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GEOID in the Mediterranean Basin (Re- center of interest in geodesy research [1] [2]. One of the most used methods to calcu-
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velength information via the three main stages R-C-R. The GravSoft software imple-
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1. Introduction

The most accurate approximation of the actual shape of the earth is the geoid. It
is so called equipotential surface of gravity field [4]. It is affected by hollows and
bumps, it is therefore completely irregular. We can imagine it as being the aver-
age level of the oceans and its imaginary extension under the continents. The
geoid, whose mathematical definition is relatively complex, is not very easy to
use. Its use was mainly reserved for research on vertical references and mean sea
level [5] [6]. Since the appearance of spatial positioning techniques, and more
particularly with the rapid development of the GPS system, the situation has
radically changed: the geoid has become an essential tool for converting heights

of differences in heights from GPS into altitudes or differences in altitudes [7].
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Given the importance of knowing the height of the geoids with respect to the

reference ellipsoid in the geodetic works, especially for the reduction of dis-

tances, the upgrading work of the Tunisian geodesy and the establishment of the

spatial network, we have proceed to its determination according to the needs
and the dispensability of the data:

The 80s, we calculate the heights of the geoids on a certain set of points of the
Tunisian Geodesic Primordial network by the method of astro-geodesic leve-
ling which is based on the determination of the difference of the height of the
geoids between two points compared to the ellipsoid Clarke 1880. The preci-
sion is estimated at 17.5 cm/100 km.

In 2004, establishment of a local geoids model over the Tunis area by adjust-
ing the global model EGM96 to GPS-derived leveling points, this model had
a standard deviation of 10 cm.

-The calculation is made by assimilating the geoids to a plane passing closer
to the points of support and by calculating the distance between the searched
point and the plan modeling the geoids. 28 points of the place on all Tunisia
are used as points of support what gave a maximum error of 45 cm on the

point of Gsar Ghilene and a standard deviation of 22 cm on the 28 points.

2. Study Area

For the calculation of the quasi-geoid, the zone is chosen according to the avail-

ability of gravimetric data, Situated in the North of Tunisia (Figure 1), it is be-
tween latitudes from 36.61° to 37.36° and longitudes 9.64° to 10.39°. The study
area covers an area of approximately 9400 km?* The marine part (southwest

corner) will be excluded from the operation of the grid because it is devoid of

gravity points.

Red stars represent gravimetric points with a precision of 0.2 mGal.

Figure 1. Study area (background image: GoogleEarth images).
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3. Data and Methodology
3.1. Data and Software

3.1.1. Data
The national gravity network consists of three networks types:

An absolute network:

An absolute zero order gravimetric network of Tunisia: made up of 09 points
distributed throughout the Tunisian territory. It was produced in cooperation
with the Strasburg Globe Physics Institute in 2009. This network is subdivided
into three sub-networks:

1** Order network:

A first order network composed by 66 points distributed homogeneously
throughout the national territory is based on the absolute network with a mesh
network between 200 and 300 km.

27 Order network:

A secondary order network is based on the first two networks with a mesh
network between 70 and 100 Km.

3*4 Order network:

Based on previous orders it is a mesh network of 5 to 10 km. for example, a
map at 1/50,000 scale should have about 130 gravity points. The number of
gravity points needed to cover the Tunisian territory is therefore of the order of
32,000 points. The number of gravity points made since the beginning of the
project engaged by the Tunisian national topographic and cartographic office in
2009 is 1200 points covering the northern, north-eastern and central parts of the
country.

