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Abstract

It is theoretically investigated the generation of higher harmonics of
two-dimensional and three-dimensional terahertz electromagnetic beams in
nonlinear crystals. The attention is paid to crystalline paraelectrics like SrTiO;
under the temperatures 60 - 200 K, these crystals possess the cubic nonlinear-
ity. The bias electric field is applied to provide the dominating quadratic non-
linearity. The initial focusing of the beams not only increases the efficiency of
generation of higher harmonics, but alto makes possible to select maxima of
different higher harmonics at some distances from the input. At lower tem-
peratures the nonlinearity behaves at smaller input amplitudes, whereas at
higher temperatures the harmonic generation can be observed at higher fre-
quencies up to 1.5 THz. In three-dimensional beams the peak amplitudes of
higher harmonics can be bigger than in two-dimensional beams, but the ra-
tios of these peak values to the maximum values of the focused first harmonic
are smaller than in two-dimensional beams.

Keywords

Terahertz Wave Beams, Nonlinear Crystalline Paraelectrics, Different
Temperatures, Generation of Harmonics, Initial Focusing

1. Introduction

Now the assimilation of the terahertz (THz) range 0.1 - 30 THz takes place
[1]-[17]. As the nonlinear crystals, the ferroelectrics in the non-polar phase are

utilized as the nonlinear dielectrics in the lower part of THz range, so-called pa-
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raelectrics like SrTiO;, KTaO; [18]-[40]. The crystalline SrTiO; possesses high
cubic electrodynamic nonlinearity and low losses in the lower part of THz range
0.1 - 2.5 THz at moderately low temperatures 7'= 60 - 200 K. There exists the
frequency dispersion in THz range when the frequency is near the soft mode
frequency ie. the lowest frequency of oscillations of the optical type of the crys-
talline lattice [19] [21] [22] [23] [24] [27] [28] [40] [41] [42]. In the crystalline
SrTiO; the soft mode frequency decreases with the decrease of the temperature
whereas the dielectric nonlinearity increases there [19]. In the absence of the
frequency dispersion in the microwave range, the nonlinearity results in the
generation of higher harmonics and forming the shock electromagnetic (EM)
waves [29] [30]. The waveguide dispersion can be used there [31].

Because there is a problem of excitation of powerful THz radiation, the inter-
esting and important phenomenon is generation of higher harmonics [33] [39]
of input EM waves at relatively low frequencies. The transverse bias electric field
should be applied to provide the induced quadratic nonlinearity [29] [33]. Earli-
er the generation of higher THz harmonics was investigated in 2D geometry, or
for the beams that depend on a single transverse coordinate, at the temperature
T = 80 K [33]. Only the quadratic nonlinearity was taken into account there.
Note that the frequencies of higher harmonics are limited by the soft mode fre-
quency. At higher temperatures the soft mode frequency increases, whereas the
nonlinearity decreases. Therefore, for the practical needs it is rather better to in-
vestigate the generation of higher harmonics in the wide temperature interval. In
THz range the dissipation in the paraelectrics increases compared with the mi-
crowave range. A possible way to compensate losses is using the initial focusing
of the EM wave beams [33] [34] [36] [37] [39]. Thus, also 3D THz beams should
be considered to produce better initial focusing. Under maximum concentration
of EM energy in 3D case, the role of the cubic nonlinearity may be essential
compared with 2D case, as well as the self-action due the generation of the ze-
roth harmonic. The cubic nonlinearity results in both the influence on genera-
tion of higher harmonics and in the self-action.

The present paper is devoted to the theoretical investigations of generation of
higher harmonics of THz EM waves in paraelectric crystals like SrTiOs in the
wide temperature range 7'= 60 - 200 K. The bias electric field is applied to pro-
vide the dominating quadratic nonlinearity. The terms due to the cubic nonli-
nearity are taken into account, too. Both the focusing of 2D, or plane, beams and
3D, or cylindrical, ones are considered. At lower temperatures the dielectric
nonlinearity is higher, but the possible frequency range is lower due to decreas-
ing the soft mode frequency. At higher temperatures, it is possible to increase the
frequency range. It is demonstrated that the cubic nonlinearity is not important
under focusing of 2D beams, but it is important under extreme focusing of 3D

beams.

