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Abstract 
A variety of factors affect air quality, making it a difficult issue. The level of 
clean air in a certain area is referred to as air quality. It is challenging for 
conventional approaches to correctly discover aberrant values or outliers due 
to the significant fluctuation of this sort of data, which is influenced by Cli-
mate change and the environment. With accelerating industrial expansion 
and rising population density in Kolkata City, air pollution is continuously 
rising. This study involves two phases, in the first phase imputation of miss-
ing values and second detection of outliers using Statistical Process Control 
(SPC), and Functional Data Analysis (FDA), studies to achieve the efficacy of 
the outlier identification methodology proposed with working days and 
Nonworking days of the variables NO2, SO2, and O3, which were used for a 
year in a row in Kolkata, India. The results show how the functional data ap-
proach outshines traditional outlier detection methods. The outcomes show 
that functional data analysis vibrates more than the other two approaches af-
ter imputation, and the suggested outlier detector is absolutely appropriate 
for the precise detection of outliers in highly variable data. 
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1. Introduction 

Modern humans are affected by anthropogenic sources of air pollution such as 
the burning of straw, coal, kerosene, and emissions from factories, cars, air-
planes, and aerosol cans. Our environment is surrounded by a variety of dan-
gerous contaminants every day, including CO, CO2, PM, NO2, SO2, O3, NH3, and 
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Pb. The chemicals and particles that make up air pollution have an impact on 
plant, animal, and even human health. Numerous dangerous illnesses in people, 
including heart disease, pneumonia, bronchitis, and lung cancer, can be brought 
on by air pollution. Total outliers vary from the manual’s points, which support 
the idea that they can be a substantial source of pollutants for the study of pollu-
tion of the air in cities. Additionally, data on irregular processes like emissions 
may be found in data that is not too high but differs from neighboring observa-
tions. The spatial-temporal study is carried out on the air quality in Kolkata us-
ing data from 2017 to 2020 [1]. For each of the sample locations, the spatial dis-
tribution was calculated using the radial basis function (RBF) approach. The 
model fit that estimates the spatial distribution of air pollutants was chosen us-
ing mean standardized error (MSE) and a root mean square standard error 
(RMSSE). In order to uncover obscure trends in the dataset and identify pollu-
tants that have an immediate effect on the air quality index, an exploratory data 
analysis is conducted. Nearly all contaminants are seen to have greatly decreased 
in 2020. In order to analyze and predict air quality, the research endeavor takes a 
six-year period of pollutants data from 23 Indian cities. The resampling tech-
nique is used to study the data, and several machine learning techniques are used 
in forecasting the air quality. The results are compared with the available metrics 
[2]. To forecast PM2.5 concentrations for Kolkata during Covid 19 lockdown 
using MLR (multiple linear regression) and ANN (artificial neural network) 
models, as well as evaluation and precision of both approaches [3]. Rady A. E. S. 
et al. [4] conducted the comparative analysis of PM10 emission rates from con-
trolled and uncontrolled cement silos in concrete batching facilities. Anyikwa S. 
et al. [5] discussed the study of monitoring and evaluation of air pollution at 
Ohaji/Egbema flow station and its environs via GPS in Ohaji Egbema lag, Imo 
state Nigeria and obtained by utilizing the air quality index to analyze whether 
the environment is contaminated and with which specific gas, it was determined 
that NOx gases are the source of the pollution since their concentration is higher 
than the ambient temperature’s usual value. SPC is a process that needs to be 
sufficiently adaptable to be effective around the objective or nominal dimensions 
of the quality attributes. By lowering variability, the control of statistical 
processes is an effective set of problem-solving techniques that is helpful for at-
taining process reliability and enhancing capacity. It is crucial to develop a nor-
mal variation for the process through ongoing process monitoring. If normal 
variation has any deviation, then disturbance has occurred; for the removal of 
disturbance, an adjustment has to be made. SPC is the technique of data collec-
tion, organization, analysis, and decision-making. If there is no disturbance or 
special cause in the data, then it is statistically controlled. The principle of SPC 
does decide the mean, Lower Control limit, and Upper Control Limit (LCL and 
UCL). If the values are falling, whether UCL or LCL, then the process is not un-
der control. 