Gravity network

To establish the gravity network, we have three relative gravimeters CG5
AUTOGRAYV (Figure 2) which have the specifications below:

afs

9 0

MEASURE
CLR

Figure 2. CG5 Gravimeter (CG-5 Manual, SCINTREX Limited: https://scintrexltd.com/).
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e Field instrument: portability, autonomy, 12 V power supply, robustness,
thermal insulation.

e “Geodetic” instrument (measurement anywhere in the world): measurement
range up to 7000 - 8000 mGal.

e Automated digital instrument: microprocessor, memory.

e Means of N measurements (1 Hz), Std Dev, releases.

e Storage and pre-processing of measurements.

e Multi-parameter measurement sensor: gravity + internal temperature and tilt
of the sensor, GPS (option).

e “On-line” digital corrections (Earth tide, Temp & Tilts instrument, seismic
noise filtering, etc.)

e Resolution: 1 uGal/Standard deviation: 5 pGal.

e 2 modes of use: “Field mode” and “Cycling mode” (continuous recording).

e Fieldwork consists of two phases:

 Construction:

The gravimetric points are constructed of concrete after having chosen their
location, generally on a scale of 1/50,000 to guarantee a more or less homogene-
ous distribution, sometimes existing geodetic points are exploited in the gravity
network.

e Observations:

The observations are made by triangulation, for each triangle is assigned a
gravimetric closure which will be used for the calculation and compensation of
the network.

To determine the local geoid model of Grand Tunis and Bizerte, we used 12
leveling marks whose ellipsoidal heights are known (used for the validation of
the accuracy of the conversion grid we will use) and a Digital Terrain Model
(DTM) showing the distribution of the altitude in the study area, which is ob-
tained from USGS (https://gdex.cr.usgs.gov/gdex/). The DTM is with a grid of
30 m (Figure 3).

3.1.2. Software

The software used for calculation is GravSoft [3]. GravSoft is a software suite
that has been developed and supplemented since the 1970s in order to perform
physical geodesy calculations, in particular the determination of the gravimetric
geoid.

This software has been used by many organizations in several countries with
success and it contains many programs with several choices of methods that can
be used. The software is written in FORTRAN and is composed of independent
programs; in 2008 a graphical interface was created by the University of Copen-
hagen (Figure 4). This software was provided by the international geoid service

(official service of the International Association of Geodesy).

3.2. Methodology

The measurement of the gravity field on a global scale has become possible due
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Figure 3. DTM of the study area.

-
74 PyGravsoft Launcher - Gravity field programs

Service Programs

SELECT Select, Thin and/or Average Data
TRANS Transf ion of Coordil to or from a 2D or 3D System
FCOMP File Comparison
GBIN Convert Grid to Binary or Reverse
TCGRID DTM Grids and Mean Terrain Surfaces for RTM Method

UIT

Covariance Fitting EMPCOV Empirical Covariance Estimation
GEOCOL Geodectic Collocation GEOGRID idding or Interpolation of Irregular Distributed Data
GEOIP Grid Interpolation GEOEGM Gravity Model Evaluation
STOKES Space Domain Integration for Geoid or Deflections of the Vertical TC Gravimetric Terrain Effects
SPFOUR Spherical Multiband FFT for Gravimetric Computations TCFOUR Terrain effect computation by FFT
COVFFT Estimation of 2D Covariance Functions Using FFT GEOFOUR Planar FFT for Gravity Field Modelling
GPFIT Fitting Flat-earth Covariance Function to Gravity Data GPCOLL Flat-earth Collocation
FITGEOID Fit surface to GPS levelling

GEOMAIN 2 points: Distance and Azimuth or Reverse
N2ZETA | Transformation of Geoid Heights to Height Anomalies
G2SUR Conversion of GRAVSOFT Grids to SURFER Format
GCOMB Combining Two Grids
GLIST Converts grid file to list file

.

L

Figure 4. main interface of GravSoft Software.

to the evolution of spatial gravimetric measurement techniques. These models

contain a large part of the content of the gravimetric signal, which motivated the

fact that the method of Withdrawal-Calculation-Restoration uses, instead of

complete anomalies, the residual anomalies of the gravitational field compared

to the global models. The principle of the Remove-Compute-Restore method,

called R-C-R in the rest of this paper, is to combine the information which cov-

ers three different wavelength ranges [8]:
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o the low frequencies given by global models;
o the high frequencies which come mainly from the topography;
e The medium frequencies accessible by gravimetric measurements.

