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Abstract
An ultralocal form of any classical field theory eliminates all spatial
derivatives in its action functional, e.g., in its Hamiltonian functional density. It has been applied to covariant scalar field theories and
even to Einstein’s general relativity, by Pilati, as an initial term
in a perturbation series that aimed to restore all omitted derivatives. Previously, the author has quantized ultralocal scalar fields
by affine quantization to show that these non-renormalizanle theories can be correctly quantized by affine quantization; the story of
such scalar models is discussed in this paper. The present paper will
also show that ultralocal gravity can be successfully quantized by
affine quantization. The purpose of this study is that a successful
affine quantization of any ultralocal field problem implies that, with
properly restored derivatives, the classical theory can, in principle,
be guaranteed a successful result using either a canonical quantization or an affine quantization. In particular, Einstein’s gravity
requires an affine quantization, and it will be successful.
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1. Ultralocal Scalar Field Theories
Before considering gravity, it can be useful to review a modest summary of the results of canonical quantization when it has been used
to study a variety of covariant scalar field models.
A traditional covariant scalar field has a classical (c) Hamiltonian
given by
∫
−
→
Hc = { 12 [π(x)2 + ( ∇φ)(x)2 + m20 φ(x)2 ] + g0 φ(x)p } dsx ,

(1)

with p an even positive integer, s, the number of spacial dimensions,
is a positive integer, m20 > 0, and g0 ≥ 0. With n = s + 1 spacetime
dimensions and using canonical quantization, a satisfactory quantization appears for p < 2n/(n − 2). If p ≥ 4 = n a Monte Carlo study [1]
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and analysis [2, 3] only found “free theory results”, while if perturbation series were used when p > 2n/(n − 2), then only, divergent,
non-renormalizable behavior appeared. The ultralocal (u) scalar field
model here has a classical Hamiltonian given by
∫
Hu = { 12 [π(x)2 + m20 φ(x)2 ] + g0 φ(x)p } dsx ,
(2)
and with canonical quantization, a divergent perturbation series for
p > 2 and any n ≥ 2 leads to undesired results. Let us choose a
different path.
The domain of Hu consists of all, continuous momentum functions
π(x) and scalar fields φ(x) for which 0 < Hu < ∞. Our interest is
focussed on p > 2, and thus p ∈ {4, 6, 8, ...}, and clearly, for all such
p > 2 and all s ∈ {1, 2, 3, ...}, the domain Dp>2 (π, φ) ⊂ Dp=2 (π, φ);
we will raise the issue of domains again at the end of this story. When
quantized by using canonical quantization, along with a perturbation
series in powers of g0 , one encounters multiple infinities.
Since all derivatives have been removed, what happens at any point
of x does not affect what happens at any other point x′ ̸= x. Just like
sums of independent operators in Hamiltonians leads to products of
separate and independent wave functions, this implies, for our problem, that the ground state is composed of products at different points,
which – thanks to the Central Limit Theorem – leads to the characteristic function of the ground state distribution, i.e., the Fourier
transformation of the absolute square of the normalized ground state,
being given in the form of
∫ ∫
s
C(f ) = ei f (x)φ(x) d x Πx |Ψ0 [φ(x)]|2 dφ(x)
∫
s
= e− W (f (x)) d x ,
(3)
for a suitable function W (f (x)), with W (f (x)) = 0 whenever f (x) = 0.

1.1. An Affine Ultralocal Scalar Field
Affine classical variables are given by κ(x) ≡ π(x) φ(x) and φ(x),
with the restriction that φ(x) ̸= 0, and the Poisson bracket is given by
{φ(x), κ(x′ )} = δ s (x − x′ )φ(x). The classical ultralocal Hamiltonian
expressed in affine variables is given by
∫
Hu = { 12 [κ(x)2 φ(x)−2 + m20 φ(x)2 ] + g0 φ(x)p } dsx .
(4)
The basic quantum operators are φ̂(x) ̸= 0 and κ̂(x), and their
commutator is given by [φ̂(x), κ̂(x′ )] = i~δ s (x−x′ )φ̂(x). The quantum
affine Hamiltonian is given by
∫
Hu = { 12 [κ̂(x)φ̂(x)−2 κ̂(x) + m20 φ̂(x)2 ] + g0 φ̂(x)p } dsx ,
(5)
and the Schrödinger representation is given by φ̂(x) = φ(x) and
κ̂(x) = − 12 i~[φ(x)(δ/δφ(x))) + (δ/δφ(x))φ(x)] .

(6)

Clearly, this is a formal equation for the Hamiltonian operator, etc.
Such expressions deserve a regularization of these equations.