In order to apply them to vector problems, FDA has been developed. The 

https://doi.org/10.4236/jep.2023.148039


M. Ahmad et al. 
 

 

DOI: 10.4236/jep.2023.148039 687 Journal of Environmental Protection 
 

FDA approach was inspired by the classical technique of data mining to cope 
with vectorial data treatment. The applications of the FDA have also been used 
for environmental research [6] [7], medical research [8], and manufacturing 
methods. This functional model provides two important features: first, the cor-
relation of the data structure with time is taken into account, and second, the 
comparisons are made with the view of the global problem. The application 
compares functional depth principle curves, a metric that reflects within a group 
of curves the centrality of a given curve. The authors have used functional depth 
to solve different environmental problems [9]. Sancho et al. [10] used the FDA 
to classify the outliers for classic quality control in the communication of the 
report. A functional model analysis was defined by Martinez et al. [11] and used 
for the detection of outliers in samples of air quality. By generating a new func-
tional sample, the model transforms the sample vectors to find functional out-
liers by adapting the principle of functional depth. In order to achieve an im-
proved air quality management solution, the author compared the correspond-
ing results with classical and functional approaches and obtained the most suita-
ble methodology to evaluate the dataset. Majumdar et al. [12] projected emis-
sions for the year 2030 in the Business-as-usual (BAU) case, thus taking into ac-
count the impacts of existing and proposed policies. The findings show that ex-
isting measures and policies are inadequate to significantly reduce the emissions 
of Delhi Metropolitan City (KMC) PM2.5 by 2030. There are three substitute 
setups considering different pollution control and non-technical city-specific 
control steps, laterally with related cost consequences, which were discussed by 
the author. Ahmad M. et al. [13] discussed the comparative study of outlier de-
tection using classical technique and SPC for the Yamuna River. In Delhi, Haque 
and Singh [14] addressed Air Pollution and Human Health, where respondents 
with 85.1% of respiratory diseases exceeded 14.9% of waterborne diseases and 
included 60% of Acute Respiratory Infections (ARI), 7.8% of Chronic Obstruc-
tive Pulmonary Diseases (COPD), 1.2% of Upper Respiratory Tract Infections 
(URTI), and 12.7% influenza. While the level of pollution was reported as criti-
cal, only 39.3% of respondents thought that their health had been impacted by 
outdoor (air) pollution. Torres et al. [15] identified a solution that uses func-
tional data analysis to discover outliers in urban gas emissions. Over time, the 
researchers considered gas emissions as curves, with outliers found by compar-
ing curves rather than vectors. It was used for the identification of outliers in gas 
omissions in the city of Oviedo based on the principle of functional depth, and 
through the vector comparison, the results were contrasted with those generated 
by a conventional method. A tool for outlier detection in water quality parame-
ters is given by Di Blasi et al. [16], using the variables conductivity, turbidity, 
and ammonium. The methods were based on the consideration of the various 
parameters as a vector, with components representing the concentration values. 
This novel technique considers measurements of water quality throughout time 
as continuous curves instead of individual points, i.e., the analyzed dataset is 

https://doi.org/10.4236/jep.2023.148039


M. Ahmad et al. 
 

 

