for 1 1x− < < , 

1 0

1 1ln
1 1

n
n

n n

x x
n x x

∞ ∞

= =

= = =
− −∑ ∑∫ ∫  

( )1 1ln ln 1
1 1x xD D x

x x
= − − =

− −
 

( ) ( ) 22 1ln 2 1 ! 1 , 0
1

kk
xD k x k

x
−= − − >

−
              (18) 
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we may write for 1x < , 1xt ≤ , 

o 

( ) ( ) ( )
( )

( )
( ) ( ) ( )

( )

( )

( )

2
2

1 1 0

2 2 2
2

1

2 2 2

2
1

2

2 2 2

2

11 1ˆ ˆ: cos : cos ln ln
1 2 ! 1

1ln 2 1 ! 1
1 2 !

1 1 1ln
1 2 1

11 1 1 1 1ln ln ln ln
1 2 1 21

1

knn
k

n x
n n k

k

k

k

k

k

xxttT x B B D
n n xt k xt

x t t
k xt

xt k

x t t
xt k xt

xt
xt xtt x t

xt

∞ ∞ ∞

= = =

∞
−

=

∞

=

−   = = =   − −   

−
= + − −

−

 − = +
 − − 

−
= + = +

− −−
+

−

∑ ∑ ∑

∑

∑

( )

2

2 2

1 2

1 1 1 1ln ln 1 ln ln
1 2 1 2 1 2

xt t

xt
xt xt t xt t

− +

= + − + =
− − + − +

(19) 

As examples, for 1x < , 1t =  we have successively, 

( ) ( ) ( ) ( )1 2 1 ln 1
1 2 2

nT x T x T x
x

n
+ + + + = − −   

i.e. 

( ) ( ) ( ) ( )( )cos cos 2 cos 1 ln 1 cos
1 2 2

x x nx
x

n
+ + + + = − −        (20) 

( ) ( ) ( ) ( )( )cos cos cos 2 1 ln 1 cos
1 2

2
2

2
n
n

+ + + +
π π

π− −
π

=   

1 1 1 1 1 ln1 0
2 4 6 8 2

− + − + + = − =  

Consequently by derivation of (20) then putting 
2

x = π  we get:
 

( ) ( ) ( ) ( )
( )

sin1sin sin 2 sin
2 1 cos

x
x x nx

x
+ + + + =

−
 

 

and the Euler’s assertion [6],  

( )
( )

sin1 11 0 1 0 sin
2 2 1 cos 2

2
2

n + − + + + + = =  −
ππ
π 

   

Lastly because, 

ln ln 1x x x= −∫  

( ) ( ) ( )ln 1 1 ln 1 1x x x− = − − − −∫  

( )1 1ln ln 1
1 1x xD D x

x x
= − − =

− −
 

( ) ( )( ) ( ) ( )( )

( ) ( )

1 ln 1 1 1 ln 1

1 11 ln 1 1 ln
1 1

x xD x x D x x

x x
x x

− − − = − −

= − − − − = +
− −  
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( ) ( )( )2 1 1 11 ln 1 1 ln 1 ln
1 1 1x x xD x x D D

x x x
      − − − = + = =      − − −      

 

( ) ( )( ) ( )
2 1

2 11 ln 1 1 2 1 !
1

k
k

xD x x k
x

−
 − − − = −  − 

           (21) 

we have, 

( )
1

2
1 1

1 1ln 1 ln 1
1 1

n n

n n

x x x
n x xn

−∞ ∞

= =

 = = = − − − − 
∑ ∑∫ ∫          (22) 

and,  

o 

( ) ( ) ( )

( )
( ) ( )

( )
( ) ( )

( )

( )

2 2
1 1

2
2

0

2 2 2 2 1

0

2 2 2

2

2

1ˆ ˆ: cos : cos 1 ln
1

1 1: 1 ln
2 ! 1

12 1 !
2 ! 1

1 1 1ln
1 2 1

1

1 1ln 1 ln
1 1 2

nn

n
n n

k

k
x

k

k
k

k

xttT x B B xt
xtn n

x
D xt

k xt

x t t
k

k xt

xt x t t
xt

xt
xt xt t

∞ ∞

= =

∞

=

−∞

=

 = = −  − 

−  = −  − 

−  = −  − 

=
− −

−
−

 
= − +  − − + 

∑ ∑

∑

∑                (23) 

3. Obtaining Lucas Formula for Chebyshev Polynomials of  
the 1st Kind  

3.1. Current Method 

Until now the polynomials ( )nT x  may be calculated by the formulae deduced 
from (2), (3), 

( ) ( )2Re 1
n

nT x x i x= + −  

( ) ( ) ( )1 12n n nT x xT x T x+ −= −  

( ) ( )2
2 2 1n nT x T x= −                       (24) 

Nevertheless remarking that the Bernoulli polynomials may be calculated ad-
vantageously by the Lucas symbolic formula [2].  