First, the residual anomalies are kept in the gravity anomalies by removing the
anomalies from the global model and the corrections from the terrain. These
anomalies are then interpolated to a regular grid. The Stokes integral in the next
step calculates the residual altitude anomalies. Finally, the altitude anomalies
from the topography and the global model are added to those of Stokes in order
to have the heights of the quasi-geoid. This method is illustrated by Figure 5: Let
Agbe the anomalies in the open air at the measurement points.

These anomalies can be written using Equation (1), depending on the dis-

turbing potential:

or 2
A, =—-ZT 1
E or r W

The signal is considered to be composed by three wavelength ranges:
T=Ty +Tgr +Tres (2)

Ty is the long-wavelength part determined by spatial gravimetry (M for mod-
el).

Trr: is the short wavelength part that comes from the topography.

Tres: is the medium wavelength part.

In the first step we calculate the residual anomalies such as:

A = Ag - AQM N AQRT (3)

9Res

In the second step, the Stokes integral is applied to the values of interpolated

Ay, and weobtain &g, , the residual altitude anomaly value can be written as

Anomalies in the open air Digital Terrain Model Geopotential Model
Ag DTM GGM

AGRT Compute
<89 AgRT

Compute
AgM AgM

Compute
AgRes

C t
ompute gRT I

E.~RT

AgRes = Ag- AgM g- AgRT

GRID
AgRes

Stokes Integration iRes estoration

g

Interpolation

€=Cy+ &yt Epes

Figure 5. general workflow.
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T R

éRes =

4 :H SigmaS(V/)AgRes (4)

At the last stage, the altitude anomalies can be written as:

& =8y +Sres + a1 5)

“Remove” Calculation
The first step in the R-C-R method consists in calculating the residual anomalies

Agres at the points of the measurements:

Ay =Dy—A, —A

9Res

(6)

9RrT

- Az the anomaly in the open air;

- Ags the anomaly of the global model which contains the long wavelength
part. This part is obtained by taking the fundamental equation of geodesy
and applying it to the decomposition into spherical harmonics of the field:

A, =(r,0,4)

n 7)
_GM nmx(n_l)(%j " P cogH(ACn'm cosmA+AS,  sin m/l)

Tpp &n=2 m=0 ' n.m

where: G'is the universal gravitational constant, M the mass of the Earth, r is the

radius, n and m are the degree and order of the geopotential model, a is a scale

factor of the field model, 7. is the maximum degree of development in spheri-
cal harmonics, P, is the function of Legendre, AC,, AS, ., are the coefficients of
development;

- Ags contains the short wavelengths of the disturbing field created by the to-
pography. To calculate this component, its long wavelength effects must be
removed from the ground, since they are already taken into account in Ay
from the field model. The terrain is filtered in order to keep only the short

wavelengths of the relief:

0Ter 2

grT 2R _ETRT (8)
With
oT, d
_a_s:GfJIRT ’0|3T (9)
d
T =G[II.. 2 (10)

Before being integrated by the Stokes formula, the residual point anomalies
must be transformed into a regular grid by interpolation.

The residual altitude anomalies on the grid points are then calculated from the
Stokes formula (Equation (11)) applied to the residual anomalies at these points.
It is first considered that the area around the gravity station P is flat and hori-
zontal and that the density between the geoid and the earth’s surface is constant
p = 2.67 g/cm’. The Bouguer plateau exerts an attraction (27Gph). All the masses

above the geoid are removed (the simple Bouguer reduction) [9]. Simple Bougu-
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er anomalies are calculated by the Equation (11) [10]:

A, =9, - (g, —0.3086h + 22G ph) (11)

To calculate the terrain correction we perform the direct summation of the
contributions of each model element (prism, tesseroides etc.).