DOI: 10.4236/jep.2023.148039 688 Journal of Environmental Protection 
 

viewed as a time-dependent function instead of a group of individual points at 
distinct periods in time. Based on functional depth, the approach was utilized to 
identify outliers in water quality samples in the Mino river basin (northwest 
Spain). Beevers et al. [17] addressed measurements of atmospheric emissions of 
NOx, NO2, ozone, species of particulate matter, and roadside vehicles, all leading 
to the improvement of inventories of road transport emissions in London and 
undertaking environmental observation to determine emerging projects. The 
actual environmental emission efficiency of Euro 6 and VI cars, the selective cat-
alytic reduction, and the ultra-low emission zone in London have played a cru-
cial role in achieving the European Union’s environmental NO2 limit values. In 
view of the growing health evidence of air pollution in cities, policymakers 
should seek to reduce levels of particulate matter towards guideline values cen-
tered on the World Health Organization’s health. The approach of practical pat-
tern recognition to the identification of fluvial valleys and topographic profiles 
of glaciers was proposed [18], using a functional method for the classification of 
vector machines. The author used the original findings and compared the antic-
ipated functional form of support vector machines with general linear functional 
representations and vector versions: comprehensive linear models and support 
vector machines. The investigator noted the benefits of the proposed vector 
functional support machines and the benefits of using a functional rather than a 
vector approach. Several outlier detection methods were introduced [19] and 
differentiating between parametric and nonparametric procedures and univa-
riate and multivariate techniques. When the outliers were presented, special care 
was taken to ensure the robustness of the estimators used. For data mining, out-
lier detection is based on distance measurements, clustering, and spatial me-
thods. In order to determine process stability, Martinez et al. [20] addressed sta-
tistical process monitoring and control charts used for outlier detection me-
thods. The author proposed the method of One-class Peeling (OCP), a scalable 
paradigm that incorporates statistical and machine learning techniques in mul-
tivariate data to identify multiple outliers. For statistical process control, the sin-
gle-class peeling approach can be implemented, doesn’t require covariance esti-
mation, and is suitable for large-dimensional records with a large proportion of 
outliers. The theoretical assessment indicated that the OCP approach worked 
well in high dimensions and was more effective and stable than current metho-
dologies in terms of computation. In the additional materials, examples of R 
commands and data sets determine the respective OCP distances and threshold 
availability. Garca-Nieto [21] observed, as a function of time, the foraging effica-
cies of aerosol elements for the removal device (congealing, heterogeneous nuc-
leation, and gravitational subsidence) and examined the health effects of the 
aerosol earlier and later in the active processes mentioned above by associating 
the fractions of respirable dirt. The well-known scavenging equations, describing 
the aerosol PSDs in geography, manufacturing, and region, are functional with 
three atmospheric situations (pure, cloudy, and city). The investigator concluded 
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that respirable dust is hardly scavenged, and approximately 10% remains after 18 
hours of gravitational subsiding associated with the primary amount of breath-
ing air. In comparison to disintegration and moisture, the primary elimination 
mechanism of respirable aerosol was gravitational settling, which is nearly six 
times better than a rainout. The aerosol study conducted with 86 daily samples 
from July 2002 to July 2003 [22]. The numerous methods of data analytics that 
can be used to track and efficiently assess policies or interventions to minimize 
emissions of nitrogen oxide (NOx) and identifying COVID-19 pandemic inci-
dents of pollution and eliminating outliers [23] [24]. There are numerous ap-
proaches that can be used to find outliers, but no single approach is considered 
to be the best. The imputation method typically uses two different kinds of me-
thods [25]. First, the statistical technique is used to anticipate missing data [26]. 
To fill in the missing numbers, specific statistical aspects like the mean and dif-
ferent indicators are used. Next, the lacking Machine learning algorithms are 
used to estimate values [27]. These methods, in particular, include fuzzy Support 
vector machine (SVM), random forest, and C-means (FCM) [28] [29] [30]. The 
essential process is to use many models to provide a number of potential values. 
The missing information is then best possible candidate values, as established by 
certain assessment criteria, in their place. 

This study was conducted in two halves, one utilizing imputation for missing 
data using Fuzzy C mean method and the second, Statistical Process Control, 
and the other with a functional approach. Each strategy was explored, and the 
outcome is to be presented in terms of the most efficient method for detecting 
outliers in air pollution monitoring data in order to increase its capability of in-
forming future measures to improve local air quality. This study is divided into 
several sections. Section 2 introduces the location of study, datasets, and me-
thods. Section 3 presents the results that obtained using the proposed metho-
dology. And finally, the section 4 concluded the results and discussion of this 
study. 

2. Materials and Methods 
2.1. Case Study—Air Quality in Kolkata India 

Deprived air quality in India is now considered an imminent risk to public 
health as well as the country’s ability to develop. The environment is significant-
ly impacted by urban air pollution, especially in developing countries. Along 
with 10 other Indian cities that are even more impure, Kolkata, the third-largest 
city by population in India, is among the 25 cities with the highest pollution in 
the world. One of the Indian cities that requires involvement to ensure good air 
quality in the decades to come is Kolkata. The smog, manufacturing production, 
and other forms of pollution in the environment are affecting more places. One 
of the most undeveloped and dirty cities in the world is Kolkata, as stated [31]. 
Based on the research comparing data on air quality in four Indian cities, Kol-
kata has greater pollution levels compared to Mumbai and Chennai and is also 
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close to Delhi [32] and listed in polluted cities [33]. The winter season is when 
air pollution in Kolkata is at its worst, being more severe than throughout other 
seasons [34]. On the contrary, during peak hours, the worst traffic intersections 
triple the city’s usual pollution levels [35]. The production of power, the trans-
portation industry, soil and road dust, trash combustion, etc. are the main 
sources of pollution in India. The biggest contributor to air quality in Kolkata is 
transportation [36] [37], where the prevalence of badly managed automobiles, 
the usage of gasoline, and inadequate regulations have made this industry the 
dominant source of pollutants in the air [38] [39]. Three thermal power plants 
are also operational close to Kolkata, in addition to a number of small businesses 
that also affect our environment [40]. According to the West Bengal Pollution 
Control Board’s research on the various causes of air pollution in Kolkata, au-
tomobiles are the main cause of air pollution (51.4%), followed by industry 
(24.5%) and dust particles (21.1%) [41]. Data on air pollution was collected 
hourly for the current study from the Central Pollution Control Board (CPCB) 
in India. 