2. Basic Equations

The nonlinear propagation of EM wave beams with the dominating electric field
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component £, = Eis considered along OZ axis within the crystalline paraelectric
SrTiO;. The dielectric nonlinearity in SrTiO; is due to the nonlinear properties
of the lattice polarization &P, where & is the electric constant, SI units. Both the
cases of plane, or 2D, beams E/(¢ x, z) and symmetrical cylindrical, or 3D, ones
E[(t, p, 2) are investigated. The basic equations that describe the nonlinear EM
wave propagation in paraelectric crystalline SrTiOs are [18] [19] [26] [32] [33]:

2 2
or +;/8—P+a)ﬁ (1+%JP=8(O)aﬁE;

ot " ot >
O’E 10°P
—+A E=——r;
oz * ot
D=g,(E+P)~¢,P; (1)
2
5 in 2D case,
AE=]"
1 a{ an ,
——1| p— | in 3D case;
pop\’ op

pz(xz +y2 )1/2.

Below both 3D beams and 2D ones are considered. Here @, is the soft mode
frequency, which is in THz range for SrTiOs, yp is the lattice dissipation. At the
temperature 7'~ 80 K it is @, ~6x10”s™", and the static linear dielectric per-
mittivity is 8(0) = g(a) = O) =1.8x10° [19] [26] [33]. In paraelectric crystalline
SrTiO; the permittivity increases with the decrease of temperature. In Equations
(1) the parameter P, determines the value of the cubic nonlinearity of the pola-
rization. It is connected with the characteristic magnitude of the electric field £,
where the nonlinearity is essential: P, = E(O)En. At the temperature 7'= 80 K it
is E, = 60 kV/cm [19] [26]. The cubic nonlinearity is proportional to £0)? ie. E,
~ &0)7*2. Because of small dissipation in SrTiOs, the nonlinearity manifests at
the amplitudes of EM waves at least one order smaller than E,. The parameters

of SrTiOs used in simulations are presented in Figure 1.

10 #0), »_(10" s7),
1_ (10" s”), E_(kV/cm)

10°4
10?4

1 2
10"+ //

/3

10° ; ; .

50 100 150 200
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Figure 1. The temperature dependencies of the static linear permittivity £0), curve 1; of
the soft mode frequency wr (10'* s™! units), curve 2; of the lattice dissipation y (10" s!
units), curve 3; and of the nonlinear parameter £, (kV/cm), curve 4.

DOI: 10.4236/jemaa.2023.154004

45 Journal of Electromagnetic Analysis and Applications


https://doi.org/10.4236/jemaa.2023.154004

V. Grimalsky et al.

For 3D, or cylindrical, EM beams the validity of the paraxial approximation is
assumed and checked [37], namely the possible focusing is moderate and the
longitudinal component of the electric field is small |EZ| < |E y| .

In the linear case Equations (1) result in the well-known expressions of the
complex dielectric permittivity &(w) = €(w) + ie'(w) and to the dispersion rela-
tion for the plane EM wave k= k(w) [19] [26] [33]:

o(0) ~ e(w=0)-a;

k(w)=k'+ik" :Qg(co)l/z; E ~exp(i(wt—kz)).
c

5 ) @>0;
W, — @ +iyw @)

In the nonlinear stationary case Equations (1) result in the known formula for

the nonlinear permittivity [19] [26]:

S(E):8(601:)20)zf(m;?)zg(w:()){l_g_jj_ (3)
1+— 1+— "

n n
Equations (3) for the static nonlinear permittivity are equivalent in the case of
moderate electric fields | F| < E,, that is considered below.

3. Equations for Slowly Varying Amplitudes

Here the nonlinear EM wave propagation is investigated in the crystalline
SrTiOs, when the bias electric field E;is applied [33]:
E=E +E, P=P +P;

2

P ~[1+ ;}zjzg(o)a)ﬁES.

n

4)

In the absence of the bias field only the odd harmonics are excited, and the ef-
ficiency is low, as our simulations have been demonstrated. In the presence of
the bias field the induced quadratic nonlinearity becomes dominating, but the
cubic nonlinearity should be preserved generally in the equations. Generally all
harmonics, even and odd ones, are essential. The equations for the variable

components of the polarization P and the electric field E are:

ol G) 3PP P -
?'F}/E‘FCUY%P"FCO;[ P2 +F :8(0)607%E,

. O’E - 1P, L, 3P’ ®
AE=§+ALE:C—267, Wy = Wr 1+P_nz .