1.2. A Regularized Affine Ultralocal Scalar Field
Our regularization is of the underlying space in which x → k a, where
k ∈ {..., −1, 0, 1, 2, 3, ...}s and a > 0 denotes the tiny distance between
DOI: 10.4236/jhepgc.2020.64044
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lattice rungs. The regularized classical ultralocal Hamiltonian is given
by
∑
Hu = k { 12 [πk2 + m20 φ2k ] + g0 φpk } as .
(7)
The classical affine regularization involves κk = πk φk and φk , with
φk ̸= 0, with a Poisson bracket {φk , κm } = δk,m φk , and the classical
affine regularized ultralocal Hamiltonian is given by
∑
p
2 2
s
Hu = k { 21 [κ2k φ−2
(8)
k + m0 φk ] + g0 φk } a .
The regularized basic quantum Schrödinger operators are given by
φ̂k = φk and
κ̂k = −i 21 ~[φk (∂/∂φk ) + (∂/∂φk )φk ]a−s
= −i~[φk (∂/∂φk ) + 1/2]a−s .

(9)

−1/2

An important result is that κ̂k φk
= 0. The Schrödinger equation
becomes
∑
p
2 2
s
i~ ∂ψ(φ, t)/∂t = k { 12 [κ̂k φ−2
k κ̂k + m0 φk ] + g0 φk } a ψ(φ, t) . (10)
The normalized ground state of such an equation is given by
−(1−2bas )/2

ψ0 (φ) = Πk e−V (φk )/2 (bas )1/2 φk

,

(11)

for some real function V (φk ). Finally, we ask what is the characteristic
function for such an equation, and the answer is given by
∫
s
C(f ) = lim Πk eifk φk e−V (φk ) (bas ) |φk |−(1−2ba ) dφk
a→0
∫
s
= lim Πk [1 − (bas ) [1 − eifk φk ] e−V (φk ) |φk |−(1−2ba ) dφk
a→0
∫
∫
(12)
= exp{−b dsx [1 − ei f (x)λ ]e−v(λ) dλ/|λ|} .
Here φk → λ, and V → v to account for changes that may have
arisen in V as a → 0. The resultant expression in (12) is a (generalized)
Poisson distribution, which, besides a Gaussian distribution, is the
only other form allowed by the Central Limit Theorem.
As a crude estimate of the large behavior of φ for different p values
γ
γ
we can examine (−d2 /dx2 +xp ) e−|x| /γ ≃ (−x2γ−2 +xp +· · · )e−|x| /γ .
To cancel the largest terms we roughly need to have γ = 1 + p/2. If
g0 → 0, then p → 2 = γ, and thus v(λ) → cλ2 , with c > 0. This
last fact means that sending g0 → 0 does not lead us to a simple, free
Gaussian because the given result reflects the continuity of a smaller
domain of the interacting model as compared to the strictly larger
domain of the truly free theory.
The Main Lesson from Ultralocal Scalar Fields
The previous subsection found that an ultralocal scalar field model
led to acceptable results when p ≥ 2 and n ≥ 2. For certain covariant
scalar field models, we have already observed that acceptable results
arise by canonical quantization when p < 2n/(n − 2). In view of
acceptable results for ultralocal scalar fields when p ≥ 2 and n ≥ 2,
we predict that an affine quantization for covariant scalar fields leads
to acceptable results when p ≥ 2n/(n − 2). Monte Carlo studies, such
as those carried out in [1], could confirm whether this prediction is
true or not.
DOI: 10.4236/jhepgc.2020.64044
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2. Ultralocal General Relativity
An effort to quantize Einstein’s theory of gravity has been examined in
several articles published by the author; see [4–7], with [8], perhaps,
being the strongest effort of them all. In light of those articles, we
will present a modest selection of the necessary features for an affine
quantization of Einstein’s gravity.
The phase space variables in the ADM version of classical general relativity [9] are the metric field gab (x) and the momentum field
π cd (x), where a, b, c, d, ... = 1, 2, 3, and which a canonical quantization
promotes to basic quantum operators. The positivity requirement that
gab (x) dxa dxb > 0 implies that the momentum operator can not be
self adjoint. An affine quantization chooses the classical metric gab (x),
which has a positive requirement as before, while the momentum field
is replaced by the momentric field πba (x) [≡ π ac (x) gbc (x)]. These basic
affine variables are promoted to quantum operators, both of which can
be self adjoint, while the metric operator is also positive as desired.
The ADM classical Hamiltonian, with g(x) ≡ det[gab (x)] > 0, is
given by
∫
Hc = {g(x)−1/2 [πba (x)πab (x) − 12 πaa (x)πbb (x)] + g(x)1/2 R(x) } d3x (13)
where R(x) is the 3-dimensional scalar curvature.
The term R(x) contains all of the spatial derivative terms and the
ultralocal version of the classical Hamiltonian is chosen as
∫
Hu = {g(x)−1/2 [πba (x)πab (x) − 12 πaa (x)πbb (x)] + g(x)1/2 Λ(x)} d3x . (14)
This expression now has a position-dependent “cosmological constant” in place of the scalar curvature. The term Λ(x) (imitating R(x))
should be a continuous function that obeys −∞ < Λ(x) < ∞. When
this Hamitonian is quantizaed the only variables that are promoted
to quantum operators are the metric field, gab (x), and the momentric
field, πdc (x); the classical function Λ(x) is fixed and not made into an
operator.1