2.2. Analysis Methodology 

To assess information about the environment, numerous kinds of devices are 
accessible, such as respiratory detectors. The expected value of the sample posi-
tion and taking into account classical analysis, patterns, and differences between 
neighboring stations may be used to identify particular data values that are not 
usual. The pattern analysis in R-programming [42] was an illustration of the ex-
pert structure of data and validation of an environmental parameter. The results 
were simply statistically examined for traditional interpretation. In order to ex-
tract conclusions, the suggested approach requires using a huge amount of data 
that already exists, with some incomplete findings. The amount of data that is 
saved in systems nowadays requires the use of machine-learning tools. The me-
thodology of research discussed here is oriented towards the discovery of infor-
mation in databases (Knowledge Discovery Database) (KDD) [43]. This provides 
a full data extraction procedure and yields an accessible technique for preparing 
data and examining the obtained results. In order to provide information and 
aid in conclusion creation, the KDD provides a clear and collective method of 
observing the design and model parameters that are practical for outlier identi-
fication, future prediction, and/or classification. We apply some steps to this re-
search: Imputation for handling missing values, classical analysis, SPC, and 
FDA. 

2.3. Imputation 

Incomplete datasets pose a challenge in data preprocessing, making machine 
learning algorithms ineffective for training models. Various data imputation ap-
proaches have been proposed to predict appropriate values using different algo-
rithms. Accurate estimation of imputation methods is crucial for completing 
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missing values, especially in air quality. The FCM method generates satisfactory 
estimation results for multiple-dimensional datasets, but clustering results are 
sensitive to membership degree and cluster centroids. Huang J. et al. [44] 
pointed out the fuzzy C means method for data imputation. The clustering me-
thods are often used in data imputation when dealing with missing values. 
K-means is a centroid-based algorithm that partitions data into k clusters, while 
fuzzy K-means assigns membership degrees to each data point for soft cluster-
ing.  

2.4. Statistical Process Control 

Traditional statistical analysis seeks to analyze the observed frequency distribu-
tion, which yields the absolute frequency of occurrence of each of the potential 
results of a discrete class [23]. If there are just a finite number of various out-
comes (a discrete example), if the distribution function is utilized in the situation 
of an indefinitely frequent and randomly trustworthy calculation and each result 
is different, the outcome of relative frequency will not be very enlightening. This 
returns all values of the absolute frequency of occurrence that are less than x in 
this example [45]. By applying SPC to monitor the system, it is possible to iden-
tify the outliers. But in conditions where the points do not reach the defined 
limit, the analysis focuses on substantially low and high measurements. To study 
individual observation, the techniques can be used to study individual or average 
maps. You should split the dataset into logical subgroups [46]. The ability to 
cluster variance and simply identify variability in the presence of unique causes 
makes it crucial for the creation of rational groupings. For instance, when a 
measurement occurs again in the same way, it changes due to laboratory or ana-
lytical error, unless it is impractical to use rational subgroups. The method of 
gathering the data is the logical subgroup. The data collected shows that some of 
them display intrinsic variation, which is the common cause of variation; we can 
ignore this. The approach that makes it possible to identify special-cause varia-
tion, which may have an unfavorable impact on the subgroups when it is 
avoided, In addition, if the mechanism is excessively violated, the limit of the 
control chart that establishes the border to be defined is established based on va-
riability within each subgroup. Therefore, only subgroups that replicate the 
common cause variance of the process should be gathered [25]. When the data 
have some missing observations, the data will have been imputed, and if nor-
mality has been established, then the data will be correctly structured. If we re-
ject the null hypothesis, the data can be normalized in two different ways. The 
first is to utilize customized procedures for non-normal distributions to turn 
them into normal distributions or to modify data to normalize the data set [47]. 
A classical process analysis can be divided into two stages: the first, when a test is 
performed to remove normality and unusual measurement from the outcomes, 
and the second, when the pattern is examined and circumstances outside of 
control are experienced. The average, UCL, and LCL are specified at the first 
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level. The average is defined precisely by the control model and signifies the ob-
jective point. Then, we set the confidence interval as the standard deviation of 
the process [48]. The Shewart control chart is the most commonly used for SPC 
due to its high success rate in spotting significant modifications in a process. The 
control chart is more accurately described as a monitoring system for graphical 
statistical processes. While the underlying distribution of processes is unders-
tood, it is usually built into a traditional control chart to monitor process para-
meters. Although the most current data is used in these figures, the slight or 
gradual improvement in the procedure is not proven. Different criteria have 
been devised by different writers to identify specific deviations [49] [50] and to 
add to the basic rules. Using these extra criteria [23] makes Shewart’s control 
charts more vigilant and leads to a significant capacity for detecting a non-random 
sample. Once the data is structured and normality test has done and the data is 
not normal then use Box-cox transformation [51]. The transformation is as fol-
lows: 