( ) ( ): n
nB x B x= +                       (25) 

where the undefined coefficients kB  are to be replaced with well-defined Ber-
noulli numbers kB  [7], for example, 

( ) ( )3 3 2
3 0 1 2 3: : 3 3B x B x B x B x B x B= + = + + +  

we will hereafter try to obtain a similar symbolic formula for Chebyshev poly-
nomials. 
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3.2. Symbolic Formula for Calculating ( )nT x  

Consider the symbolic formula (13): 

( ) ( ) ( ) ( )2 2

0

1ˆ: cos 1 1
2 !

kkn k n
n x

k
T x B x x D x

k

∞

=

= = − −∑  

Let, 

u x y= +                          (26) 

We have: 

d d
d dx u u y u
u u
x y

∂ = ∂ = ∂ = ∂ = ∂                  (27) 

so that, 

( ) ( ) ( )( ) ( )

( ) ( )( )

2 2

0

2 2

0 0

1 1
2 !

1 1
2 !

k nk
n y

k

nk
k l n l

y
k l

T x y x y x y
k

n
x y x y

lk

∞

=

∞
−

= =

+ = + − ∂ +

 
= + − ∂  

 

∑

∑ ∑
       (28) 

For 0y =  we get: 

( ) ( ) ( )

( ) ( ) ( )

2 2

0 0

2 2

0

1 1 , 2
2 !

1 1 2 !
22 !

nk k l n l
n y

k l

k n k

k

n
T x x y x l k n

lk

n
x k x

kk

∞
−

= =

∞
−

=

 
= − ∂ = ≤ 

 

 
= −  

 

∑ ∑

∑
 

( ) ( )
2

2 2

0
1

2

n

k n k
n

k

n
T x x x

k

 
  

−

=

 
= −  

 
∑                   (29) 

In the above formula k must be pair for ( )nT x  to have the parity of n. 
Finally defining, 

( )2 1 0kC x+ =
 

( ) ( )2
2 1

k

kC x x= −                       (30) 

we obtain the symbolic formula for calculating ( )nT x , 

( ) ( ): n
nT x C x= +                       (31) 

where undefined terms kC  are to be replaced with ( )kC x . 
For examples: 

( )0 1T x =  

( ) 1 0
1 0 1T x C x C x x= + =  

( ) ( )2 0 2 2
2 0 2 1T x C x C x x x= + = + −  

( ) ( )3 3 2 3
3 0 23 3 1 4 3T x C x C x x x x x x= + = + − = −  

( ) ( ) ( )24 2 4 2 2 2 3 4 2
4 0 2 46 6 1 1 2 8 1T x C x C x C x x x x x x= + + = + − + − = − +  (32) 

i.e. 
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( ) 2
2 cos cos 2 2cos 1T x x x= = −  

( ) 3
3 cos cos3 4cos 3cosT x x x x= = −  

( ) ( ) ( )
( ) ( ) ( ) ( )

4 2
4

4 2 2 4

cos 8cos 8cos 1

cos 4 cos 6sin cos sin

T x x x

x x x x x

= − +

= = + +
      (33) 

As consequence, because,  
2cos 2 2cos 1x x= −  

we get a maybe new formula for number theory, 

2 1 2 2 2
2

0 2 2
n n n n

n
−      
= + + +     
     

  

2 2 1 2 1 2 1
2

0 2 2
n n n n

n
+ + +     

= + + +     
     

               (34) 

4. The Chebyshev Polynomials of the Second Kind 
4.1. Definitions and Symbolic Formula for Calculation 

The Chebyshev polynomials of the second kind ( )nU x  may be defined trigo-
nometrically [1] [4] by:  

( )
( )( )
( )

sin 1
cos

sinn

n x
U x

x
+

=                     (35) 

or via the operator B̂  by [3],
  
( ) ( )

ˆsin: 1 ˆ
n

n
BU x n x

B
= +                      (36) 

In fact from (36) and for 1 1x− < <  we get: 

( ) ( ) ( )
( )
( )

( )
( )
( )

( )
( )

( )

( ) ( ) ( )

( ) ( )

2 2

0

22
2

0

1 2 2 1
2 2 1 2 1 2 12

0

1
1 arccos2

2 2

1 arccos

2

1
1 1

2 1 !