4. Case Study: Region of GRAND TUNIS and BIZERTE-Tunisia

4.1. Geoid Determination

As mentioned in the general process of the R-C-R method (Figure 5), the gra-
vimetric anomalies used in the calculation are the free air anomalies, their de-
termination is ensured by a translation of the Somigliana and free air formulas
described above which give the value of g (gravity on the ellipsoid) and the val-
ue of the anomalies. The following figure (Figure 6) shows the free air anomalies.

“Remove” calculation:

This step is the most important step in the geoid calculation; in fact it requires
an optimized manipulation of the different types of data as well as a good confi-
guration of the software.

Calculation of the reduction due to the global model:

This step allows subtracting anomalies due to the global model from anoma-
lies in the free air.

Calculation of terrain corrections at gravimetric stations:

Terrain correction (TC) makes it possible to calculate the effects of the terrain

on the potential and its derivatives. We detail here the parameters in the case of

9.7 9.8 9.9 10 10.1 10.2 10.3
373 - 37.3
37.2 - 37.2
mGal

37.1 37.1
37 37

36.9 36.9
36.8 36.8
36.7 36.7

= NWHOOONO®

9.7 9.8 9.9

Figure 6. Free air anomalies.
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application of the residual ground. The effects of the terrain are represented by
straight prisms taking into account the local curvature of the Earth. The compu-
tation of the terrain corrections is performed by numerical integration using the
formulas of the gravitational attraction of the right prisms to represent the ter-
rain in the near area and approximate formulas in the far area.

Terrain corrections are obtained by a simple summation of the contribution
of these elements. This allows us to calculate residual anomalies at gravity sta-
tions which will be interpolated over the entire study area in order to transform
them into residual ripples through the Stokes formula.

The following figure (Figure 7) shows the residual anomalies:

Integration:

The Stokes module makes it possible to calculate residual altitude anomalies
from the grid of residual gravity anomalies by a discretized convolution with
subsampling in the vicinity of zero.

It is important here to point out that the choice of the integration radius is
very important; in fact it directly influences the precision of the geoid.

The choice here was based on a publication by Z. Ismail and O. Jamet [11]
which introduces the choice of the radius of integration according to the nature
of the terrain (mountainous, semi-mountainous or plain) and the used global
geopotential model (Figure 8).

Calculation of the terrain effect:

The terrain effect is calculated using the RTM method; the principle is to cal-
culate this effect from the two DEMs, filtered DEM and reference DEM, over the
entire study area.

9.7 9.8 9.9 10 10.1 10;2 10,'3
- -
o3
L 37.2
mGal
L 37.1 70
60
S 50
\.— 37 40
30
20
36.9 L 36.9 10
0

-10
36.8 - L 36.8 I55
-30
-40
36.7 - 2 L 367 -
/ -60
T T T T 8 s T T -70

9.7 9.8 9.9 10 10.1 10.2 10.3

Figure 7. Residual anomalies.
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The result of this calculation is a grid of corrections (Figure 9) to restore for
the determination of the final geoid.

The radii R1 and R2 are fixed at 0 and 999 km to optimize the corrections.

Calculation of the undulations of the global model:

These undulations are obtained from the file of coefficients in spherical har-
monics by using the GEOEGM module of GravSoft software. Figure 10 shows
the undulations of the global model.

Restoration
Restoration is the last step in the R-C-R method. It consists in restoring the

anomalies of altitudes calculated by combining the three grids, that of the ano-

malies of residual altitudes, the corrections of the ground and the anomalies of
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o
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N
o
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Y
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Figure 8. Integration radius.
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Figure 9. Terrain corrections.
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Figure 10. Undulations of the global model EGM96.

altitudes due to the global model.

This step is used to determine the provisional geoid which will later be ad-

justed to leveling marks. The following figure illustrates the provisional geoid
(Figure 11).