( )

( )

( )

1, if 0

log , if 0

J

J

J

X
X

X

λ

λ λ
λ

λ

 −
≠= 

 =  
where λ  denotes the maximizes the profile likelihood of the data JX .  

The average run length (ARL) is the most commonly used and simple mode 
to measure the capacity of a control chart with supplementary run rules. In the 
control charts, the run rule is used before the warn alarm indication when the 
process is not controlled. The important thing to do if this happens is to identify 
it as soon as possible. On the other hand, it would be reasonable to have a few 
false alarms when the mechanism is statistically under control. This term is de-
fined specifically as an error of α (type I) and an error of β (type II). The tech-
nique of sensitivity is also defined and is highly linked to the number of outliers. 
It must be considered that the potential to identify out-of-control techniques is 
high; for this reason, there will be a lot of points that fall outside [52]. 

2.5. Functional Data Analysis 

FDA is a collection of methods for studying curves and functions to analyze data 
across time [53]. Begin by converting vector samples into functional samples. 
The beginning points, which come from the study’s generated discrete values, 
are used to create the curves. Smoothing is the process of transforming vector 
points into a continuous function over time. This data composition is valuable in 
the research of air pollution since it takes all of the values from the day as a sin-
gle unit. As a result, a day with NO2, SO2, and O3 values of varying variability 
may have an average identical to the other days, and the vectorial approach de-
tects the outliers. These days would be identified as possible outliers by the func-
tional analysis. For outlier detection in these types of investigations, functional 
techniques have always been shown to be superior. 
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Let ( )fx t  represent the initial observations, ft R∈  signifies the time steps, 
and p represents the number of observations ( 1,2, ,f p=  ). The individual 
value of the function ( )x t x F∈ ⊂ , where F is a functional space, can be ob-
served. The functional space ( )1 2, , , pF span φ φ φ=   is used to estimate x(t), 
where gφ  is the set of basis functions ( 1,2, , bg n=  ) and p is the number of 
basis functions necessary to generate a functional sample. In statistics, there are 
various types of bases, but the Fourier basis is the most commonly employed. 
Furthermore, for periodic data like the ones we have in our study, the Fourier 
basis is the best option [25]. 

( )( ) ( )
2

1min x F f f
p
f z x t xλ∈ =

− + Γ∑                  (1) 

( )f f fz x t= +   Where x is the observing point at ft , f  is the random 
noise with zero mean, λ  is the level of regulization and Γ  is penalized, oper-
ator. 

( ) ( )1 g gg
px t c tφ
=

= ∑                       (2) 

where { } 1

p
g g

c
=

 is the coefficient that multiplied the basis function. We can write 
the problem of smoothing as: 

( ) ( ){ }T Tminc c cz z c Rcφ φ λ− − +                  (3) 

( )T
1, , pz z z=  , the expansion of vector coefficient ( )T

1, , pc c c=  , a 
( ), bp n -matrix φ  whose elements are ( )fg g ftφ φ= ; and a ( ), bp n -matrix R 
whose elements are: 

( )2

2 2 2 2, , dgl g l g lTL T
R D D D D tφ φ φ φ= = ∫               (4) 

The problem can be solved with  

( ) 1c R zφ φ λ φ−′= +                       (5) 

The functional data allows us to determine whether or not different time in-
tervals, such as days, weeks, or months, are higher than the mean feature and 
how far they differ. It also enables the removal of outliers that aren’t real but are 
caused by system failure. The notion of depth allows you to sort a collection of 
data in Euclidian space by how close it is to the sample core. In multivariate 
analysis, the concept of depth emerged and was generated to calculate a point 
centrality among a cloud of them. This idea started to be incorporated into prac-
tical data analysis over the course of the year. In this region, the centrality of a 
certain curve xi is defined by depth, and the center of the sample is the mean 
curve. The two depth measurements, Fraiman-Muniz depth (FMD) and H-model 
depth (HMD) [25], are most usual in the sense of functional data. 