1 1 !
1

2 1 ! 2 !

11 1 1
2 1

1 1Im 1 Im e
1 1

1 Im e
1

k k
xk n

n
k

n k

k n k

k

n
k

k n k

k

n
i n x

i n x

x D
U x n x

k

x n
x

k n k

n
x i x x

ki

x i x
x x

x

∞

=

 
  

−

=

 
   +− + + − −

=

+
+

+

−
= + −

+

− +
= −

+ −

+ 
= − − + 

= + − =
− −

=
−

∑

∑

∑  

i.e., 

( ) ( ) ( )( )11 1cos Im e sin 1
sin sin

i n
nU nθθ θ

θ θ
+= = +           (37) 

4.2. Generating Functions 

Utilizing the property,  
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( )1ˆ 1n n n
t tTt t n t+∂ = ∂ = +                     (38) 

we get the generating functions for 1x < ,
 

o 

( ) ( )

( ) ( )

( ) ( ) ( )

( ) ( )

0 0 0
2

0

2 2

0

2

2

2 2

2

sin sin sinˆ ˆ: 1 : : e
! ! !

ˆ: 1 e
2 1 !

1ˆ: 1 1 e
2 1 !

sin 1 e
1

sin 1 cos 1 e
1

n n n n n
xt

n t t
n n n

k
k xt

t
k

kk k xt
t x

k

xt
t

xt

t B x t B x t BU x n T T
n B n B n B

BT
k

T x D
k

t x

x

x t x t x
x

∞ ∞ ∞

= = =

∞

=

∞

=

= + = ∂ = ∂

= ∂ −
+

= ∂ − −
+

−
= ∂

−
 

= − + −  − 

∑ ∑ ∑

∑

∑    (39) 

and for 1x < , 1xt < ,
 

o 

( ) ( )

( )
( )
( ) ( )

( )
( ) ( )

( )
( )
( )

( )

( )

0 0 0

2 2
2 2

2
0 0

2 2 2
2

2 2 2 2 2 2
0

2

sin sin ˆ: 1 :

1 11 11 1
2 1 ! 1 2 1 ! 1

1 11 1
1 21 1

1

n n n n n
n t

n n n
k k

k kk k
x x

k k

k

k
k

k

B BU x t n x t T x t
B B

x x
D D

k xt k xt

t x t
xt

t x t xt txt
xt

∞ ∞ ∞

= = =

∞ ∞

= =

∞
−

+
=

= + = ∂

− −
= − = −

+ − + −

−
= − = − =

− − +− +
−

∑ ∑ ∑

∑ ∑

∑

 (40) 

From (40) and with 1t =  we get: 

( ) ( ) ( )0 1
1 1 , 1
2 1nU x U x U x x

x
+ + + + = <

−
 

 
which following (37) proves the famous Euler’s assertion) [6],

 11 1 1 1
2

− + − + =                        (41) 

4.3. Interrelations between ( )nT x  and ( )nU x  

From (2) and (37), 

( ) ( ) ( )arccos 2Ree Re 1
n

in x
nT x x i x= = + −  

( ) ( ) ( )1 arccos

2

1 Im e
1

i n x
nU x

x
+=

−  
we get: 

( ) ( ) ( )

( ) ( )( ) ( ) ( )( )
( ) ( ) ( )( )
( ) ( )

arccos arccos
1

arccos arccos

arccos

2 2
1

Ree e

Ree cos arccos Im e sin arccos

Im e sin arccos

1 1

in x i x
n

in x in x

in x
n

n n

T x

x x

xT x x

xT x x U x x

+

−

=

= −

= −

= − − −
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i.e., 

( ) ( ) ( ) ( )2
1 11n n nT x xT x x U x+ −= − −                 (42) 

Similarly we have 
( ) ( ) ( )