From Equations (5) it is possible to obtain a single equation for the polariza-
tion [33]:

(6)
0| () + LA (P)
"\ B P '

The nonlinearity is considered as moderate here, and the method of slowly

varying amplitudes is applied [33] [43] [44] [45].
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Below the propagation of THz EM beams along OZ axis is considered. The
solution of Equation (6) is searched as the set of harmonics including the zeroth

harmonic:
P= % 2 B. (z r, )e ' +c.c.+ B, (z rl,t),
1,2,3
P, =wt- k( )z o, =j @ (7)

2
k(o)=k+ik"=2e(0)”, (o) ZM
¢ Or — @ +iyw

Here B(z 1, ?) are the slowly varying amplitudes of harmonics for the polari-
zation; w, k are the carrier frequencies and the corresponding linear wave num-
bers of EM wave [33]. It is seen that the bias electric field E; and thus the polari-
zation P, change the linear permittivity &(w)) and the dispersion relation for EM
waves k = k(w) due to the presence of @, > @, there.

The frequency dependencies of the real parts of the permittivity, the real and
imaginary parts of wave numbers of EM waves, and the ratios of the imaginary
part to the real one of the permittivity are given in Figure 2. The bias field E; =
0.3E, is applied; the proper values of the characteristic nonlinear field are taken
for each temperature, see Figure 1.

In Equations (7) the zeroth harmonic term is taken into account that is due to
the induced quadratic nonlinearity. From Equation (6) it is possible to obtain the
following expression for By

@B, ey 3L —w; |B| =0. (8)
A
In another words, the term with By < 0 results in the effective decreasing of the

bias polarization P, i.e.

2 ~2
0w QO 1=123,-

2
PS—>PS.[1— 05 [ ] 9)
With using the standard procedure described in details in [33], the following
nonlinear parabolic equations for harmonics have been derived:
OB

i i
6—Z’+2—HAlBj+Fij

|:z m= j— mexp( ((Pm +¢J —m (pj))

3 ik;o {
(@ —a) +iyo; P
(307 i)

+22 - exp(i(—(pm +0;,, —(p/.))+4BOB/}

(10)
+{Z BB, (i(0, 40, +0,0,~0,))
+3ZBm+p J mB eXp( ((Dm +¢p qonwpfj _wj))
+ 32 Bm+p+] m=p eXp( (@m + (Dp _¢m+p—j _CDJ )):|}.
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Figure 2. The dependencies on frequency w of the parameters of THz waves in the crys-
talline SrTiOs. Part (a) is the dependencies of the real parts of the linear permittivity ¢,
solid curves, and the wave numbers of EM wave &, dot curves. Part (b) is the dependen-
cies of the imaginary part of the wave number k', dot curves, and tan(d) = |&'|/¢; solid
curves. The curves 1, 2, 3, 4 are at the temperatures 7'= 60 K, 77 K, 150 K, and 200 K cor-
respondingly. The bias electric field is £s = 0.3 En.

For simulations it is better to rewrite Equations (10) with using the slowly va-
rying amplitudes for harmonics A; of the electric field £ From the second Equa-

tion (5) there is the relation
2
2 oy
(kj'. ) A; exp(—ijkiz) = C—;Bj exp(—ikj'.z);

or B, =5(0)a; 4, exp(i(k'.—jk{)z); (11)

J
, 2
a;= ! E ~1.
£(0)| o,

From Equation (11) the following set of equation is written down:
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o4, i (5 — i
E'ﬁ‘z—k}AlAj +l( j_] 1)Aj

Kwre* (0
=i — Jng. ( ) { ( )|:za, ,,,amA/ A
j

2 2 2
(a)T - o; +’7a’./)Pn a

+22am1 WA A, +44,a,4 } (12)

+—{Za 4,4,+3) a,,, 0,4, A A

jmpmpjmpm mpTmtp—j-Tm Tp
v,p

+3Za/+m p&n%p /+m+pAmAp:|}; Pn/g(O)EEn’ P;/g(O)zES,

In Equations (12) the expression for the zeroth harmonic A, is
B, _ 3Ps(0)ay
8(0) B 213’12(7)]2- 1=1,2,3,

4, = atlaf. (13)
It is assumed that the first harmonic only is at the input of the system, w; <
w7/10. All higher harmonics and the zeroth one are excited by the nonlinearity.
It is possible to excite the higher harmonics at the frequencies w; 2 0.5wy, as our
simulations have demonstrated.
To increase the efficiency of generation of higher harmonics, the initial fo-
cusing by the circular antenna is applied, see Figure 3. The boundary condition

for the first harmonic is in 2D case
A4 (2=0,x,0) = A F. (x)M (x). (14)

In 3D case there is the radial distance p instead x. Here A, is the maximum
value of the amplitude at the input z = 0, the transverse profile is F(x). This
transverse profile is assumed as almost rectangular with the width x, or p, At
the output the matching load is assumed, 7.e. there are no reflections there.