Through the estimation of depths, it is also possible to classify outliers with a 
practical approach. In this case, it will take into account elements that have dif-
ferent behavioral designs than the rest. Instead of summarizing the curve obser-
vations into a single point, such as the average, the definition of depth makes it 
possible to deal with observations identified at a given interval in curve types. 
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The depth technique is used for the identification of outliers and significance: 
there will be a low depth of an element that is distant from the sample. Thus, 
practical outliers are the curves with the least depth. 

Firstly, the ( )( ),n t eF x t  is the cumulative empirical distribution function of 
the values of the curves ( ){ } ( ), 1, 2, ,ex t e n=   in a certain time [ ],t a b∈  it is 
contemplated. It can be defined as: 

( )( ) ( ) ( )( ), 1

1 n
n t e g egF x t I x t x t

n =
= ≤∑                (6) 

where I(.) is an indicator function, next, the FMD for curve xi is calculated as: 

( )( ) ( )( )FMD d
b

n e n ea
x t D x t t= ∫                  (7) 

where [ ],t a b∈ . The functional mode in HMD, on the other hand, is the ele-
ment or curve that is most densely surrounded by the other curves in the dataset. 
HMD is written as: 

( ) 1HMD , e g
n e

n
g

x x
x h K

h=

 −
 =
 
 

∑                 (8) 

In a functional space, with a kernel function :K R R+ +→ , a bandwidth pa-
rameter h and ⋅  as the norm. In a vast majority of cases, it is norm L2, ex-
pressed as: 

( ) ( ) ( ) ( )( )( )1 22
de f e fx t x t x t x t t− = −∫              (9) 

There are also a number of parameters for the kernel functions K(∙). The 
truncated Gaussian kernel is a popular one, can be expressed as: 

( )
22 exp , 0
22
tK t t

 
= − > 

π  
                  (10) 

A functional sample set may have elements that, although not containing er-
ror, exhibit characteristics that are distinct from the rest of the set. Instead of 
only comparing the mean values over the measurement time interval, the depth 
measurements mentioned above allow sets of observations over time fitted to 
curves to be compared in order to find outliers in functional samples. An outlier 
in a functional sample will therefore have significantly less depth because depth 
and outlier are opposite terms. In order to find functional outliers, the deepest 
curves are sought after. The value of bandwidth h was chosen as the 15th per-
centile of the empirical distribution using the HMD to create the outlier selec-
tion criterion ( ) ( ){ }2

, , 1, 2, ,e fx t x t e f n− =  . The cut-off C was chosen so 
that around 1% of accurate observations were incorrectly classified as outliers 
(type I error) [54]: 

( )( )( )HMD 0.01, 1,2, , .r n eP x t c e n< = =             (11)  

Unfortunately, the distribution of the selected functional depth is unknown, 
necessitating an estimate of C. For the purposes of this study, we selected a 
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method based on bootstrapping [55] [56] [57] [58] the curves of the original set 
with a probability proportional to depth out of the several approaches to esti-
mate this value. As an overview, the bootstrapping strategy is as stated:  

1) By using sampling with replacement, a new sample is taken from the pre-
vious sample (each element is replaced after extraction so it can be chosen 
again). In addition, order 10 has been chosen for resampling.  

2) The populational parameter of interest is estimated using this new sample 
as a basis to generate a statistic.  

3) Repeat the steps overhead a significant number of times.  
4) Finally, Determine the empirical statistical distribution. 