( ) ( ) ( ) ( )( )
( ) ( )

arccos arccos

2

arccos arccos arccos arccos

2

1

1 Im e e
1

1 Ree Im e Im e Ree
1

in x i x
n

in x i x in x i x

n n

U x
x

x
T x xU x−

=
−

= +
−

= +

  (43) 

and, 

( ) ( ) ( )2 2
11 1

n

n nT x i x U x x i x−+ − = + −              (44) 

( )( ) ( ) ( )( ) ( )cos
1cos sin cos ein

n nT i U θθ θ θ−+ =  

An interesting relation comes from (2), (37) is, 

( ) ( )( ) ( ) ( )arccos arccos

2

1arccos Re e Im e
1

in x in x
x nD T x n x i n

x
′= =

−  

( ) ( )1n nT x nU x−′ =                       (45) 

( ) ( )1
1

1n nU x T x
n +′ ′′=
+

                     (46) 

Now, by operator calculus we have the identity: 

( ) ( ) ( ) ( )
( )

( )

( )

2 212 1
2 2

0 0

1
2

ˆ1
ˆ ˆsin 1 : 1 1

2 1 ! 2 1 !
ˆsinˆ1 ˆ

k kk
xk k

x
k k

x

X DBB X D
k k

BX D
B

+∞ ∞

= =

−
≡ − ≡ − −

+ +

≡ −

∑ ∑
    (47) 

The above identity gives:
 
( ) ( ) ( ) ( )

1 1
1 2 2

ˆsinˆ ˆsin : 1 1 : 1ˆ
n n

n
BB x X n x x U x

B
+ = − + = −

 

( ) ( )
1

2 12 ˆ: 1 sin n
nU x x B x

− += −                    (48)
 

4.4. Symbolic Formula for Chebyshev Polynomials of Second Kind 

From the formula (36), 

( ) ( )
1

2 12 ˆ: 1 sin n
nU x x B x

− += −  

( ) ( ) ( )
( )
( )

2 2

0

1
1 1

2 1 !

k k
xk n

n
k

x D
U x n x

k

∞

=

−
= + −

+∑  

and the fact that, 

x y x y+∂ ≡ ∂ ≡ ∂                        (49)
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we get: 

( ) ( ) ( )
( )( )
( ) ( )

( ) ( )
( )( )
( )

2

2

0

2

2

0 0

1
1 1

2 1 !

1
1 1

2 1 !

k

k nk
n y

k

k
nk k n l l

y
k l

x y
U x y n x y

k

x y n
n x y

lk

∞

=

∞
−

= =

− +
+ = + − ∂ +

+

− +  
= + − ∂  +  

∑

∑ ∑

      (50)
 

For 0y = , 

( ) ( ) ( )
( )
( ) ( )

( ) ( )
( )

2
2

0

22
2

0

1
1 1 2 !

22 1 !

1
1 1

22 1

k

k n k
n

k

n k

k n k

k

x n
U x n k x

kk

x n
n x

kk

∞
−

=

 
  

−

=

−  
= + −  +  

−  
= + −  +  

∑

∑

          (51)
 

so that we get the symbolic formula,  

( ) ( )( ): 1 n
nU x n x= + Γ +                       (52) 

where,  

( )
( ) ( )

( )
2

2 2 1

1 1
, 0

2 1

kk

k k

x
x x

k +

− −
Γ = Γ =

+
              (53) 

with k pair for ( )nU x  to have the parity of n.

 

Examples: 

( )0 1U x =
 

( ) ( )1 02 2U x x x= Γ =
 

( ) ( ) ( )12 2 2 2
2 0 2

13 3 1 4 1
3

U x x x x x = Γ + Γ = + − = − 
   

( ) ( )3 2 3
3

34 1 8 4
3

U x x x x x x = + − = − 
   

( ) ( ) ( )24 2 2 2 4 2
4

1 15 6 1 1 16 12 1
3 5

U x x x x x x x  = + − + − = − +  
  

    (54) 

5. Remarks and Conclusions 

The principal aim of this work is to propose to researchers and students two 
formulae having the symbolic form ( )nC x+  for calculating Chebyshev poly-
nomials. This is possible by utilizing the special operator ( )2 2ˆ 1

k k
k xB x D≡ −  for 

defining them and the common property x y x y+∂ ≡ ∂ ≡ ∂ . By the way, we expose 
the proofs for obtaining more concisely their generating functions as so as a lot 
but not all of their properties.  
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