4.2. The Geoid Accuracy

The main factors that determine the accuracy of a geoid model are mainly:

The resolution of the digital terrain model, the higher it is, the more the ter-
rain corrections are punctual and precise.

The accuracy of gravimetric measurements.

The density of the gravimetric points and their distributions on the study
area: an optimized density and a homogeneous distribution lead to a precise
interpolation.

For our case study two factors can have an influence on the precision of the

calculated model:

The absence of a high resolution digital terrain model (terrain resolution 30
m x 30 m).

The non-homogeneous distribution of gravity points:

Points spaced 1.5 km apart, others 20 km apart.

Areas almost devoid of points (Tunis area).

To assess the accuracy of the calculated quasi-geoid, a comparison with other
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models calculated in different countries makes it possible to rank in a precision

scale, for this, a research made by Z. Ismail within the framework of a PhD thesis

[12] allowed to know the order of precision of certain models calculated in dif-

ferent countries the table below (Table 1) summarizes the results of this research

of which I checked the bibliographical references and we selected the models

having conditions similar to our case study.

Verification of the accuracy of the model is ensured by calculating the undula-

tion of the geoid in leveling marks with undulations considered to be known

(surveyed by GPS) distributed almost throughout the study area (Figure 12).

Figure 11. provisional geoid.

Table 1. Accuracy of geoid models.

accuracy of the

Example year country method DEM gravis points EGM precision reference
1 2005 Spain integral 90 m 0.1-0.2 mGal 2004 28 cm [13]
2 2007 Canada integral - - 2004 7.2 cm [14]
3 2010 Ttaly integral 90 m 0.1-0.2 mGal 2008 12.5 cm [15]
4 2011 N-Z integral 30m 1 pt/13Km? 2004 7 cm [16]
5 2013 Ukraine integral 90 m 0.1 - 0.2 mGal 2008 10.4 cm [17]
6 2013 Hungary integral 90 m 0.1-0.2mGal 2008 3.6 cm [18]
7 2015 Uganda integral 90 m 1 pt/65km? 2014 7 cm [19]
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Figure 12. Leveling marks used for verification.

The following table (Table 2) summarizes the difference between the values of
the undulations.
The bias is the average of the deviations from the model to the data. It identi-

fies a gap between the model and the data.
biais:%ZLei (11)

With:

n: the number of control points, e: deviation from the benchmarks. We have a
bias of —0.0005 cm, that we consider almost negligible.

The Root Mean Square RMS provides an indication of the accuracy of the
model. It is defined by:
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Table 2. Verification with leveling marks.

mark Id Latitude Longitude Altitude exact undulation  calculated undulation deviation
Afga 36.862666 10.0071749 25.87 42.094 42.125 -0.031
All8 37.0493316 10.098796 26.271 42.094 42.058 0.036
Amnl 36.9027368 10.1247048 43.293 42.02 42.059 -0.039
Amn2 36.9442323 10.1735157 2.52 41.989 41.978 0.011
EF23 36.6412313 10.13018 46.654 41.634 41.646 -0.012
AAll 36.8944524 10.1159491 44.033 42.086 42.068 0.018
FF7 36.7594748 10.237788 5.921 41.723 41.731 -0.008
AA28 37.001212 10.0559228 12.032 42.089 42.098 -0.009
AAS58 37.2086331 9.94397817 2.114 42.394 42.353 0.041
AA78 37.2582251 9.81974591 24.113 42.646 42.648 —-0.002
Aef7 36.9832172 9.98598817 9.793 42.188 42.193 -0.005
FF13 36.7375188 10.2948032 6.074 41.611 41.68 —-0.069
RMS = lz_" e? (12)
n<i=tt

The RMS is about of 0.031 m (3.1 cm)

The maximum deviation is defined by: Maximal deviation = Max |es = 0.069
m.