3. Result and Discussion 

Two stages were involved in gathering and analyzing the results. Each database 
variable for air quality was analyzed statistically and in the first phase is to im-
pute the data with FCM method. The second phase proceeded with the building 
of the chart with reasonable monthly subgroups in order to test its correctness 
and offer a wide overview of the trends and mean values of each variable. At the 
same time, the monthly data were studied through functional data analysis with 
functional depth. The hourly data collected from the CPCB for one year (2019) 
As a result, our investigation focuses on the research of daily hourly measure-
ments of NO2, SO2, and O3 in two cases: working and nonworking. There are 298 
working days and 67 nonworking days, including Sunday, public holidays such 
as Republic Day, Independence Day, and Diwali etc. Following that, the results 
obtained using the recommended approaches for air pollution analysis in Kol-
kata’s urban area are provided individually. 

3.1. Working Case 

The Second and third phase of NO2, SO2 and O3 analysis includes the X  charts 
with hourly rational groups for 298 days, as well as functional data analysis of 
hourly data with depth. During learning stage, non-normality measurements 
were observed, requiring Box-Cox transformation to verify normality assump-
tion using monthly concentration averages. The Box-cox transformation is ap-
plied to the data set. The X  Charts shows the annual cycle for working days. It 
is observed that there are 248 outliers for NO2, 231 outliers for SO2, and 136 out-
liers for O3 as shown in Figures 1-3. The lowest concentration of NO2 values 
takes place March to September and highest concentration in between January, 
February and October to December. For SO2 the lowest concentration takes 
place January to March and November, December and the highest concentration 
in between April to October. And for O3 the lowest concentration in between 
January, February and September to November and the highest concentration in 
between March to August and December. The results obtained with functional 
depth method are shown in Figures 4-9. There are 76, 63, and 22 outliers for 
NO2, SO2, and O3 concentration and are shown in Figure 5, Figure 7, and Fig-
ure 9. 
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Figure 1. X  Chart of NO2 (Working Days). 

 

 
Figure 2. X  Chart of SO2 (Working Days). 

3.2. Non Working Case 

In this case the variable NO2, SO2 and O3 analysis includes the X  charts with 
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hourly rational groups for 67 days, as well as functional data analysis of hourly 
data with depth. The X  Charts shows the annual cycle for working days. There 
are 53 outliers for NO2, 52 outliers for SO2, and 30 outliers for O3 as shown in 
Figures 10-12. The results obtained with functional depth method are shown in 
Figures 13-18. There are 76, 63, and 22 outliers for NO2, SO2, and O3 concentra-
tion and are shown in Figure 14, Figure 16, and Figure 18. 

 

 
Figure 3. X  Chart of O3 (Working Days). 

 

 
Figure 4. Functional representation of NO2 concentration (Working Days). 
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Figure 5. Functional outlier representation of NO2 (Working Days). 

 

 
Figure 6. Functional representation of SO2 concentration (Working Days). 

 

 
Figure 7. Functional outlier representation of SO2 (Working Days). 
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Figure 8. Functional representation of O3 concentration (Working Days). 

 

 
Figure 9. Functional outlier representation of O3 (Working Days). 

 
It was discovered during the phase of learning that the data sets identifying 

days as the rational subgroups of the chart for working and nonworking days are 
not under control due to non-normality. Despite the fact that after applying 
Box-cox transformation the chart was not under control and has a high degree 
of variation, it should be noted that after outlier detection is complete, the study 
is regarded as having accomplished its aim, and no back transformation is con-
ducted. Shewart graphs for the control stage revealed the considerable variability 
of the pollutant’s average. Figures 1-3 and Figures 10-12 shows control charts 
for working and non-working days of NO2, SO2, and O3 recorded in Kolkata sta-
tion. The red dot in the graph indicates a process that is not statistically con-
trolled, whereas the black dots show a process that is statistically controlled. On 
the contrary, the visual interpretation of these graphs indicates that there is 
similar behavior in both working and nonworking (NO2, SO2, and O3) cases, re-
sulting in outcomes above the control limits.  
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Figure 10. X  Chart of NO2 (Non-Working Days). 

 

 
Figure 11. X  Chart of SO2 (Non-Working Days). 

 
In the functional methodology technique, the initial step is to generate a sam-

ple curve based on discrete measurements taken each hour. The graph shows 
298 functions for working and 67 functions for non-working derived from 
24-hour data. If the data has been translated into functional form, i.e., the curves 
with 24 points in a day, each of which takes into consideration the correlation 
between the NO2, SO2, and O3 readings and may be examined for outliers, the 
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data can be analyzed. When the depths are taken into account, the functional 
analysis results let us discover days with aberrant functional points, even if there 
are no outliers. Despite the fact that the daily limit values were exceeded, the 
NO2, O3, and SO2 absorption may demonstrate aberrant behavior throughout 
the course of a day. The functional technique, on the other hand, detects any 
variation from normal daily NO2, O3, and SO2 emission behavior without de-
pending on any distribution limits. This can be seen in Figure 5, Figure 9, Fig-
ure 11, Figure 14, Figure 16, Figure 18, which shows the functional outliers 
found in both cases for NO2, SO2, and O3. Outliers are indicated by black lines in 
Figure 5, Figure 9, Figure 11, Figure 14, Figure 16, Figure 18. 