2.1. An Affine Quantization of Ultralocal Gravity
The quantum operators are ĝab (x) and π̂dc (x), and their Schrödinger
representations are given by ĝab (x) = gab (x) and
π̂ba (x) = −i 12 ~[gbc (x)(δ/δgac (x)) + (δ/δgac (x))gbc (x)] .

(15)

The Schrödinger equation for the ultralocal Hamiltonian is given by
∫
i~ ∂ ψ({g}, t)/∂t = { π̂ba (x) g(x)−1/2 π̂ab (x)
− 12 π̂aa (x) g(x)−1/2 π̂bb (x) + g(x)1/2 Λ(x)} d3x ψ({g}, t) , (16)
where the symbol {g} denotes the full metric matrix. In addition,
we find that π̂ba (x) g(x)−1/2 = 0, which is proved in [8], just above
Equation (40). Solutions of (16) are again governed by the Central
Limit Theorem.
As was the scalar case in the previous section, the formal expression
for (16) needs to be regularized.
1 Pilati discussed a similar model [10,11] in an effort to use such a model as the
first term in a perturbation series to restore the proper gravity using canonical
quantization.

DOI: 10.4236/jhepgc.2020.64044
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2.2. A Regularized Affine Ultralocal Quantum
Gravity
Much like the regularization of the scalar fields, we introduce a discrete version of the underlying space such as x → ka, where k ∈
{..., −1, 0, 1, 2, 3, ...}3 and a > 0 is the spacing between rungs in which,
for the Schrödinger representation, gab (x) → gab k and π̂dc (x) → π̂dc k
that becomes
π̂dc k = −i 21 ~[gde k (∂/∂gce k ) + (∂/∂gce k )gde k ] a−s
= −i~[gde k (∂/∂gce k ) + δdc /2] a−s .

(17)

−1/2

Take note that π̂bak gk
= 0, where gk = det(gab k ).
The regularized Schrödinger equation is then given by
i~ ∂ψ({g}, t)/∂t =
+

∑

−1/2
−1/2 b
a
π̂a k − 21 π̂aa k gk π̂bb k
k {π̂b k gk
1/2
gk Λk } as ψ({g}, t) ,

(18)

A normalized, stationary solution to this equation is given by
−(1−ba3 )/2

ψY ({g}) = Πk Y (gk , Λk ) (ba3 )1/2 gk

.

(19)

The characteristic function for such an expression is given by
∫
−(1−ba3 )
CY (f ) = lim Πk eifk gk |Y (gk , Λk )|2 (ba3 )gk
dgk
a→0
∫
−(1−ba3 )
= lim Πk {1 − (ba3 ) [1 − eifk gk ]|Y (gk , Λk )|2 gk
dgk }
a→0
∫ 3 ∫
= exp{−b d x [1 − eif (x)µ ] |y(µ, Λ(x))|2 dµ/µ} ,
(20)
where the scalar gk → µ > 0 and Y → y to accommodate any change
in Y due to a → 0. The final result is a (generalized) Poisson distribution, which obeys the Central Limit Theorem.
The formulation of characteristic functions for gravity establishes
the suitability of affine quantization as claimed. Although this analysis
was only for an ultralocal model, it nevertheless points to the existence
of proper solutions for Einstein’s general relativity.
The Main Lesson from Ultralocal Gravity
Just like the success of quantizing ultralocal scalar models, we have
also showed that ultralocal gravity can be quantized using affine quantization. The purpose of solving ultralocal scalar models was to ensure
that non-renormalizable covariant scalar fields can also be solved using
affine quantization. Likewise, the purpose of quantizing an ultralocal
version of Einstein’s gravity shows that we should, in principle, and
using affine quantization, be able to quantize the genuine version of
Einstein’s gravity using affine quantization.
The analysis of certain gravity models with significant symmetry
may provide examples that can be completely solved using the tools
of affine quantization. For readers interested in the why and the how
of affine quantization, perhaps [5] could be a good place to start.
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