In terms of justification of the value of the standard deviation (3.1 cm) we can
note that:

0 The area of the nearest leveling mark FF13 is almost devoid of gravity point
(distance of almost 20 Km), which has produced a wide interpolation resi-
dual anomalies.

Gravimetric points are not compensated for a block compensation so as to
homogenize their precision (points of different order).

0 The altimetric network has not yet undergone block compensation, in fact
the calculation and compensation are done by tracking and not by mesh.

0 The ellipsoidal heights of the leveling marks are observed in RTK mode
which produced an error of the order of 2 cm on the undulation at these
points.

So, according to the statistics of the deviations, we can assimilate the accuracy
of the provisional geoid to: 3.1 cm. Figure 13 the deviation between exact and
calculated undulations, this deviation is superimposed with the spatial distribu-
tion of the control network.

After having assessed the accuracy of the provisional quasi-geoid, an adapta-
tion of this surface to the leveling marks is performed.

The following table (Table 3) shows the exact undulations of the leveling
marks as well as the calculated undulations after adjusting the provisional geoid

to the leveling marks.
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Figure 13. Deviation between exact and calculated undulations
Table 3. Exact and calculated undulations of the leveling marks after adjusting provisional geoid.
mark Id Latitude Longitude Altitude exact undulation calculated undulation deviation
Afg4 36.862666 10.0071749 25.87 42.094 42.097 —-0.003
All8 37.0493316 10.098796 26.271 42.094 42.09 0.004
Amnl 36.9027368 10.1247048 43.293 42.02 42.059 -0.039
Amn2 36.9442323 10.1735157 2.52 41.989 41.978 0.011
EF23 36.6412313 10.13018 46.654 41.634 41.626 0.008
AAll 36.8944524 10.1159491 44.033 42.086 42.065 0.021
FF7 36.7594748 10.237788 5.921 41.723 41.716 0.007
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Continued

AA28
AA58
AA78

Aef7

FF13

37.001212 10.0559228 12.032 42.089 42.099 -0.01
37.2086331 9.94397817 2.114 42.394 42.391 0.003
37.2582251 9.81974591 24.113 42.646 42.649 —-0.003
36.9832172 9.98598817 9.793 42.188 42.186 0.002
36.7375188 10.2948032 6.074 41.611 41.628 -0.017

4
4

Figure 14. Adjusted geoid.
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Figure 15. Undulations of the geoid after adjustments.
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Figure 14 and Figure 15 illustrate the adjusted geoid and the undulations of
the geoid after adjustments.

5. Conclusions

This modeling is promising if we have a gravimetric network and an altimetric

network compensated in block, the existence of a high resolution DTM will also

make it possible to calculate a high precision geoid model. Determining the ex-

act undulation at the leveling marks by GPS survey in static mode will allow a

millimeter adjustment of the altimetric conversion grid.

In any case, this local quasi-geoid model has given encouraging results given
the novelty of this kind of treatment on a national scale. This work can be con-
sidered as a basis for a generalization of this prototype model especially using
the R-C-R method, the manipulation of the GRAVSOFT software and the selec-
tion of the data used.

This conversion grid makes it possible to make precise topographic surveys
with GPS (standard deviation = 0.015 m) especially on the area where there is a
good resolution of the gravimetric points, the precision can reach a few millimeters.

Finally, some recommendations are to cite for optimal accuracy of a national
geoid, hence a great performance of GPS for altimetric surveys and geodetic ob-
jectives:

e Calculation of gravity observations and compensation in a single block of the
completed part of the network, final compensation will be carried out upon
completion.

e The compensation of all the meshes of the leveling of precision in a single
block by the theory of least squares.

e Carry out a national program with short, medium and long-term objectives
throughout the territory in this area.

e The establishment of a specific DTM throughout Tunisian national territory.

Having compared the different methods and using new technologies, we can
see that the combinations of the appropriate modes lead to high-performance
precision which we recommend to generalize in order to promote a sustainable

geodesic and topographic sector.
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