 

 
Figure 12. X  Chart of O3 (Non-Working Days). 

 

 
Figure 13. Functional representation of NO2 concentration (Non-Working Days). 
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Figure 14. Functional outlier representation of NO2 (Non-Working Days). 

 

 
Figure 15. Functional representation of SO2 concentration (Non-Working Days). 

 

 
Figure 16. Functional outlier representation of SO2 (Non-Working Days). 
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Figure 17. Functional representation of O3 concentration (Non-Working Days). 

 

 
Figure 18. Functional outlier representation of O3 (Non-Working Days). 

 
The traditional method detects a large number of outliers, even identifying 

outliers in more than half of the data in certain circumstances. This problem 
happens regardless of the station or compound review. As seen in the previous 
figure of functional outlier detection, the number of outliers found by functional 
analysis is significantly smaller in both working and nonworking cases. It should 
also be highlighted that the outliers revealed by functional analysis are among 
those identified by the traditional method. The non-normality of the data is 
analyzed and may be the cause of this finding. When the data are characterized 
by their normality or when the sets under study have a known statistical distri-
bution, the classical approaches are very robust. The effectiveness of this ap-
proach, however, declines when it is used to analyze sets without these charac-
teristics. Since the traditional methods examine the data as punctual observa-
tions, the detection of outliers in this situation is complicated. When studying 
atmospheric pollution, the actual pollution caused by a particular substance is 
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dependent on a sequence of measurements that exceed the limits over a certain 
amount of time rather than a single measurement. The functional analysis, on 
the other hand, treats the data as a temporal series rather than as punctual ob-
servations, which is truly an appropriate solution to this case. Instead of an indi-
vidual measurement, the airborne pollution caused by a certain compound is 
supplied by a group of observations that exceed the stated limitations over a spe-
cific time interval. This methodology explains why the classical analysis identi-
fies a higher proportion of outliers than the functional analysis. Additionally, 
this methodology eliminates potential measurement errors, which are anoma-
lous punctual measurements that are classified as outliers by conventional analy-
sis. As a result, the results are more trustworthy when the instrumental error is 
removed in the first stage.  

4. Conclusion 

In this study, a number of mathematical techniques for identifying outliers in 
highly variable environmental data have been examined and contrasted. Real 
data from Kolkata, India, was used to validate these strategies. The database 
contains daily records of several air quality parameters (NO2, SO2, and O3) from 
January 1 to December 31 (2019). But there are several missing values in the data 
sets. The FCM method was used for imputation to fill the missing values. The 
traditional statistical approach, implemented by SPC, nevertheless remains too 
simple when considering this scope. Although it offers intriguing statistical data, 
its discrete basis results in a number of flaws in the data set’s time correlation 
structure. Additionally, it excludes all of the trends or outliers that exhibit be-
havior that deviates from the norm by having high or low values that are just 
below the limits. Although the idea of rational subgroups increases the loss of 
information, it does require the time series correlation of the data. False alarms 
are also caused by the data’s non-normality. However, this approach can identify 
the most obvious outliers and offer an insightful graphical picture of the data’s 
underlying trends. Based on the idea of functional depth, this study proposes an 
approach for the functional detection of outliers. As a result, it is possible to 
form decisions about the air quality in the research area by identifying outliers in 
a sample of impurities. This methodology is also contrasted with the traditional 
approaches to the research of outliers, with the result that it is more effective for 
the accurate identification of outliers because the probability of identifying an 
error in measurements as an outlier is reduced. In conclusion, future studies will 
concentrate on removing the requirement for percentiles to identify which func-
tions are outliers. This will be attempted by putting a variety of classification 
techniques, like isolation forest or k-means, to the test. 

Data Availability Statement 

The data has been made publicly available by the Central Pollution Control 
Board: https://cpcb.nic.in/ which is the official portal of Government of India. 
They also have a real-time monitoring app: https://app.cpcbccr.com/AQI_India/. 
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