The factor M(x) is due to a possible initial focusing of the pulse due to the ex-
citation of the circular antenna, see Figure 3. It is considered the symmetrical

case with respect to x = 0.

x(orp)y /2

A(X

-L /2

Figure 3. Possible initial focusing of THz beams due to the circular antenna. The sym-
metric case is considered with respect to x = 0. In 3D axially symmetric case the trans-
verse coordinate is p.
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At the input of the nonlinear crystal z= 0 the EM wave gets the phase shift

2 2 1/2 . . .
—kA(x)=—k R—(zc +x ) , where z_ is the distance from the input to the

12
focus point z, = (R2 -(L,/ 2)2) , kis the wave number; thus the phase multip-

lier is M (x)= exp(—ikA(x)). In 3D case x is replaced by the radial coordinate
.

4. Simulations of Generation of Harmonics

The simulations of generation of higher harmonics in the nonlinear crystal
SrTiO; have been realized under different temperatures, both in 2D and 3D
geometries. It has been obtained that the pure cubic nonlinearity without the bi-
as electric field is not effective for this generation. There is the optimum value of
the bias electric field E; = (0.2 - 0.4)E, to realize the generation of higher har-
monics. At smaller values the induced quadratic nonlinearity is small whereas at
higher values E; > 0.5, the saturation of nonlinearity occurs and the efficiency
of the generation does not increase, as seen from Equation (4). For all the cases
considered below it is chosen E; = 0.3E, where E, is the characteristic nonlinear
electric field under each temperature. The length of the nonlinear crystal is Z, =
0.5 cm. The parameters of the nonlinear crystal at different temperatures are
given in Table 1, see also Figure 1.

The numerical simulations have been provided by the implicit finite differ-
ence schemes [46]. Several iterations have been applied that demonstrate good
convergence. The simulations have demonstrated a possibility of generation of
higher harmonics with the numbers n > 5, ie. the frequency multiplication, or
frequency up-conversion, in the whole temperature interval 7= 60 - 200 K.

The typical results of simulations are presented in Figures 4-8. It is seen that
in the focused beams the maxima of different higher harmonics are realized at
different distances from the input of the crystal.

At lower temperatures the nonlinearity is higher, so the input amplitudes of
the first harmonics can quite lower, of about 1 kV/cm. But the highest frequen-
cies that can be obtained under the up-conversion are of about 0.5 THz. In turn,
at higher temperatures it is possible to excite the frequencies up to = w/2n = 1.5
THz.

From our simulations in is seen that the concentration of the energy near the

focus is naturally higher in 3D beams. For this reason, in 2D beams the influence

Table 1. The used parameters of crystalline SrTiOs.

T, K £(0) wr, 102 57! y, 10t st Ex 10* V/em
60 4000 5 2.5 2.1
77 2000 6 2 6
150 700 12 3 29
200 500 15 4 48
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Figure 4. The generation of higher harmonics under the temperature 7'= 60 K in 2D beam. Part (a) is the longitudinal depen-
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%, cm

®

dences of |A(2)/ E:)* in the center of the crystal x= 0. The dependencies are given for 7 harmonics. Parts (b) - (f) are distributions

of |A{x, 2)/ E,|* for harmonics with numbers j= 1, 2, 3, 4, 5 correspondingly. The parameters of 2D beam are as follows, the am-

plitude of the first harmonic is Ao = 0.05E,, the initial transverse width of the beam is xy = 0.44 cm, the frequency of the first

harmonic is w; = 2 x 10" 57}, the radius of the focusing antenna is K = 0.35 cm.
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(e) ®

Figure 5. The generation of higher harmonics under the temperature 7'= 60 K in 3D beam. Part (a) is the longitudinal depen-
dences of |A(2)/ Es|* in the center of the crystal p = 0. Parts (b) - (f) are distributions of |A{x, 2)/ E,|* for harmonics with numbers ;
=1, 2, 3, 4, 5 correspondingly. The parameters of 3D beam are Aio = 0.025Ex, po = 0.44 cm, w; = 3 x 10" 57!, the radius of the fo-
cusing antenna is R = 0.3 cm.
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0.0104

0.008

0.006

0.05,4

0.041

0.031

0.02

0.014

0.00 ; - ‘ ‘ ,
00 01 02 03 04 05
Z,cm
(b)

Figure 6. The generation of higher harmonics under the temperature 7'= 77 K. The lon-

gitudinal dependences of | A{2)/ Eu|? in the center of the crystal are given. Part (a) is for 2D
beam, part (b) is for 3D beam. The parameters of beams are A0 = 0.05E, for 2D beam and
Ao = 0.025E; for 3D beam, xo= po= 0.44 cm, w; = 4 x 10" 57}, the radius of the focusing
antenna is R = 0.28 cm.

2
0o10ilA/El
L2
0.008
0.006
0.004
0.002]

0.000 : > ; ‘
00 01 02 03 04 05
Z cm
(a)

0.04,

0.031

0.021

0.014

0.004 -

00 01 02 03 04 05
Z,cm
(b)

Figure 7. The generation of higher harmonics under the temperature 7= 150 K. The
longitudinal dependences of | A{z)/ Es|* in the center of the crystal are given. Part (a) is for
2D beam, part (b) is for 3D beam. The parameters of beams are Aio = 0.05E; for 2D beam
and Ao = 0.025E, for 3D beam, xo = po = 0.44 cm, w; = 6 x 10" s7!, the radius of the fo-
cusing antenna is R = 0.3 cm.
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0.0144
0.0124
0.0104
0.0084
0.0064
0.004
0.0021

0.000 4= d
00 01 02 03 04 05

Z,cm
(a)

|A/En|2

0.004 A
00 01 02 03 04 05
Z,cm

(b)

Figure 8. The generation of higher harmonics under the temperature 7'= 200 K. The
longitudinal dependences of | A{z)/ Es|* in the center of the crystal are given. Part (a) is for

2D beam, part (b) is for 3D beam. The parameters of beams are Aio = 0.05E; for 2D beam
and Ao = 0.025E, for 3D beam, xo = po = 0.44 cm, w; = 1 x 10" 57}, the radius of the fo-
cusing antenna is R = 0.3 cm.

of the cubic nonlinearity and the zeroth harmonic is not essential. In 3D beams
this influence should be taken into account generally, because near the maxi-
mum of the focusing the value of the amplitude of the first harmonic becomes
comparable with the value of the bias electric field. The using of 3D beams
makes possible to increase of the maxima of higher harmonics compared with
2D beams, but the relative values of these maxima are smaller in 3D beams than
in 2D ones.

Because the value of the temperature of the crystal is the important parameter
to realize the frequency multiplication, it is better to use the input pulses of du-

rations < 1 ps to avoid the heating of crystals.

5. Conclusions

In the lower part of the terahertz range in the nonlinear crystalline paraelectrics
like SrTiOs, it is possible to observe the generation of higher harmonics and thus
to realize the frequency up-conversion. The crystalline paralectric SrTiO; pos-
sesses the cubic dielectric nonlinearity, so to increase the efficiency of harmonic
generation, it is rather better to apply the bias electric field and to get the in-
duced quadratic nonlinearity. In THz range, the frequency dispersion takes
place, so the number of harmonics is large but finite, of about 10 - 20. The initial

focusing of the beams by the circular antenna results not only in higher efficien-
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cy of generation, but also makes possible to select the maxima of different har-
monics at specified distances from the input.

The generation of higher harmonics can be realized in the wide temperature
range 60 - 200 K. At lower temperatures, the possible frequencies are smaller, of
about 0.5 THz, but the nonlinearity is higher. At higher temperatures, the fre-
quency up-conversion can be observed up till the frequencies of about 1.5 THz.

Both plane and cylindrical focused beams can be used for generation of har-
monics. In cylindrical beams, the absolute maxima of harmonics can be higher
than in plane ones, but the ratios of these maxima to ones of the first harmonic
are lower in the cylindrical beams. The influence of the cubic nonlinearity and
the zeroth harmonic is essential in the cylindrical beams due to high values of

the focused first harmonic.
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